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Preface

These notes grew out of a graduate course on Riemannian Geometry taught by Prof. Zuoqin
Wang. Their primary aim is to provide a systematic and conceptually coherent introduction to
Riemannian geometry at the graduate level, emphasizing the intrinsic viewpoint and the deep
interplay between local differential invariants and global geometric structure.

Riemannian geometry begins with one of the most profound shifts in the history of mathe-
matics: the realization, articulated by Bernhard Riemann in his 1854 habilitation lecture, that
geometry need not be tied to ambient Euclidean space. Instead, geometric structure can be en-
coded intrinsically through a smoothly varying inner product on the tangent spaces of a manifold.
From this simple yet revolutionary idea arises a rich and far-reaching theory.

The Riemannian metric serves as the fundamental object. It defines length, angle, area, and
volume; it induces a canonical connection; and from this connection emerges curvature. These
notions are local in definition but global in consequence. The central theme of Riemannian ge-
ometry is precisely this passage from local differential data to global geometric and topological
information.

The structure of these notes reflects this philosophy.
We begin with the basic foundations: Riemannian metrics, induced structures, and the Levi-

Civita connection. Curvature tensors are then introduced, not merely as formal constructions
but as geometric measurements of deviation from flatness. Particular attention is given to the
Riemann curvature tensor, Ricci curvature, and sectional curvature, as they encode different layers
of geometric information.

The theory of geodesics follows naturally. Geodesics serve both as geometric analogues of
straight lines and as analytical tools. Through variational methods, one studies how curvature
governs the behavior of geodesics. This leads to Jacobi fields, conjugate points, and the index form
— fundamental tools for understanding global geometry.

Subsequent chapters develop comparison theorems and volume comparison results, which re-
veal how curvature bounds control topology and global structure. These results culminate in sphere
theorems and rigidity phenomena, illustrating the remarkable strength of curvature constraints.

The final part introduces Bochner techniques and spectral considerations, highlighting the
deep connections between curvature, analysis, and topology. Here one sees clearly that Riemannian
geometry is not merely a branch of differential geometry, but a meeting point of geometry, analysis,
and global topology.

Throughout the exposition, the emphasis is on clarity of structure rather than encyclopedic
completeness. Computations are carried out when they illuminate geometric meaning; coordinate
expressions are used as tools, not as ends in themselves. Many classical results are included with
proofs, while some deeper results are presented to indicate broader directions of the theory.

These notes assume familiarity with smooth manifolds and basic differential geometry. A
solid foundation in linear algebra and multivariable calculus is essential. Some acquaintance with
analysis and topology will be helpful, particularly in the later chapters.

Riemannian geometry is a subject in which simple definitions give rise to profound conse-
quences. It is my hope that these notes convey not only the technical framework but also the
structural beauty of the theory.

Any remaining errors are my own.

Xumin Liang
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Chapter 1

Riemannian Basics

1.1 Introduction
1.1.1 Riemann’s Inaugural Lecture

On June 10, 1854, B. Riemann gave one of the most famous job talk in the history of math-
ematics, with title “On the hypothesis which lie at the foundation of geometry”. This talk not
only gained a job for him (as a privatdocent at Göttingen University), but also offered jobs for
many of us including me: two of our courses, Manifolds and Riemannian geometry, born in this
probationary inaugural lecture.

What Riemann did in this talk was trying to develop a higher dimensional intrinsic geometry.
It is a very broad and abstract generalization of the intrinsic differential geometry of surfaces in
R3 developed by Gauss1.

At the beginning of Riemann’s talk was a brief “plan of investigation”, in which he started
with the sentence “geometry presuppose the concept of space”. To clear the confusion over non-
Euclidean geometry at that time, he proposed to distinguish metric properties from the topological
properties of the space. The major part of the talk was divided into three parts. In part one
Riemann introduced the conception of manifolds, characterized as locally looks like n-dimensional
Euclidean space2. Part tow is the major part of the talk, in which Riemann developed the desired
intrinsic geometry, started by introducing a positive definite quadratic form (the Riemannian
metric)3 at each point. The crucial question Riemann asked himself in this part was: when does
two Riemannian metrics locally isometric? By a dimension counting argument, Riemann argues
that there should be a set of n(n− 1)

2
functions which will determine the metric completely. They

are nothing else but sectional curvatures (as a generalization of Gauss curvature for surfaces in R3)
associated to 2-dimensional vector subspaces of the tangent space! Finally in part three, Riemann
dealt with possible applications, especially to questions in physics.4

1In 1827, Gauss published a famous paper “General investigation of curved surfaces”, in which he proved his
Theorema Egregium (“remarkable theorem” in Latin): the Gauss curvature of a surface can be determined entirely
by measuring distances along paths on the surface (intrinsic), and does not depend on how the surface might be
embedded in 3-dimensional space (extrinsic).

2Riemann’s definition of manifold is a very primitive form. Since most of his audience were non-mathematicians
(faculty of Göttingen University), Riemann tried his best to make his lecture intelligible to general audience. The
modern abstract definition of manifolds as “topological spaces that are Hausdorff, second countable and locally
Euclidean” was introduced by H. Weyl in 1912.

3In fact, Riemann was also aware of the existence of more general “metrics” that could be used to measure the
length of tangent vectors, including the so-called Finsler metric that was developed by Finsler in 1918.

4About 60 years later, Einstein used the theory of pseudo-Riemannian manifolds (a generalization of Riemannian
manifolds) to developed his general theory of relativity. In particular, his equations for gravitation are constraints
on the curvature of spacetime.

1



CHAPTER 1. RIEMANNIAN BASICS 2

1.1.2 Riemannian Geometry for Euclidean Submanifolds: A Quick Sur-
vey on Undergraduated Differential Geometry

Before we introduce the abstract conception of Riemannian metric on a smooth manifold, let’s
start with some basic geometry that we learnt in undergraduate differential geometry course (in a
higher dimensional fashion). As one can imagine, differential geometry starts by taking derivative.
It turns out that all those important geometric quantities appears by this way.

Curves in RN

Let γ : I → RN be a smooth curve defined on a finite interval I = [0, T ]. By definition the
arc length s = s(t) is given by

s(t) =

∫ t

0

‖γ′(τ)‖dτ.

Since s is strictly increasing, we may change variable and write γ as

γ = γ(s), s ∈ [0, l],

where l is the length of γ.
We start with the unit tangent vector γ′(s): since ‖γ′(s)‖ = 1, i.e.

〈γ′(s), γ′(s)〉 = 1,

taking derivative one gets
〈γ′′, γ′(s)〉 = 0,

i.e. γ′′(s) ⊥ γ′(s). In other words, γ′′(s) is a normal vector.
By definition,

κ(s) := ‖γ′′(s)‖

is called the curvature of γ at γ(s), and the vector

n(s) :=
γ′′(s)

‖γ′′(s)‖

is called the principal normal γ at γ(s).

Remark. Note that n(s) is again a unit vector. So we may repeat this process. What we will get
is the torsion and the binormal. If we continue this process for the binormal, we will get Frenet
formula.

The First Fundamental Form

Now let M be an n-dimensional manifold embedded into RN . For simplicity, we suppose
U ⊂ Rn is an open set, and suppose

ϕ : U ⊂ Rn → RN

is an injective immersion such that ϕ(U) =M (or a portion of M). In what follows we denote

ϕj =
∂ϕ

∂xj
, 1 ⩽ j ⩽ n.

Then Tφ(x)M = span(ϕ1, . . . , ϕn). Now let µ = (µ1, . . . , µn) : I → U be a curve in U , so that
γ = ϕ ◦ µ : I →M be a curve in RN that sits in M . Then

γ′(t) =
d(ϕ ◦ µ)

dt
=

n∑
j=1

dµj

dt
ϕj(µ(t))
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The arc length of γ is again given by

s(t) =

∫ t

0

‖γ′(τ)‖dτ

If we denote vj := dµj

dt
, x = µ(t) and

gjk(x) := 〈ϕj(x), ϕk(x)〉,

then we get (
ds

dt

)2

= ‖γ′(t)‖2 =

n∑
j,k=1

gjk(µ(t))v
jvk.

After polarizing, we get a quadratic form

I

∑
j

vjϕj

∑
k

wkϕk

 :=

n∑
j,k=1

gjk(x)v
jwk

defined on Tφ(x)M , which is known as the first fundamental form of M .

The Second Fundamental Form

We may continue to calculate the second derivative to get

γ′′(t) =
d2(ϕ ◦ µ)

dt2
=

n∑
j=1

d2µj

dt2
ϕj(µ(t)) +

n∑
j,k=1

dµj

dt

dµk

dt
ϕjk(µ(t)),

where ϕjk(x) =
∂2ϕ

∂xj∂xk
(x). Note that the first term lies in Tγ(t)M . So when projecting to the

normal plane Nγ(t)M = (Tγ(t)M)⊥, and denoting

hjk = ProjNγ(t)M
(ϕjk),

one gets
n∑

j,k=1

hjkv
jvk = ProjNγ(t)M

(γ′′(t)).

For simplicity let’s take arc length parametrization, so that
∑

vjϕj is a unit vector (i.e.∑
gjk

dµj

ds

dµk

ds
= 1). Then we get

n∑
j,k=1

hjkv
jvk = κ(s) ProjNγ(s)M

(n(s)).

After polarizing, the resulting quadratic form

II
(∑

vjϕj ,
∑

wkϕk

)
:=
∑

hjkv
jvk

(defined on TxM with value in NxM) is known as the second fundamental form of M . In the
case M is a hypersurface (i.e. n = N − 1), by fixing an orientation on M one may identify Nγ(t)M
with R, and thus II can be viewed as a real-valued quadratic form.
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The Christoffel Symbols

Interesting quantities also appears when we study the tangent component of γ′′(t). Since
ϕjk(x)− hjk(x) ∈ Tφ(x)M = span(ϕ1, . . . , ϕn), one may write

ϕjk(x) =

n∑
l=1

Γl
jkϕl(x) + hjk(x).

Pairing with the vector ϕi, one gets

〈ϕjk, ϕi〉 =
n∑

l=1

Γl
jkgli.

A miracle is that the mysterious coefficients Γl
jk can be calculated via gjk’s: From

∂kgij = 〈ϕik, ϕj〉+ 〈ϕi, ϕjk〉

one gets
〈ϕjk, ϕi〉 =

1

2
(∂kgij + ∂jgik − ∂igkj).

So if we denote (gij) = (gij)
−1, then

Γl
jk =

∑
i

gil〈ϕjk, ϕi〉 =
1

2

∑
i

gil(∂kgij + ∂jgik − ∂igkj).

The functions Γl
jk are known as Christoffel symbols. Note that they are determined by the first

fundamental form. In summary, we see that

γ′′(t) =

n∑
j=1

d2µj

dt2
+
∑
i,k=1

Γj
ik

dµi

dt

dµk

dt

ϕj(µ(t))modNγ(t)M.

The Covariant Derivative and Geodesics

In particular, if γ is parameterized by arc length s (i.e.
∑

gjk
dµj

ds

dµk

ds
= 1), then

n∑
j=1

d2µj

ds2
+

n∑
i,k=1

Γj
ik

dµi

ds

dµk

ds

ϕj(µ(s)) = κ(s) ProjTγ(t)M
(n(s)).

The length

κg(s) :=

∥∥∥∥∥∥
n∑

j=1

d2µj

ds2
+

n∑
i,k=1

Γj
ik

dµi

ds

dµk

ds

ϕj(µ(s))

∥∥∥∥∥∥
is known as the geodesic curvature of γ. If κg(s) ≡ 0, then γ is called a geodesic. They are locally
shortest paths (generalizations of straight lines in Euclidean space and great circles in sphere) in
M .

More generally, given any vector field X =
∑

Xj(x)ϕj(x) along γ (which, by definition, is
tangent to M everywhere), the same computation yields

dX

dt
=

n∑
j,k=1

(∂kX
j + Γj

ikX
i)
dµk

dt
ϕj(µ(t))modNγ(t)M,

which is known as the covariant derivative of the vector field X along γ.
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The Riemann Curvature

What about vector fieldsN that are normal toM? We may calculate the tangential component
of the derivative of N(x) in a similar way. For this purpose, we write

∂iN(x) =

n∑
k=1

Nk
i (x)ϕk(x)modNφ(x)M.

Start with the equation 〈N(x), ϕj(x)〉 = 0. By taking derivative, we get

〈∂iN(x), ϕj(x)〉+ 〈N,ϕij〉 = 0,

i.e. ∑
k

Nk
i gkj = −〈hij , n〉.

It follows
Nk

i = −
∑
j

〈hij , N〉gkj

and thus we get, for any normal vector field N on M ,

∂iN(x) = −
∑
j,k

〈hij , N〉gkjϕk(x)modNφ(x)M.

Applying this formula to the normal vector fields hij , we may calculate the tangential component
of ϕijk = ∂i∂j∂kϕ. Since ϕij =

∑
Γl
ijϕl + hij , we get

ϕkij = ∂kϕij =

n∑
m=1

(
∂kΓ

m
ij +

∑
l

Γl
ijΓ

m
lk −

∑
l

〈hij , hkl〉glm
)
ϕm modNφ(x)M.

Since ϕkij = ϕjik, we get

∂jΓ
m
ik − ∂kΓ

m
ij +

n∑
l=1

(Γl
ikΓ

m
lj − Γl

ijΓ
m
lk) =

n∑
l=1

(〈hik, hjl〉 − 〈hij , hkl〉)glm.

We define

R m
ijk := ∂jΓ

m
ik − ∂kΓ

m
ij +

n∑
l=1

(Γl
ikΓ

m
lj − Γl

ijΓ
m
lk)

and let
Rijkl :=

∑
m

glmR
m
ijk,

then we get Rlijk = 〈hik, hjl〉 − 〈hij , hkl〉. The (0, 4)-tensor

R
(∑

X lϕl,
∑

Y iϕi,
∑

Zjϕj ,
∑

W kϕk

)
:=
∑

RlijkX
lY iZjW k

on TxM is called the Riemann curvature tensor. It admits many nice symmetry properties
from which one can show that the quantity

R(X,Y,X, Y )

〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2

depends only on the two dimensional plane span(X,Y ). It is known as the sectional curvature
of M with respect to the plane. By taking a basis there are n(n− 1)

2
such functions, and they are

the n(n− 1)

2
functions first studied by Riemann!
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1.2 The Riemannian Metric
As we have seen, in Riemannian geometry there will be lots of summations for quantities with

many indices. To simplify notions and computations, from now on we will follow the Einstein
summation convention.

Definition 1.1 (Einstein Summation Convention). If an expression is a product of several terms
with indices, and if an index variable appears twice in this expression, once as an upper index in
one term and once as a lower index in another term5, then (unless otherwise stated) the expression
is understood to be a summation over all possible values of that index (usually from 1 to the space
dimension). For example,

aib
i :=

∑
i

aib
i, aijklbmil cj :=

∑
i,j,l

aijklbmil cj .

One should also be aware of how we choose upper and lower indices in this course (trying
to meet Einstein summation convention). For example, vector fields are always indexed by lower
indices (like X1, X2, . . .) while the coefficients of vector fields will be indexed by upper indices
(e.g. a1X1 + a2X2). Similarly a collection of 1-forms will be indexed by upper indices while the
coefficients of their linear combinations will be indexed by lower indices.

1.2.1 The Riemannian Metric
Definition of Riemannian Metric

Let M be a smooth manifold of dimension m, in other words, M is a second countable
Hausdorff topological space such that near every point p ∈ M , there is a neighborhood U of p
which is diffeomorphic to a domain in Rm. Moreover, if we denote by {x1, . . . , xm} the coordinate
functions on U , then the tangent space TpM is spanned by the vectors {∂1, . . . , ∂m}, and its dual
T ∗
pM (the cotangent space) is spanned by {dx1, . . . , dxm}.

Definition 1.2. A Riemannian metric g on M is an assignment of an inner product

gp(·, ·) = 〈·, ·〉p

on TpM for each p ∈M , such that the assignment depends smoothly on p.

Remark.

(1) As we have seen, the Riemannian metric g is motivated by the first fundamental form of a
surface in space. They will be used to measure the length of curves in M .

(2) “Smooth dependence” ⇔ if X, Y are two smooth vector fields on an open subset U ⊂ M ,
then f(p) = 〈Xp, Yp〉p is a smooth function on U .

(3) The Riemannian metric g itself is NOT a metric (also known as a distance function) on
M . Recall that a distance function on M is a continuous function d : M ×M → R so that
for all p, q, r ∈M ,

• d(p, q) ⩾ 0, and d(p, q) = 0 if and only if p = q.
• d(p, q) = d(q, p).
• d(p, r) ⩽ d(p, q) + d(q, r).

However, we will see soon that g induces a natural distance function d on M , and the topology
generated by d on M coincides with its original manifold topology.

5Note: an upper index in the denominator will be regarded as a lower index, and vice versa.
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Riemannian Metric as a Tensor Field

We may also use the language of tensors. By definition

g : Γ∞(TM)× Γ∞(TM) → C∞(M)

defined in the obvious way is C∞(M)-bilinear, and thus can be viewed as a (0, 2)-tensor on M .
The remaining conditions of being an inner product (i.e. symmetric and positive definite) at each
point now becomes, in the language of tensors, that the (0, 2)-tensor g is symmetric and positive
definite. So we get another description of a Riemannian metric g:

A Riemannian metric g is a smooth symmetric (0, 2)-tensor field that is positive definite.

We remark that many geometric structures on smooth manifold M are defined as a special
tensor field. For example, an almost complex structure on M is a special (1, 1)-tensor field, a
symplectic structure on M is a special (0, 2) tensor field, while a Poisson structure on M is a
special (2, 0) tensor field.

Riemannian Metric via Local Coordinates

One can represent the Riemannian metric g using local coordinates as follows. Let
{U, x1, . . . , xm} be a coordinate patch. We denote

gij(p) = 〈∂i, ∂j〉p.

It is easy to see that the functions gij have the following properties:

• For all i, j, gij(p) is smooth in p.

• gij = gji, so the matrix (gij(p)) is symmetric at any p.

• The matrix (gij(p)) is also positive definite for any p.

Note that although g is intrinsically defined, the functions gij depend on the choice of coordinate
system. If {x̃1, . . . , x̃n} is another coordinated system on U , then

∂̃i =
∂xk

∂x̃i
∂k.

It follows that
g̃ij := 〈∂̃i, ∂̃j〉 = ∂xk

∂x̃k
gkl

∂xl

∂x̃j
.

In other words, the matrices (g̃ij) and (gij) are related by the matrix equation

(g̃ij) = JT(gij)J

where J is the Jacobian matrix whose (i, j)-element is
(
∂xi

∂x̃j

)
.

Since for any smooth vector fields X = Xi∂i and Y = Y j∂j in U ,

〈Xp, Yp〉p = Xi(p)Y j(p)〈∂i, ∂j〉p = gij(p)X
i(p)Y j(p),

so locally we can write the 2-tensor g as

g = gijdx
i ⊗ dxj .
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The Dual Riemannian Metric on the Cotangent Space

Since each matrix (gij) is positive definite, it is invertible. We will denote by (gij) the inverse
matrix of (gij), i.e. they satisfy

gijg
jk = δki .

Then the matrix (gij) is again positive definite, and we can use it to define a dual inner product
structure g∗ on T ∗

pM for each p. More explicitly, for any 1-forms

ω = ωidx
i and η = ηidx

i

on U , we define
g∗(ω, η) = 〈ω, η〉∗p := gij(p)ωi(p)ηj(p).

We will leave as a simple exercise for the reader to check that this definition is independent of the
choices of coordinates.

The Musical Isomorphisms

Since g is non-degenerate and bilinear on TpM , it gives us an isomorphism between TpM and
T ∗
pM via6

[ : TpM → T ∗
pM,

[(Xp)(Yp) := gp(Xp, Yp).

(Pronunciation of [: flat.) It is not hard to see that [ maps smooth vector fields to smooth 1-forms,
and gives rise to a vector bundle isomorphism between TM and T ∗M .

In local coordinates, if we denote X = Xi∂i and take Y = ∂j for each j, then

[(X)(∂j) = g(X, ∂j) = gijX
i,

so we conclude
[(Xi∂i) = gijX

idxj .

In other words, [ “lowers the indices” via gij , i.e. changes the coefficients from Xi to Xi := gijX
i.

We will denote the inverse map of [ by

] : T ∗
pM → TpM.

Then in local coordinates,
](widx

i) = gijwi∂j .

So ] “raises the indices” via gij . We will call [ and ] the musical isomorphisms7.
Note that for any 1-form ω and η,

gp(]ω, ]η) = gijg
kiωkg

ljηl = δkj ωkηlg
lj = gklωkηl = 〈ω, η〉∗p.

In other words, the dual inner product g∗p(ω, η) on T ∗
pM we mentioned above can be defined as

gp(]ω, ]η), which is a coordinate-free definition of g∗.

Riemannian Metric for Tensors

Given the Riemannian inner product g on TpM and the induced inner product g∗ on T ∗M ,
one may further define a natural inner product T k

l (g), also denoted by g if there is no ambiguity,
on the tensor product space (TpM)⊗k ⊗ (T ∗

pM)⊗l as follows:
Let W = (TpM)k × (T ∗

pM)l (the Cartesian product). Consider the map W ×W → R given
by

((X1, . . . , Xk, ω1, . . . , ωl), (Y1, . . . , Yk, η1, . . . , ηl)) 7→ g(X1, Y1) · · · g(Xk, Yk)g
∗(ω1, η1) · · · g∗(ωl, ηl).

6Although dimTpM = dimT ∗
pM , without using a Riemannian metric or some other extra structure, we don’t

have a natural isomorphism between TpM and T ∗
pM .

7In music, the symbol ♭ means lower in pitch while the symbol ♭ means higher in pitch.
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It is a multi-linear map which is linear in each entry. By universality of tensor product, it gives
rise to a unique bilinear map

(TpM)⊗k ⊗ (T ∗
pM)⊗l × (TpM)⊗k ⊗ (T ∗

pM)⊗l → R

which can be proven to be an inner product.
This inner product can be characterized by the following property: Suppose e1, . . . , em is an

orthonormal basis of (TpM, gp), and e1, . . . , em its dual basis of (T ∗
pM, g∗p). Then the induced inner

product on (TpM)⊗k ⊗ (T ∗
pM)⊗l is defined so that

{ei1 ⊗ · · · ⊗ eik ⊗ ej1 ⊗ · · · ⊗ ejl}

form an orthonormal basis.
In local coordinates, if T = T i1···ik

j1···jl ∂i1⊗· · ·⊗∂ik⊗dxj1⊗· · ·⊗dxjk and likewise for a (k, l)-tensor
S, then

〈T, S〉 = gj1b1 · · · gjlblgi1a1
· · · gikak

T i1···ik
j1···jl S

a1···ak

b1···bl .

As an example, we see that the length square of the metric tensor g itself is

|g|2 = 〈g, g〉 = gikgjlgijgkl = δkj δ
j
k = m.

1.2.2 Riemannian Manifolds
Riemannian Manifolds: Definition and Simplest Example

Let M be a smooth manifold.

Definition 1.3. Let g be Riemannian metric on M . Then we call the pair (M, g) a Riemannian
manifold. (Sometimes we omit g and say M is a Riemannian manifold.)

Example. The simplest manifold of dimension m is Rm, on which we can endow many Riemannian
metrics:

(1) The standard inner product on Rm defines a canonical Riemannian metric g0 on Rm via

g0(X,Y ) =
∑
i

XiY i.

Alternatively, this means the matrix (gij) is the identity matrix:

(g0)ij = δij .

In the notion of tensors, we can write

g0 = dx1 ⊗ dx1 + · · ·+ dxm ⊗ dxm.

(2) More generally, for any positive definite m×m matrix A = (aij), the formula

gAp (Xp, Yp) := XT
p AYp

defines a Riemannian metric on Rm in which case gAij = aij . Equivalently,

gA =
∑
i,j

aijdx
i ⊗ dxj .

(3) Since Rm admits a global coordinate system, one may even describe all possible Riemannian
metrics on Rm: Endow the space Sym(m) of all m×m symmetric matrices (which is linearly
isomorphic to Rm(m+1)/2) the standard smooth structure, then the subset PosSym(m) of all
positive definite m ×m matrices is open and thus again a smooth m ×m matrices is open
and thus again a smooth manifold. By definition, any smooth map

g : Rm → PosSym(m) ⊂ Sym(m)

defines a Riemannian metric on Rm, and vice versa.
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Example. On the torus Tm = (S1)m, one has the following flat Riemannian metric

g0 = dθ1 ⊗ dθ1 + · · ·+ dθm ⊗ dθm.

Example. Consider the upper half plane H2 = {(x, y) | y > 0}. On H2 the Riemannian metric

g(x,y) =
1

y2
(dx⊗ dx+ dy ⊗ dy)

is known as the hyperbolic metric, and (H2, g) is known as the hyperbolic plane.

Constructing New Riemannian Manifolds

There are many ways to construct new Riemannian manifolds from old ones, for example,

(1) Let (M, gM ) and (N, gN ) be two Riemannian manifolds, then gM ⊕ gN defined by

(gM ⊕ gN )(p,q)((Xp, Yq), (X
′
p, Y

′
q )) = (gM )p(Xp, X

′
p) + (gN )q(Yq, Y

′
q )

is a Riemannian metric on M ×N , whose matrix is simply(
(gM )m1×m1 0

0 (gN )m2×m2

)
,

where m1, m2 are the dimensions of M and N respectively.

Definition 1.4. We will call (M ×N, gM ⊕gN ) the product Riemannian manifold of (M, gM )
and (N, gN ).

For example,

• The Euclidean space (Rm, g0) is the Riemannian product of m copies of (R, g0).

• The torus (Tm, g0) is the Riemannian product of m copies of the standard circle (S1, dθ⊗dθ).

• The hyperbolic plane (H, g) is NOT a Riemannian products of two 1-dimensional manifolds.

(2) Let (N, gN ) be a Riemannian manifold, and f : M → N a smooth immersion, i.e. dfp :
TpM → Tf(p)N is injective for all p ∈ M . Then the “pull-back metric” f∗gN on M defined
by

(f∗gN )p(Xp, Yp) = (gN )f(p)(dfp(Xp), dfp(Yp))

is a Riemannian metric on M .

Definition 1.5. We call gM := f∗gN the induced metric or the pulled-back metric on M
with respect to f , and call f : (M, gN ) → (N, gN ) an isometric immersion. If f is an embedding,
then f is called an isometric embedding.

(3) Let (N, gN ) be a Riemannian manifold, and M ⊂ N be an immersed/embedded submanifold.
Then the inclusion map ι : M → N is an immersion, which defines an induced Riemannian
metric on M .

Definition 1.6. We call (M, ι∗gN ) an immersed/embedded Riemannian submanifold of
(N, gN ). (Usually “Riemannian submanifold” refers to “embedded Riemannian submanifold”).

Note that under the identification of TpM with dιp(TpM) ⊂ TpN , the induced metric (ι∗gN )p,
viewed as an inner product or a tensor field, is just the restriction of gN onto the subspace TpM ⊂
TpN .

(4) Let (M, g) be any Riemannian manifold, and u : M → R an arbitrary smooth function on
M . Then e2ug defined by

(e2ug)p(Xp, Yp) = e2u(p)gp(Xp, Yp)

is a Riemannian metric on M .
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Definition 1.7. We say a Riemannian metric g′ on M is conformal to g if

g′ = e2ug

for some u ∈ C∞(M).

By definition, if two Riemannian metrics g′ and g are conformal, then when we replace g by g′,
for each p, all vectors in TpM are stretched in length by the same constant eu(p), while the angle
between any pair of vectors in TpM keeps the same.

S2 as a Riemannian submanifold of R3

Example. Let M = S2 be the unit 2-sphere in R3. The induced Riemannian metric g (from the
canonical Riemannian metric g0 on R3) is known as the round metric. To calculate g locally, we
need to choose a coordinate patch.

For example, we can use cylindrical coordinates θ and z to parameterize S2,

x =
√
1− z2 cos θ, y =

√
1− z2 sin θ, z = z,

with 0 < θ < 2π, −1 < z < 1. Then

dx =
−z√
1− z2

cos θdz −
√
1− z2 sin θdθ

and
dy =

−z√
1− z2

sin θdz +
√
1− z2 cos θdθ.

It follows
gS2 = [dx⊗ dx+ dy ⊗ dy + dz ⊗ dz]|S2

=
z2

1− z2
dz ⊗ dz + (1− z2)dθ ⊗ dθ + dz ⊗ dz

=
1

1− z2
dz ⊗ dz + (1− z2)dθ ⊗ dθ.

Alternatively, one may use the colatitude θ ∈ (0, π) and the longitude ϕ ∈ (0, 2π) to parame-
terize S2 as

x = sin θ cosϕ, y = sin θ sinϕ, z = cos θ.

A similar computation as above will give us

gS2 = dθ ⊗ dθ + sin2 θdϕ⊗ dϕ.

Isometries and Local Isometries

Next let’s define the notion of “equivalence” in the Riemannian world.

Definition 1.8. Let (M, gM ) and (N, gN ) be two Riemannian manifolds.

(1) If ϕ : M → N is a local diffeomorphism such that gM = ϕ∗gN , then we call ϕ a local
isometry.

(2) If a local isometry ϕ : (M, gM ) → (N, gN ) is invertible, then we call ϕ an isometry, in which
case we say (M, gM ) and (N, gN ) are isometric Riemannian manifolds.

Isometries are crucial in Riemannian geometry since isometric Riemannian manifolds will be
viewed as the same. Local isometries are also important in studying local invariants like curvatures.

Remark. A map ϕ : (M, gM ) → N, gN is a local isometry if and only if for any p ∈ M , there
exists a neighborhood U of p in M so that ϕ : U → ϕ(U) is an isometry.

Example. For any m×m positive definite matrix A, (Rm, gA) is isometric to (Rm, g0). [Can you
write down the isometry?]
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Example. On the set M = R>0 × (0, 2π), consider the Riemannian metric

g = dr ⊗ dr + r2dθ ⊗ dθ.

Then the map
ϕ :M → R2 − {(x, 0) | x ⩾ 0}
(r, θ) 7→ (r cos θ, r sin θ)

(where the latter is endowed with the standard Euclidean metric) is an isometry. [Obviously (M, g)
is really the polar coordinate system for R2.]

Example. For the standard metrics on Rm and Tm: If we regard Tm = Rm/Zm, then the
projection π : (Rm, g0) → (Tm, g0) is a local isometry but not a global isometry.

The Isometry Group

Obviously isometries satisfies the following functorality:

• If ϕ : (M, gM ) → (N, gN ) is an isometry, the ϕ−1 is an isometry.

• If ϕ : (M, gM ) → (N, gN ) and ψ : (N, gN ) → (P, gP ) are two isometries, then the composition
ψ ◦ ϕ : (M, gM ) → (P, gP ) is again an isometry.

In particular, if we let

Isom(M, g) = {ϕ : (M, g) → (M, g) | ϕ is an isometry}.

Then Isom(M, g) is a group. It is a subgroup of the diffeomorphism group

Diff(M) = {ϕ :M →M | ϕ is a diffeomorphism}.

Definition 1.9. We call Isom(M, g) the isometry group of (M, g).

For example,

• The isometry group of (Rm, g0) is the Euclidean group E(m) = O(m)nRm.

• The isometry group of (S2, ground) is the orthogonal group O(3).

Remark. A remarkable theorem proved by Myers and Steenrod in 1939 claims

Theorem 1.10 (Myers-Steenrod). Let (M, g) be any Riemannian manifold. Then with respect
to the compact open topology, there is a smooth structure on Isom(M, g) so that Isom(M, g) is a
Lie group, which is compact if M is compact. Moreover, the obvious action of Isom(M, g) on M
is smooth.

On the other hand, as we have learned in the course of smooth manifold, the diffeomorphism group
Diff(M) can be regarded as an “infinite dimensional Lie group” whose Lie algebra is the Lie algebra
of all smooth vector fields on M (for simplicity we may assume M is compact). So the isometry
group Isom(M, g) of a Riemannian manifold (M, g), as a Lie group which is finite dimensional and
carries a smooth structure, is much nicer than the diffeomorphism group Diff(M) of the underlying
manifold M . What is the Lie algebra of Isom(M, g)? They are nothing else but those vector fields
whose flow are isometries, known as Killing vector fields.

By the remark above we see that the Riemannian structure is much more rigid than the
smooth structure. As we know, locally manifolds of the same dimension are always the same.
However, this is not the case for Riemannian manifolds: there are rich local geometry in the
Riemannian world.
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The Existence of Riemannian Metric

The first remarkable theorem in this course is

Theorem 1.11. On any smooth manifold M , there exist (many) Riemannian metrics on any
smooth manifold M .

We shall give two proofs of this theorem.

The First Proof. We first take a locally finite covering of M by coordinate patches {Uα, x
1
α, . . . ,

xmα }. It is clear that one can choose a Riemannian metric gα on each Uα, e.g. one may take

gα =
∑
i

dxiα ⊗ dxiα.

Let {ρα} be a partition of unity subordinate the chosen covering {Uα}. We define

g =
∑
α

ραgα.

Note that this is in fact a finite sum in the neighborhood of each point. It is positive definite since
for any p ∈M , there always exist some α such that ρ(α)(p) > 0. So it is a Riemannian metric on
M .

The Second Proof. According to the famous Whitney embedding theorem, any smooth manifold M
of dimension m can be embedded into R2m+1 as a smooth submanifold, and thus each Riemannian
metric on R2m+1 will induce a Riemannian submanifold metric on M .

Remark. One may ask: How large is the space of all Riemannian metrics on a given smooth
manifold? Let

Riem(M) = {g | g is a Riemannian metric on M}

be the set of all Riemannian metrics on M . Motivated by the first proof, it is easy to see that if
g1, g2 are two Riemannian metrics on M , so is ag1 + bg2 for a, b > 0. As a consequence, Riem(M)
(as a subset in the finite dimensional vector space of all symmetric (0, 2)-tensor fields on M) is a
positive convex cone.

Of course a natural question is: Given a manifold, can one find a Riemannian metric that is
“best” in some sense? This is one of the main targets in Riemannian geometry. In this course we
shall define various kind of invariants (curvatures) of Riemannian metrics, and we shall study the
relations between these invariants and the topology of the underlying manifold.

Remark. In the second proof we used the Whitney embedding theorem. For Riemannian man-
ifolds (M, g), there is a much stronger embedding theorem proved by the famous Nobel prize (in
Economics) winner John Nash in 1956,

Theorem 1.12 (Nash Embedding Theorem). Any m-dimensional Riemannian manifold (M, g)
can be isometrically embedded into the standard (RN , g0) as a Riemannian submanifold, where

N =


m(3m+ 1)

2
, if M is compact,

m(m+ 1)(3m+ 11)

2
, if M is noncompact.

For compact manifolds, the dimension N was lowered by Gromov in 1986 to

N =
m2 + 5m+ 6

2
,

and then was further lowered by Günther in 1989 to

N = max

{
m2 + 5m

2
,
m2 + 3m+ 10

2

}
.
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In particular, any 2-dimensional smooth Riemannian manifold can be isometrically embedded
into R10 (instead of R17 by Nash). It is still not known whether this dimension can be further
lowered8.

1.3 The Riemannian Distance
1.3.1 Length of Curves

As we mentioned, the Riemannian metric g on M itself is not a metric on M . Nevertheless,
it can be viewed as an “infinitesimal metric” and it generates a true metric on M which makes M
a metric space. To define this metric, we first define the length of a (piecewise smooth) curve in
(M, g).

The Length of a Curve

Let γ : [a, b] →M be a smooth immersed parametric curve in M . For any t,

γ̇(t) = dγ

(
d

dt

)
is a tangent vector in Tγ(t)M , and thus has a length with respect to g. We shall always assume that
the parametrization is regular, i.e. γ̇(t) 6= 0 for all t. As in undergraduate differential geometry
course, it is natural to define
Definition 1.13. The length of γ is

Length(γ) :=

∫ b

a

‖γ̇(t)‖γ(t) =
∫ b

a

√
gγ(t)(γ̇(t), γ̇(t))dt

As one can imagine, the length should be a property of the geometric curve and thus should
be independent of the choice of different parametrizations:
Lemma 1.14. Length(γ) is independent of the choices of regular parametrizations.
Proof. Let γ1 : [c, d] → M be another regular parametrization of the same geometric curve as γ.
Then there exists a smooth function t1 : [a, b] → [c, d] so that γ1(t1(t)) = γ(t). It follows

γ̇(t) = γ̇1(t1)
dt1
dt

(t).

Since both parametrizations are regular, we get dt1
dt

(t) 6= 0 and thus the function t1 = t1(t) is
either strictly increasing, or strictly decreasing. Now the conclusion follows from the standard
change of variable formula,

Length(γ1) =

∫ d

c

√
〈γ̇1(t1), γ̇1(t1)〉γ1(t1)dt1

=

∫ b

a

√√√√〈γ̇(t)(dt1
dt

(t)

)−1

, γ̇(t)

(
dt1
dt

(t)

)−1
〉

γ(t)

dt1
dt

(t)dt = Length(γ),

where for simplicity we assumed t1 is strictly increasing with respect to t.

By the same change of variable argument one can prove
Lemma 1.15. Let ϕ : (M, gM ) → (N, gN ) be a local isometry, and γ be a regular parametric
curve in M . Then

LengthM (γ) = LengthN (ϕ(γ)).
8However, if instead of C∞ maps (or Cr-maps for r ⩾ 3), one only require a “C1-isometries”, i.e. C1-diffeomorphism

φ : M → N with φ∗gN = gM , then Nash showed in 1955 that any (Mm, g) ca be C1-isometrically embedded into
R2m+1. Of course “C1-isometries” are not natural objects in Riemannian geometry, because as we have seen last
time, basic Riemannian geometric quantities like curvatures need third order derivatives of the embedding (second
order derivatives of Riemannian metric).
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Arc Length Parametrization

Although there are lots of different ways to parameterize a curve, there is one parametrization,
the arc-length parametrization defined below, that is best and thus will be extensively used in this
course.

To describe the arc-length parametrization, we start with any regular parametric curve γ :
[a, b] →M . We will call

s(t) =

∫ t

a

√
〈γ̇(τ), γ̇(τ)〉γ(τ)dτ

the arc-length function of γ. Obviously s = s(t) is a strictly increasing function mapping the
interval [a, b] to the interval [0,Length(γ)]. We will denote by t = t(s) the inverse function of
s = s(t). One can reparameterize γ via the parameter s,

γ1(s) = γ(t(s)), 0 ⩽ s ⩽ Length(γ).

This is called the arc-length parametrization. It has the following nice property

Proposition 1.16. For the arc-length parametrization, 〈γ̇1(s), γ̇1(s)〉γ1(s) ≡ 1.

Proof. At s = s(t), we have t′(s) = (s′(t))−1 = 〈γ̇(t), γ̇(t)〉− 1
2 . So

〈γ̇1(s), γ̇1(s)〉γ1(s) = 〈γ̇(t)t′(s), γ̇(t)t′(s)〉γ1(s(t)) = t′(s)2〈γ̇(t), γ̇(t)〉γ(t) = 1.

Conversely by the definition of the arc-length function s(t) above, we see that if a parametriza-
tion of γ satisfies 〈γ̇, γ̇〉 ≡ 1, then it is simply a translation of the arc-length parametrization.
Usually a curve with ‖γ̇‖ ≡ 1 is called a normal curve, and a curve with ‖γ̇‖ ≡ c is called a
curve of constant speed.

Now suppose (M, g) is a 1-dimensional Riemannian manifold. Then locally near each point,
a local coordinate neighborhood is a curve, and the arc-length parameter s is a local coordinate.
By definition, g11 = g(∂s, ∂s) = 1, and thus locally

g = ds⊗ ds.

As an immediate consequence, we get

Corollary 1.17. Any two 1-dimensional Riemannian manifolds are locally isometric.

Remark. Discussions above can be easily extended to piecewise C1 curves in M : If γ : [a, b] →M
is a continuous map, and there exists a partition

a = a0 < a1 < a2 < · · · < aN = b

of [a, b] so that each γ|[ai,ai+1] is a regular C1 curve, then one can simply define

Length(γ) =

N−1∑
i=0

Length(γ|[ai,ai+1]).

1.3.2 The Riemannian Distance
Now we are ready define a metric (i.e. a distance function) on a connected Riemannian

manifold (M,d). For any p, q ∈M , let

Cpq = {γ : [a, b] →M | γ is piecewise smooth and γ(a) = p, γ(b) = q}.

Note that the connectedness of M guarantees that the set Cpq is nonempty.

Definition 1.18. The distance between p and q on a Riemannian manifold (M, g) is defined to
be

dist(p, q) = inf{Length(γ) | γ ∈ Cpq}.
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Obviously for the standard Euclidean space (Rm, g0), dist is the Euclidean distance function
on Rm.

Let’s give another example:

Example. Consider the hyperbolic plane (H, ghyp), where ghyp =
1

y2
(dx ⊗ dx + dy ⊗ dy). Let

p = (0, a), and q = (0, b), where b > a. Let γ : [0, 1] → H be a regular curve with γ(0) = p and
γ(1) = q. Denote γ(t) = (x(t), y(t)), then y(t) > 0 and

L(γ) =

∫ 1

0

√
1

y(t)2
(x′(t)2 + y′(t)2)dt ⩾

∫ 1

0

y′(t)

y(t)
dt = log

b

a
,

and the equality achieves if x(t) = 0 and y is monotonely increasing. It follows

dist(p, q) = log
b

a
.

In what follows, we will show that d is a metric, and the metric topology coincides with
the given manifold topology. The crucial idea behind the proofs is a comparison between the
Riemannian metric on a compact set with the Euclidean metric g0.

The Riemannian Distance is a Distance

Now we prove

Theorem 1.19. For any connected Riemannian manifold (M, g), the distance function dist makes
M into a metric space.

Proof. It is easy to check that the function

dist :M ×M → R

satisfies most axioms for a distance function, e.g. for any p, q, r ∈M ,

(a) dist(p, p) = 0, dist(p, q) ⩾ 0.

(b) dist(p, q) = dist(q, p).

(c) dist(p, r) ⩽ dist(p, q) + dist(q, r).

It remains to show that for p 6= q, we must have

dist(p, q) > 0.

Take a chart (ϕ,U, V ) around q with9 p /∈ U , so that

ϕ(q) = 0 ∈ V = B1(0) ⊂ Rm.

Then
h = (ϕ−1)∗(gU )

is a Riemannian metric on V so that (V, h) is isometric to (U, g|U ). Let

λ = inf{the smallest eigenvalue of the matrix (hij)x | x ∈ B1/2(0)}.

Then for any x ∈ B1/2(0) and any X ∈ TxV , we have

〈X,X〉h = hijX
iXj ⩾

∑
i

λ(Xi)2 = λ〈X,X〉g0 .

9Here we used that any manifold is Hausdorff. For a non-Hausdorff locally Euclidean space like “the line with
two origins”, the two origins would have distance zero if we define a “Riemannian distance” as above.
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For any piecewise smooth curve γ starting from 0 = ϕ(q) and ending at some point on ∂B1/2(0),
and γ̃ be the first portion of the curve γ that sits totally in B1/2(0) (so γ̃ is a piecewise smooth
curve that starts at q and still ends at some point on ∂B1/2(0)), reparameterized with parameters
in [0, 1]. Then

Lengthh(γ) ⩾ Lengthh(γ̃) =

∫ 1

0

√
〈 ˙̃γ, ˙̃γ〉hdt

⩾
√
λ

∫ 1

0

√
〈 ˙̃γ, ˙̃γ〉g0dt =

√
λ = Lengthg0(γ̃) ⩾

√
λ

2
.

Since any curve from p to q must intersect ϕ(∂B1/2(0)) at some point, we conclude

dist(p, q) ⩾
√
λ

2
> 0,

as desired.

Remark. Obviously if ϕ : (M, gM ) → (N, gN ) is an isometry, and dM , dN are the corresponding
distance functions, then ϕ : (M,dM ) → (N, dN ) is distance preserving in the sense that

distN (ϕ(p), ϕ(q)) = distM (p, q), ∀p, q ∈M.

It turns out that the converse is also true, again proven by Myers and Steenrod in 1939:

Theorem 1.20 (Myers-Steenrod). Let (M, gM ) and (N, gN ) be Riemannian manifolds, and distM ,
distN be the corresponding distance functions. If ϕ : (M, distM ) → (N, distN ) is surjective and
distance-preserving, then it is an isometry (and in particular it is smooth).

In other words, the concept “isometry” in the world of Riemannian geometry coincides with
the concept “isometry” in the world of metric spaces. Their proof was simplified and the theorem
was strengthened by Palais in 1959 to

Theorem 1.21 (Palais). The Riemannian distance of a Riemannian manifold determines its struc-
ture as a manifold (the smooth structure) and its Riemannian metric.

Remark. One may further ask the following question:
Given a metric d on a smooth manifold M , is it true that d can be realized as the Riemannian

distance for some Riemannian metric g?
The answer is no: Consider the taxicab metric on R2. Then any two points can be connected

by infinitely many “shortest curves”. On the other hand, as we will see later, on a Riemannian
manifold, near any point there is a neighborhood in which any point can be connected to the given
point by a unique shortest curve.

Continuity of the Distance Function

We may further study the topology generated by the metric dist. First we prove

Proposition 1.22. For any fixed p, the function

f(·) = dist(·, p)

is continuous on M (with respect to the manifold topology).

Proof. Since manifolds are second countable, it is enough to prove sequential continuity of f . As
in the proof of the previous theorem we take a coordinate patch (ϕ,U, V ) centered at q with
ϕ(U) = V = B1(0) ⊂ Rm. Let qi be a sequence of points that tends to q with respect to the
manifold topology, i.e. for any k, there exists N(k) such that for all i ⩾ N(k), ϕ(qi) ∈ B1/k(0).
We want to prove f(qi) → f(q). By triangle inequality (see (c) above), we have

|f(qi)− f(q)| ⩽ dist(q, qi).
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So it suffices to prove dist(q, qi) → 0 as i→ ∞.
Again we let h = (ϕ−1)∗(g|U ) be the induced metric on V . Denote

Λ = sup{the greatest eigenvalue of the matrix (hij)x | x ∈ B1/2(0)}.

Then for any x ∈ B1/2(0) and any X ∈ TxV , we have

〈X,X〉h ⩽ Λ〈X,X〉g0 .

So if we take
γ̃i : [0, 1] → V,

γ̃i(t) = tϕ(qi)

be the “straight line segment” from 0 = ϕ(q) to ϕ(qi), then for i ⩾ N(k),

Lengthh(γ̃i) =

∫ 1

0

√
〈 ˙̃γi, ˙̃γi〉hdt ⩽

√
Λ

∫ 1

0

√
〈 ˙̃γi, ˙̃γi〉g0dt =

√
ΛLengthg0(γ̃i) ⩽

√
Λ

k
.

Since ϕ : (U, g) → (V, h) is an isometry, we conclude that

dist(q, qi) ⩽ Lengthg(ϕ
−1 ◦ γ̃i) = Lengthh(γ̃i) ⩽

√
Λ/k,

for all i ⩾ N(k). This completes the proof.

Remark. The distance functions dist(·, p) are among the most important functions (maybe the
only natural geometric functions) on a Riemannian manifold. Note the triangle inequality implies
that the “distance to p” function f(q) = dist(p, q) is not only continuous, but also Lipschitz
continuous (with respect to the distance). One may further ask: are they smooth? Even in the
Euclidean case, it is obvious that dist(·, p) is not smooth at x = p (this singularity can be eliminated
by considering f2). On the other hand, as we will see later, this function is smooth in a “punctured
neighborhood” U − {p} near p, but might have singularities at other points.

Example. Consider the round sphere (S2, ground). Let p = (0, 0,−1) be the south pole. It is easy
to see that for q = (x, y, z),

f(q) = d(p, q) = π(1− arccos z) = π(1− arccos
√

1− x2 − y2)

which is not smooth at both the south pole and the north pole. [In fact for any compact Riemannian
manifold, the function dp(·) = dist(p, ·) is not smooth at some point q 6= p. Since the restriction of
Euclidean distance function dEuc(p, ·) to S2 is smooth on S2−{p}, we conclude that the restriction
of the Euclidean distance function to S2 is NOT the Riemannian distance for any Riemannian
metric on S2!]

The Metric Topology

As a consequence of the continuity, we prove

Corollary 1.23. The metric topology on M induced by the metric dist coincides with the manifold
topology on M .

Proof. The continuity of f(·) = dist(p, ·) implies that any metric open ball is also open in the
manifold topology. Conversely, for any (manifold) open neighborhood U of q in M , by shrinking
U we may assume U is a coordinate neighborhood and (ϕ,U, V = B1(0)) is a coordinate chart.
Repeat the proof of Theorem 1.19, we see any point p /∈ U must have distance d(p, q) ⩾

√
λ/2,

which is equivalent to say that the metric open ball of radius
√
λ/2 sits in U . So the two topologies

on M coincide.

We will call the metric ball

B(q, r) = {p ∈M | dist(p, q) < r}

a geodesic ball of radius r centered at q. For r small it has the topology of an Euclidean ball,
while for r large it may have very complicated topology.
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1.4 The Riemannian Measure
1.4.1 The Riemannian Measure
The Riemannian Volume in Tangent Space

Not only a Riemannian metric g (as an infinitesimal distance, i.e. a distance defined in each
tangent space) on M gives rise to a canonical metric structure on M , but also it defines a canonical
measure structure (or to be more precise, a volume density) onM through an “infinitesimal volume”
(i.e. volume defined in each tangent space). The idea is standard: as in multi-variable calculus,
to define the volume or integrate a function over M , one simply start with a coordinate chart,
using which one can divide M into small coordinate pieces, and then approximate each small piece
{(x1, . . . , xm) | ai ⩽ xi ⩽ ai+hi} by the parallelepiped in TpM (where p = (x1, . . . , xm)) generated
by (h1∂1, . . . , h

m∂m).
Now the problem is reduces to: how do we define a volume of a parallelepiped in a finite

dimensional inner product space? Well, one can always define the volume of a unit cube to be 1
(here we use not only the lengths of vectors, but also the angles between vectors), and then use
multi-linearity to extend the definition to more general parallelepipeds. So to compute the volume
of the parallelepiped generated by ∂1, ∂2, . . . , ∂m, we start with an orthonormal basis e1, . . . , em of
(TpM, gp), and define the volume of the parallelotope generated by e1, . . . , em to be

Vp(e1, e2, . . . , em) = 1.

Then we write ∂i = ajiej , which implies

Vp(∂1, ∂2, . . . , ∂m) = | det(aji )|.

For simplicity we denote A = (aji ). From the observation

gij = g(∂i, ∂j) = g(aki ek, a
l
jel) =

∑
k

aki a
k
j = (AAT)ij ,

We conclude (gij) = AAT, and thus the “infinitesimal volume” we are calculating is

Vp(∂1, ∂2, . . . , ∂m) = | det(aji )| =
√
G,

where G = det(gij).

Remark. Alternatively, one can define Vp(∂1, ∂2, . . . , ∂m) as “the length of the vector ∂1 ∧ ∂2 ∧
· · · ∧ ∂m in the space ⊗mTpM” (with respect to the induced metric on tensors that we introduced
in Section 1.2), and similar computation yields the same result.

Integrals of Compactly Supported Continuous Functions

Now let (M, g) be a Riemannian manifold. We start with a continuous function f with
compact support, so that supp(f) is contained in one chart (ϕ,U, V ). As motivated by the previous
computation, we may define ∫

M

fdVg :=

∫
V

(f
√
G) ◦ ϕ−1dx1 · · · dxm,

where dx1 · · · dxm the Lebesgue measure on Rm.

Lemma 1.24. The definition above is independent of the choices of coordinate charts containing
supp(f).

Proof. Let (ϕ̃, Ũ , Ṽ ) be another coordinate chart containing supp(f), on which the coordinates are
denoted by y1, . . . , ym. Then as we have seen in Section 1.2,

(gij) = JT(g̃kl)J,
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where J =

(
∂yi

∂xj

)
is the Jacobian of the map ϕ̃ ◦ ϕ−1. As a consequence, we get

√
G(p) =

√
G̃(p)| det(J(ϕ(p)))|

for p = ϕ−1(x) = ϕ̃−1(y), and thus by change of variables in Rm,√
G̃ ◦ ϕ̃−1dy1 · · · dym =

√
G̃ ◦ ϕ̃−1(ϕ̃ ◦ ϕ−1)| det(J)|dx1 · · · dxm =

√
G ◦ ϕ−1dx1 · · · dxm.

The conclusion follows.

Of course in general, even if f is compactly supported, one cannot assume that supp(f) is
contained in one single chart. However, one can extend the above definition to general f ∈ Cc(M)
easily by using partition of unity: Let {(ϕα, Uα, Vα)} be a system of locally finite coordinate charts
that cover M , with local coordinates {x1α, . . . , xmα } on each Uα, and let {ρα} be a partition of unity
subordinate to the open covering {Uα}. Then we define∫

M

fdVg :=
∑
α

∫
φα(Uα)

(fρα
√
Gα) ◦ (ϕα)

−1dx1α · · · dxmα ,

Note that by locally finiteness of Uα and compactness of supp(f), the sum is in fact a finite sum.
Moreover, if {(ϕ̃β , Ũβ , Ṽβ)} is another atlas, then by Lemma 1.24,∫

φα(Uα∩Ũβ)

(fραρ̃β
√
Gα) ◦ (ϕα)

−1dx1α · · · dxmα =

∫
φ̃β(Uα∩Ũβ)

(fραρ̃β
√
Gβ) ◦ (ϕβ)

−1dx1β · · · dxmβ

since both sides equal to
∫
M

ραρ̃βfdVg, which implies

∑
α

∫
φα(Uα)

(fρα
√
Gα) ◦ (ϕα)

−1dx1α · · · dxmα =
∑
β

∫
φβ(Uβ)

(fρβ
√
Gβ) ◦ (ϕβ)

−1dx1β · · · dxmβ .

In other words,
∫
M

fdVg is well-defined for any f ∈ Cc(M).

The Riemannian Measure

Since manifolds are always locally compact and Hausdorff, and since the linear functional

µ : Cc(M) → R,

f 7→ µ(f) =

∫
M

fdVg

is positive (i.e. f ⩾ 0 implies µ(f) ⩾ 0), by Riesz representation theorem, µ gives rise to a unique
Radon measure on M . Now one can further extend the integral to more general functions using
the standard machinery developed in real analysis:

• first define the (upper) integral of a lower semi-continuous positive function f to be the
supremum of integrals of compactly-supported functions that are no more than f ,

• then define the (upper) integral of a positive function f as the infimum of the (upper) integral
of all lower semi-continuous positive function f that are greater than f ,

• a function f is said to be integrable if there exists a sequence gn in Cc(M) so that the
(upper) integrals of the sequence |gn − f | converge to 0.
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As usual we denote the space of integrable functions as L1(M, g), which by definition is the com-
pletion of Cc(M) with respect to suitable norm.

As usual, for any 1 ⩽ p <∞ one can define the Lp norm on C∞
c via

‖f‖Lp :=

(∫
M

|f |pdVg
) 1

p

,

and define Lp(M, g) to be the completion of C∞
c under the Lp norm. Similarly one can define

L∞(M, g). It is not hard to extend the theory to complex-valued functions. In the special case
p = 2, one can define an inner product structure on L2(M, g) by

〈f1, f2〉L2 :=

∫
M

f1f2dVg

which make L2(M, g) into a Hilbert space.
One can also talk about the volume of any Borel set (or more generally, measurable subsets)

A in M , which is defined to be
Vol(A) =

∫
M

χAdVg

Remark. In the above definition, we don’t assume M to be oriented or compact. What we really
get is a volume density, which, on a local chart, can be written as

dVg =
√
G ◦ ϕ−1dx1 · · · dxm.

We will call dVol the Riemannian volume element (or volume density) on (M, g).

Remark. In the special case where M is oriented, then we may choose an orientation-compatible
coordinate patch near each point, and define (locally on each chart)

ωg =
√
Gdx1 ∧ · · · ∧ dxm.

One can check that ωg is a well-defined global volume form on M , which is called the Riemannian
volume form for the oriented Riemannian manifold (M, g).

Remark. Suppose (M, g) is an m-dimensional Riemannian manifold, and S an r-dimensional
submanifold of M , where r < m. Then the Riemannian submanifold metric gS := ι∗g on M gives
a natural measure (an r-dimensional volume density) on S. Here are two special cases:

• If γ : I → M is a simple smooth curve, then with respect to the coordinates t (from the
parametrization), we have gγ = g(∂t, ∂t)dt ⊗ dt = |γ̇(t)|2dt ⊗ dt, and thus the induced 1-
dimensional volume density (i.e. length density) on γ is simply |γ̇|dt, which is exactly what
we used to calculate the length of γ.

• If M is a smooth manifold with boundary, in which case the boundary ∂M is a smooth
submanifold of dimension m − 1, then one gets a natural Riemannian submanifold metric
and thus a volume density on ∂M . In this case the volume density on ∂M is usually called
a surface density (or hypersurface density) and will be denoted by dSg.

The Change of Variable Formula

By using the standard change of variable formula for the Lebesgue measure in Rm, together
with a partition of unity argument, one can easily prove the following

Proposition 1.25 (Change of Variables in Riemannian Setting). Let ϕ :M → N be a diffeomor-
phism, and h a Riemannian metric on N . Then∫

M

f ◦ ϕ dVφ∗h =

∫
N

fdVh, ∀f ∈ L1(N,h).

In particular, we see isometries preserve the Riemannian volume densities.
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As another consequence, suppose dimM ⩽ dimN , ϕ : M → N is an embedding, and ι :
ϕ(M) → N is the inclusion map. Let g be a Riemannian metric on M and h be a Riemannian
metric on N , then10 ∫

M

f ◦ ϕdVφ
∗h

dVg
dVg =

∫
φ(M)

f dVι∗h, ∀f ∈ L1(N,h),

where dVφ∗h

dVg
is the Radon-Nikodyn derivative of the two corresponding Riemannian measures on

M (which are by definition σ-finite measures). In particular, one may find the area of ϕ(M) (or
integrals over ϕ(M)) in the target space by doing computations in the source space M . It is
a very special case of the so-called area formula in geometric measure theory where ϕ is only
supposed to be Lipschitz and need not be injective, and the measures encountered are replaced by
the Hausdorff measure.

There is a “dual” version of the area formula above, known as the co-area formula, in which,
with the help of a map ϕ : M → N with dimM ⩾ dimN , one could use integrals over level sets
ϕ−1(q) in target space to compute integrals over the source space M . In the very general version
of co-area formula in geometric measure theory, ϕ is only supposed to be a Lipschitz map, and
people use the Hausdorff measures. In what follows we will prove a simplest version of co-area
formula (for N = R) that is already very useful in Riemannian geometry. To state the theorem,
we need the concept of gradient vector fields associated to a function.

The Gradient

Let (M, g) be a Riemannian manifold. For any smooth function f on M , the differential df is
a smooth 1-form on M . By using the musical isomorphism ] : T ∗M → TM , we will get a smooth
vector field on M :

Definition 1.26. The gradient vector field of f is ∇f = ](df).

It is not hard to find out ∇f in local charts: By definition, ∇f is the vector field so that for
any vector field X = Xi∂i,

g(∇f,X) = df(X) = Xf = Xi∂if.

It follows that locally
∇f = gij∂if∂j .

In particular, for g = g0 in Rm, we get the ordinary gradient of f .
As in multivariable calculus, the gradient vector field of a function is always perpendicular to

its regular level sets:

Lemma 1.27. Suppose f is a smooth function on M and c is regular value of f . Then the gradient
vector field ∇f is perpendicular to the level set f−1(t).

Proof. Since c is a regular value, by the regular level set theorem, f−1(c) is a smooth submanifold
of M . Let X be a vector field tangent to f−1(c). Then we learned from manifold theory that
Xf = 0 on f−1(c). It follows

g(∇f,X) = Xf = 0

on f−1(c). So ∇f is perpendicular to f−1(c).

The Coarea Formula: a Simple Version

Fix a smooth function u ∈ C∞(M) and let

Ωt := u−1((−∞, t)), Γt := u−1(t).

10Note that it makes no sense to write an expression like
∫
M

f ◦φ| det dφ|dVg even if φ is a diffeomorphism, since
dφ is a linear map between different vector spaces.
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For any regular value t of u, Γt is a smooth submanifold of dimension m − 1 in M . By Sard’s
theorem, critical values of u form a measure zero set in R (and thus can be ignored in the integration∫
R

below). Now we can prove

Theorem 1.28 (The Co-area Formula, a Simple Version). Let (M, g) be a Riemannian manifold.
For any regular value t of u, let gt be the induced Riemannian metric on Γt and denote the
corresponding Riemannian volume density on Γt by dSt. Then for any integrable function f on
M , one has ∫

M

f |∇u| dVg =

∫
R

(∫
Γt

f dSt

)
dt.

Proof. First note that if we let C be the set of critical points of u, then C is closed. It follows that
M \ C is an open submanifold in M , and obviously∫

M

f |∇u| dVg =

∫
M\C

f |∇u| dVg.

So we may replace M by M \ C without changing both sides. In other words, we may assume u
admits no critical point on M .

No consider the vector field
X =

∇u
|∇u|2

on M . By Lemma 1.27, X is perpendicular to TqΓc at any q ∈ Γc for any c. Let ϕt be the (local)
flow generated by X. Then by definition,

d

dt
u(ϕt(q)) = du(X(ϕt(q))) = 〈∇u,X〉φt(q) = 1.

It follows that if q ∈ Γc, then ϕt(q) ∈ Γc+t for t small enough. Now we choose a neighborhood A
of q in Γc so that

ψ : (−ε, ε)×A→M,

(y, t) 7→ ϕt(y)

is a diffeomorphism onto an open subset U = ψ((−ε, ε) × A) in M . By shrinking A if necessary,
we may suppose A is a coordinate patch on Γc and let y1, . . . , ym−1 be corresponding coordinate
functions. Then {t, y1, . . . , ym−1} form a set of coordinate functions on U . With respect to these
coordinates, and in view of the facts ∂t = X and X ⊥ ∂yi for all i, the Riemannian metric g has
the form

g = 〈X,X〉dt⊗ dt+ hijdy
i ⊗ dyj ,

where hij = g(∂yi , ∂yj ). Since 〈X,X〉 = 1

|∇u|2
, the volume density

dVg =
1

|∇u|

√
det(hij)dtdy

1 · · · dym−1 =
1

|∇u|
dtdSt.

So we conclude that for any ρ ∈ Cc(U),∫
M

ρf |∇u|dVg =

∫
U

ρf
√
detGtdtdy

1 · · · dym−1 =

∫ c+ε

c−ε

(∫
Γt∩U

ρfdSt

)
dt.

Now the conclusion follows from a standard partition of unity argument.

As a corollary, we get

Corollary 1.29. Suppose the critical values of u form a closed subset11 in R, and Vol(Ωt) < ∞,
then the function t 7→ Vol(Ωt) is smooth at regular value t, and

d

dt
Vol(Ωt) =

∫
Γt

1

|∇u|
dSt.

11This condition holds if u is a proper function.
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Proof. For any regular t, take ε > 0 so that (t, t+ ε) is free of critical values. By taking f =
1

|∇u|
we get, for h ∈ (0, ε),

Vol(Ωt+h)−Vol(Ωt) =

∫ t+h

t

(∫
Γt

1

|∇u|
dSt

)
dt.

It follows
d

dt
Vol(Ωt) = lim

h→0

1

h

∫ t+h

t

(∫
Γt

1

|∇u|
dSt

)
dt =

∫
Γt

1

|∇u|
dSt.

1.4.2 The Laplace-Beltrami Operator
The Divergence of a Vector Field

Let X be a smooth vector field on M . Take a coordinate patch (U, x1, . . . , xm) (which is of
course orientable) on M , then the volume element

ωg =
√
Gdx1 ∧ · · · ∧ dxm

is locally an n-form on U . Of course one may choose other coordinates on U , then the corresponding
volume forms are either the same, or differ by a negative sign. As a result, the following definition
is independent of the choice of coordinate charts:

Definition 1.30. The divergence of X is the function div(X) on M such that

(divX)ωg = d(ι(X)ωg).

Remark. According to Cartan’s magic formula, the definition above is equivalent to

LX(ωg) = div(X)ωg,

where LX is the Lie derivative along the vector field X. This coincides with the geometric definition
of divergence in the case of Rm: the divergence of a vector field is the infinitesimal rate of change
of the volume element along the vector field.

Let’s calculate div(X) locally. Let X = Xi∂i, then

(divX)
√
Gdx1 ∧ · · · ∧ dxm = d

(
ι(Xi∂i)

√
Gdx1 ∧ · · · ∧ dxm

)
= d

(∑
i

Xi
√
G(−1)i−1dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxm

)
= ∂i(X

i
√
G)dx1 ∧ · · · ∧ dxm,

so we conclude
div(Xi∂i) =

1√
G
∂i(X

i
√
G).

We may replace X by fX to get

div(fX) = fdivX + (∂if)X
i = fdivX + g(∇f,X).

In other words,

Corollary 1.31. For any smooth vector field X ∈ Γ∞(TM) and any smooth function f ∈ C∞(M),
one has

div(fX) = fdivX + g(∇f,X).

As an application, we prove
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Theorem 1.32 (The Divergence Theorem I). LetX be a smooth vector field with compact support
on a Riemannian manifold (M, g), then∫

M

div(X)dVg = 0.

Proof. First we assume that X is supported in a local chart (ϕ,U, V ) and X = Xi∂i with Xi ∈
C∞
c (U). Then ∫

M

div(X)dVg =

∫
U

1√
G
∂i(X

i
√
G)dVg

=

∫
φ(U)

∂i(X
i
√
G ◦ ϕ−1)dx1 · · · dxm = 0.

The general case follows from partition of unity and Corollary 1.31:∑
α

ραdiv(X) =
∑
α

div(ραX)− g(∇(
∑
α

ρα), X) =
∑
α

div(ραX)

and thus ∫
M

div(X)dVg =

∫
M

∑
ραdiv(X)dVg =

∫
M

∑
α

div(ραX)dVg = 0.

The Laplace-Beltrami Operator

Let (M, g) be a Riemannian manifold.

Definition 1.33. For any smooth function f , we define the Laplacian of f to be

∆f = −div(∇f).

Locally, ∆f is given by

∆f = −div(gij∂if∂j) = − 1√
G
∂i(

√
Ggij∂jf),

i.e.
∆ = − 1√

G
∂i(

√
Ggij∂j).

We shall call ∆ the Laplace-Beltrami operator. It is a second order differential operator on M ,
and is the most important differential operator on Riemannian manifolds. It plays an essential role
on the analysis of Riemannian manifolds.

Theorem 1.34 (Green’s Formula I). Suppose f and h are smooth function on M and either f or
h is compactly supported. Then∫

M

f∆hdVg =

∫
M

g(∇f,∇h)dVg =

∫
M

h∆fdVg.

Proof. We have seen
div(fX) = fdivX + g(∇f,X).

It follows
div(f∇h) = −f∆h+ g(∇f,∇h).

Now the theorem follows from the fact that f∇h is compactly supported.

In particular if M is compact (without boundary), then any smooth function is compactly
supported. Replacing h by h if they are complex-valued, we can rewrite the above formula as

〈f,∆h〉L2 = 〈∆f, h〉L2 .

In other words, we get
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Corollary 1.35. If M is compact, then ∆ is densely defined symmetric operator on L2(M, g).

As another immediate consequence, we see that ∆ is a positive operator:

Corollary 1.36. If M is compact, then 〈∆f, f〉L2 ⩾ 0.

Remark. Both the divergence theorem and the Green’s formula can be generalized to the case
where M is a compact Riemannian manifold with boundary, i.e. M is

• an m-dimensional smooth manifold with boundary

• M is also a compact subset of an m-dimensional Riemannian manifold N

• The Riemannian structure on M coincide with that of N

So ∂M carries

(1) an outward normal vector field ν

(2) an induced Riemannian metric from gN , and thus a volume density dA.

Then for any smooth vector field X on M and any smooth functions f , h on M ,

• (Divergence Theorem II)
∫
M

divdVg =

∫
∂M

g(X, ν)dA,

• (Green’s Formula II)
∫
M

f∆hdVg =

∫
M

g(∇f,∇h)dVg −
∫
∂M

g(ν,∇h)fdA.

Details will be left as an exercise.

Laplacian v.s. Isometry

Why the operator ∆ is so important in Riemannian geometry? Since differential operators
are local, it is quite obvious that if ϕ : (M, gM ) → (N, gN ) is a local isometry, then ψ∗(∆Nf) =
∆M (ψ∗f). Conversely,

Proposition 1.37. A diffeomorphism ψ : M → N is an isometry between (M, gM ) and (N, gN )
if and only if it commutes with the Beltrami-Laplace operators, i.e.

ψ∗(∆Nf) = ∆M (ψ∗f), ∀f ∈ C∞(N).

Proof. Obviously if ϕ is an isometry, then it commutes with the Beltrami-Laplace operators. Con-
versely, suppose the diffeomorphism ψ commutes with the Beltrami-Laplace operators. Take a
chart (ϕ,U, V ) on M so that (ϕ ◦ ψ−1, ψ(U), V ) is a chart on N . Denote the coordinates by
x1, . . . , xm and y1, . . . , ym respectively. Then under these coordinates, for y = ψ(x) we have

∂Mi (f ◦ ψ)(x) = ∂((f ◦ ψ) ◦ ϕ−1)

∂xi
(ϕ(x)) =

∂(f ◦ (ϕ ◦ ψ−1)−1)

∂xi
(ϕ ◦ ψ−1(y)) = ∂Ni f(y)

and thus
(∂Ni ∂

N
j f) ◦ ψ = ∂Mi ∂Mj (f ◦ ψ).

On the other hand, we have

(ψ∗∆Nf)(x) = (∆Nf)(ψ(x)) = − 1√
GN

∂Ni (
√
GNg

ij
N∂

N
j f)(ψ(x))

= −(gijN∂
N
i ∂

N
j f)(ψ(x)) + · · · .

and
∆M (ψ∗f)(x) = − 1√

G
∂Mi (

√
GgijM∂

M
j (f ◦ ψ))(x) = −(gijM∂

M
i ∂Mj (f ◦ ψ))(x) + · · · .

where · · · represents terms that involve only first order derivatives of f . So by comparing the
coefficients of second order terms, we get gijM (x) = gijN (ψ(x)), as desired.
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Connections

2.1 The Linear Connection
Now we will introduce a new structure on (the tangent bundle of) a smooth manifold: the

linear connection structure. Roughly speaking, a linear connection is a structure that can be viewed
as an abstraction of the concept “parallel” (which is of course one of the most important concepts
in geometry): geometrically it starts by giving us a way to connect or identify different tangent
spaces over nearby points. When endowed with a linear connection structure on its tangent bundle,
a manifold will look infinitesimally like Euclidean space not just smoothly, but as an affine space.
In particular, with a linear connection structure, one can

• transport vectors in a “parallel way” along a curve,

• differentiate vector fields as if they were functions on the manifold with values in a fixed
vector space (so that “parallel vector fields” have derivative zero).

It turns out that the structure of defining “parallel transport” on a smooth manifold is equivalent
to the structure of defining “covariant derivative”.

2.1.1 Linear Connections: Many Faces
There are many different ways to define a linear connection on the tangent bundle. Here we

mainly focus on two of them which are most useful for us.

Parallel Transports

From its geometric origin, linear connection was used to characterize parallelism. We start by
axiomize the structure of parallelism on smooth manifolds. By staring at the parallelism structure
in the Euclidean space, it is not hard to see that the first step should be “identifying tangent spaces
in Euclidean space Rm by translations”. On a smooth manifold, instead of transporting/translating
a vector along a line in a parallel fashion, we will have to transport a vector along a curve since
we no longer have the concept of straight lines in general.

How to transport a vector in a parallel way along a curve? If we transport a vector from one
point to another point along different paths, do we get the same result (i.e. path-dependence)?
One may start with two simple examples:

• For the standard Euclidean space: the simplest way is to identify all TxRm with Rm via the
global coordinate system, and thus transport a vector from one point to another “without
changing its direction”.

• For the round sphere: According to the hairy ball theorem, there is no way to find a global
coordinate system on S2. However, we can still try to transport (in some reasonable way) the
north-pointing vector at a point on the equator to the north pole. You may try to transport
it along the longitude directly to the north pole, or first transport it along the equator to the

27
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opposite point and then transport the resulting vector along the longitude to the north pole.
Although we have not specified what do we mean by “parallel transport”, by looking at this
example with the most natural way of transport, you may convince yourself that “parallel
transport” depends on the path.

Of course in these two examples, we really used some kind of Riemannian metric structure to
get a geometrically reasonable parallel transport. In fact, the theory of connection/covariant
derivative as developed by Ricci, Levi-Civita at the turn of 20th century did require the presence
of a Riemannian structure, but it was soon realized by many other mathematicians (including E.
Cartan, Schouten and Weyl) that such a structure could be defined abstractly without the presence
of a Riemannian metric.

The following definition is complicated (you don’t need to memorize this definition since we
will mainly use the definition of linear connection via covariant derivative below) but quite natural:

Definition 2.1. A parallel transport structure on a smooth manifold M is a family

{P γ : γ is a piecewise smooth curve on M}

that assigns to each piecewise smooth curve γ : [a, b] →M a linear isomorphism

P γ : Tγ(a)M → Tγ(b)M

so that

(1) Suppose the start point of γ2 is the endpoint of γ1, then P γ1γ2 = P γ2 ◦ P γ1 , where γ1γ2 is
the curve formed by “first γ1, then γ2”.

(2) Denote by −γ “the curve γ in the opposite direction”, then P−γ = (P γ)−1.

(3) P γ depends smoothly on γ in the following sense: Suppose U is an open subset in M , X is
smooth vector field on U , γu(·) is a smooth family of curves (i.e. Γ(u, t) = γu(t) is a smooth
map from U × [0, 1] to M) in M with parameter in U such that γu(0) = u, then the map
U → TM given by u 7→ P γu(X(u)) is smooth.

(4) If γ1 and γ2 are in first order osculating, i.e.

γ1(0) = γ2(0), γ̇1(0) = γ̇2(0),

then for any X0 ∈ Tγ1(0),

d

dt

∣∣∣∣
t=0

P γ1

0,t(X0) =
d

dt

∣∣∣∣
t=0

P γ2

0,t(X0),

where P γ
t1,t2 represents the parallel transport along the curve γ([t1, t2]) (so that P γ1

0,t(X0) is
a curve in TM starting at the point (γ1(0), X0).).

Given such a parallel transport structure on M , one may define the directional derivative of
a vector field Y along a vector field X. To illustrate, we start with the Euclidean case. Let X and
Y be two smooth vector fields on Rm. Then at a point x the directional derivative of Y along X
is the limit

(DXY )(x) = lim
t→0

Y (x+ tX)− Y (x)

t
, (2.1)

where both x and X are viewed as vectors in Rm. On a smooth manifold M with X,Y ∈ Γ∞(TM),
it makes no sense to talk about Y (p+tX) since p+tX is no longer a point on the manifold. However,
in the Euclidean case γ(t) = x+ tX is simply a curve starting at x in the direction X. So on M ,
one may replace x+ tX by a curve γ(t) on M with γ(0) = p and γ̇(0) = Xp, and consider the limit

lim
t→0

Y (γ(t))− Y (p)

t

which, however, is still not well-defined since the vectors Y (γ(t)) and Y (p) belong to different
vector spaces. It is at this step that we may use our parallel transport structure to identify two
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different tangent spaces! As a result, we may define the directional derivative we are looking for
to be

DXY (p) = lim
t→t0

(P γ
t0,t)

−1(Y (γ(t)))− Y (γ(t0))

t− t0
,

where γ is a smooth curve on M such that γ(t0) = p and γ̇(t0) = Xp ∈ TpM . In particular,
different choices of parallel transport structure may give us different directional derivatives.

Remark. There is an even abstract way to define the connection/parallel transport structure
via suitable choices of “horizontal subspaces at each point”. It has the advantage that it can be
extended to define connections on general fiber bundles. (One may search the word “Ehresmann
connection” on internet to get more details.)

Linear Connections as Directional Derivatives

So by attaching to a smooth manifold an extra (and complicated) parallel transport structure,
one can define directional derivative of a vector field along another vector field. It turns out that
life will be much easier if, instead of axiomizing the parallelism structure, we start by axiomizing
the directional derivative (since it has a much simpler algebraic structure).

To illustrate the structure behind directional derivative, again we start with the Euclidean
case, i.e. the formula (2.1). Let X = Xi∂i and Y = Y j∂j . Then a simple computation yields

DXY = Xi∂i(Y
j)∂j .

In order to generalize this to vector fields on manifolds, one may take closer look of the dependence
of DXY with X and Y . It is not hard to see

• Fixing Y , the map
DY : Γ∞(TRm) → Γ∞(TRm),

X 7→ DXY

is C∞(M)-linear with respect to X, i.e.

DfXY = fDXY, ∀f ∈ C∞(Rm). (2.2)

• Fixing X, the map
DX : Γ∞(TRm)Y → Γ∞(TRm),

Y 7→ DXY
(2.3)

satisfies the Leibniz rule

DX(fY ) = fDXY + (Xf)Y, ∀f ∈ C∞(Rm).

Now let M be any smooth manifold (so no Riemannian structure is assumed). For any smooth
vector fields X,Y ∈ Γ∞(TM), we would like to study the “directional derivative” of Y along the
direction of X. Here are two natural candidates:

• The Lie derivative
LXY = [X,Y ]

is not good for this purpose, since it is not C∞(M)-linear (tensorial) in X.

• One may embed M into some Euclidean space RN as we did in Section 1.1: For any X,Y ∈
Γ∞(TM), one can extend them to vector fields X̃, Ỹ on RN , and then define DXY to be
some kind of “projection” of DX̃ Ỹ onto the tangent space of M . One can check that what
we get satisfies the conditions (2.2) and (2.3) that we want.

So, with only smooth structure at hand, there are lots of different ways (e.g. arising from different
embeddings) to define the directional derivative of Y with respect to X.

Note that both (2.2) and (2.3) are natural in defining the “directional derivative” of Y with
respect to X: X represents the direction that we want to take “derivative”, so one should have
pointwise linearity; Y represents the vector field to be differentiated, so one should have a Leibniz
law. With the purpose as a guiding, we define
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Definition 2.2. A linear connection ∇ on a smooth manifold M is a bilinear map

∇ : Γ∞(TM)× Γ∞(TM) → Γ∞(TM),

(X,Y ) 7→ ∇XY

such that for any X,Y ∈ Γ∞(TM) and any f ∈ C∞(M),

(1) ∇fXY = f∇XY ,

(2) ∇X(fY ) = f∇XY + (Xf)Y .

The vector field ∇XY is called the covariant derivative of Y along X.

Example. Let M = Rm. Then the usual directional derivative

∇XY = ∇Xi∂i
(Y j∂j) = Xi∂i(Y

j)∂j .

is a linear connection. More generally, for any choice of m3 functions γkij ∈ C∞(Rm),

∇XY := Xi∂i(Y
j)∂j +XiY jγkij∂k.

defines a linear connection on Rm.

One can regard a linear connection as a map

∇ : Γ∞(TM) → Γ∞(T ∗M ⊗ TM),

Y 7→ ∇Y

in the understanding that ∇Y (X,ω) := ω(∇XY ). Then we automatically have C∞(M)-linearity
on X, and the condition (2.2) of a linear connection becomes

∇(fY ) = df ⊗ Y + f∇Y.

More generally, given any vector bundle E over M , one can define a linear connection (or a
covariant derivative) over E to be a linear map

∇ : Γ∞(E) → Γ∞(T ∗M ⊗ E)

such that
∇(fs) = df ⊗ s+ f∇s, ∀f ∈ C∞(M), s ∈ Γ∞(E).

Remark. In general, if E, F are two vector bundles over a smooth manifold M , then a linear map
P : Γ∞(E) → Γ∞(F ) is a differential operator if supp(Pu) ⊂ supp(u) for all section u ∈ Γ∞(E).
So a connection in E is a first order differential operator from section of E to sections of T ∗M ⊗E
(which has an extra property that “its principal symbol is the identity map in T ∗M ⊗ E”).

2.1.2 Basic Properties of Linear Connections
Locality of Linear Connections

Now let ∇ be a linear connection on a smooth manifold M . We shall prove that ∇XY depends
only on local information of X and Y . Since ∇XY is tensorial in X and is a “derivative” in Y ,
one immediately gets

Proposition 2.3 (Locality I). For any open subset U ⊂ M , if X|U = X̃|U and Y |U = ỸU , then
∇XY |U = ∇X̃ Ỹ |U .

Proposition 2.4 (Locality II). If X(p) = X̃(p), then ∇XY (p) = ∇X̃Y (p).

As a consequence, for any vector v ∈ TpM and any vector field Y ∈ Γ∞(TM), one can define
∇vY (p), the “directional derivative” of Y at p along the direction v, to be the vector ∇XY (p),
where X is any vector field such that X(p) = v.

On the other hand side, it is not hard to construct vector fields X, Y , Y such that Y (p) = Y (p)
but ∇XY (p) 6= ∇XY (p). However, we have
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Proposition 2.5 (Locality III). Let γ : (−ε, ε) →M be a smooth curve on M with

γ(0) = p and γ̇(0) = v.

Suppose X, Y , Y are vector fields on M such that X(p) = v and

Y (γ(t)) = Y (γ(t)), −ε < t < ε.

Then
∇XY (p) = ∇XY (p).

Proof. It suffices to prove that if Y = 0 along γ, then ∇vY (p) = 0. Pick a local coordinate patch
(U, x1, . . . , xm) near p such that x(p) = 0 and that the geometric curve γ has the defining equation
x2 = · · · = xm = 0 near p. Then v = a∂1 for some scalar a, and the condition “Y = 0 along γ”
means Y = Y j∂j with Y j(x1, 0, . . . , 0) = 0 for all j. In particular,

Y j(p) = 0 and ∂1Y
j(p) = 0

for all j. It follows

∇vY (p) = ∇a∂1
Y j∂j(p) = a(∂1(Y

j)(p)∂j + Y j(p)∇∂1
∂j) = 0.

Linear Connections in Local Coordinates: the Christoffel Symbols

Let ∇ be a linear connection on M , and let (U, x1, . . . , xm) be a coordinate chart. Since ∇∂i∂j
is a smooth vector field on U (here we used Locality I), there exists smooth functions Γk

ij on U
such that

∇∂i
∂j = Γk

ij∂k.

Definition 2.6. The functions Γk
ij are called the Christoffel symbols of ∇ (with respect to the

given chart).

For example, if we consider the linear connection

∇XY := Xi∂i(Y
j)∂j +XiY jΓk

ij∂k.

on Rm, then the functions γkij ’s are exactly the Christoffel symbols. In particular for the canonical
linear connection on Rm, the Christoffel symbols are all zero.

Under coordinate change from (x1, . . . , xm) to (x̃1, . . . , x̃m), one has

Γ̃k
ij =

∂x̃k

∂xt
∂xr

∂x̃i
∂xs

∂x̃j
Γt
rs +

∂2xr

∂x̃i∂x̃j
∂x̃k

∂xr
.

The proof will be left as a happy exercise. According to this transformation formula,

• As one can anticipate, the Christoffel symbols do not transform like tensor.

• However, the “bad term” (i.e. the second term) depends only on coordinate change and not
on the linear connection. So if we have two linear connections, ∇ and ∇, on M , then the
difference ∇ − ∇ is a tensor in both X and Y (which, of course, can be easily checked via
definition).

The Existence of Linear Connections

Note that the sum and the difference of two linear connections will no longer be a linear
connection. However, it is easy to check by definition that

Lemma 2.7. If ∇(1), . . . ,∇(k) are linear connections on M , and f1, . . . , fk are smooth functions
on M such that f1 + · · ·+ fk = 1, then the sum fi∇(i) is also a linear connection on M .
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So the set of all linear connections on M is a convex set, although it is not a linear space.
As in the case of Riemannian metrics, one can prove the existence of linear connection in

different ways:

Theorem 2.8. There exists (plenty of) linear connections on M .

Sketch of the First Proof. On a chart Uα, one may use ∇X∂i ≡ 0 to define linear connection ∇(α)

(with vanishing Christoffel symbol) (or you may define a linear connection with any prescribed
Christoffel symbol if you prefer to). Then take a partition of unity and add them to get a linear
connection ∇ = ρα∇(α) on M .

Sketch of the Second Proof. Embed M into RN and check that the projection

∇XY := ProjTM (DX̃ Ỹ )

we mentioned earlier is a linear connection.

The most interesting linear connection on M can be constructed as follows: On any Rieman-
nian manifold (M, g) we will construct explicitly a unique linear connection called the Levi-Civita
connection, which has nice properties like “torsion free” and “metric-compatibility”. Since there
exist plenty of Riemannian metrics on M , there must be plenty of linear connections on M .

From Linear Connection to Parallel Transport and Back

With linear connection at hand, we may define the conception of “parallel”:

Definition 2.9. Let M be a smooth manifold with a linear connection ∇. Let γ : [a, b] → M be
an embedded smooth curve in M , and X a vector field on M . If

∇γ̇(t)X = 0, ∀t,

then we say X is parallel along γ.

Example. Let M = Rn with the standard Euclidean space, with standard linear connection ∇
such that ∇XY = X(Y j)∂j . Let γ be any curve and X be a vector field. Then for X to be parallel
along γ, we need

0 = ∇γ̇(t)X = γ̇(t)(Xi)∂i =
d

dt
(Xi ◦ γ)∂i.

It follows that X is parallel along γ if and only if Xi’s are constants on γ, i.e. if and only if X is
constant vector field along γ.

Theorem 2.10. For any smooth curve γ : [a, b] →M , any t0 ∈ [a, b] and any vector X0 ∈ Tγ(t0)M ,
there exists a unique vector field X defined on γ with X(γ(t0)) = X0, such that X is parallel along
γ.

Proof. It is enough to prove the theorem for the case when the curve lies in one coordinate patch,
since the general case follows from this local existence/uniqueness and a standard compactness
argument. Suppose in a local chart, X0 = Xj

0∂j |γ(t0). To find the parallel vector field X = Xj∂j ,
we need to solve the equation

0 = ∇γ̇(t)(X
j∂j) =

dXj(γ(t))

dt
∂j +Xk(γ(t))∇γ̇(t)∂k.

If we let f j(t) = Xj(γ(t)) and let ajk(t) be such that ∇γ̇(t)∂k = ajk(t)∂j , then we get a system of
linear ODEs

(f j)′(t) + fk(t)ajk(t) = 0, 1 ⩽ j ⩽ m

with initial conditions f j(t0) = Xj
0 . Now apply the classical existence and uniqueness results for

system of linear ODEs.
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Definition 2.11. Let X be the unique parallel vector field along γ with X(γ(t0)) = X0. We will
call

P γ
t0,t : Tγ(t0)M → Tγ(t)M,

X0 = X(γ(t0)) 7→ X(γ(t))

the parallel transport from γ(t0) to γ(t) along γ.

Proof. The linearity comes from the fact that the solution of a homogeneous linear ODE system
depends linearly on initial data (the superposition principle). The map P γ

t0,t is invertible since
P γ
t0,tP

−γ
a+b−t,a+b−t0

= Id, where −γ is the “opposite curve” (−γ)(s) = γ(a+ b− s).

One can check that given a linear connection ∇, the maps P γ defined in this way form a
parallel transport structure on M .

Conversely, the linear connection ∇ is determined by its parallel transports:

Proposition 2.12. Let γ : [a, b] → M be a smooth curve on M such that γ(t0) = p and γ̇(t0) =
X0 ∈ TpM . Then for any vector field Y ∈ Γ∞(TM),

∇X0
Y (p) = lim

t→t0

(P γ
t0,t)

−1(Y (γ(t))− Y (γ(t0)))

t− t0
.

Proof. Let {e1, . . . , em} be a basis of TpM . Let ei(t) = P γ
t0,t(ei). Then by the previous lemma,

{e1(t), . . . , em(t)} is a basis of Tγ(t)M . So there exist functions Y i(t) along curve γ so that
Y (γ(t)) = Y i(t)ei(t). It follows that

(P γ
t0,t)

−1(Y (γ(t))) = Y i(t)ei.

So
lim
t→t0

(P γ
t0,t)

−1(Y (γ(t))− Y (p))

t− t0
= lim

t→t0

Y i(t)ei − Y (p)

t− t0
= Ẏ i(t0)ei.

On the other hand side,

∇X0
Y (p) = (∇X0

Y i)(p)ei + Y i(t0)∇X0
ei(t0) = Ẏ i(t9)ei,

so the conclusion follows.

2.2 The Levi-Civita Connection
2.2.1 Induced Linear Connections on Tensors
Linear Connections on the Trivial Line Bundle

Let M be a smooth manifold, and E a vector bundle over M . As we have seen, a linear
connection on E is bilinear map

∇ : Γ∞(TM)× Γ∞(E) → Γ∞(E),

(X, s) 7→ ∇Xs

such that for any f ∈ C∞(M),
∇fXs = f∇Xs

and
∇X(fs) = f∇Xs+ (Xf)s.

Again there are numerous choices of linear connections on any vector bundle.
Consider the simplest vector bundle, the trivial line bundle M ×C, which will be regarded as

⊗0,0TM below. Since Γ∞(⊗0,0TM) = C∞(M), by definition a linear connection on this bundle is
a bilinear map

∇ : Γ∞(TM)× C∞(M) → C∞(M)
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that satisfies the two conditions above. Since we are only considering “directional derivative of
smooth functions”, we have an obvious and perfect candidate, namely

∇ : Γ∞(TM)× C∞ → C∞(M),

(X, f) 7→ ∇Xf := Xf,
(2.4)

which obviously satisfies the two conditions, and is canonical in the sense that it depends only on
the smooth structure of M .

Although we will use the canonical linear connection ∇ defined by (2.4) for smooth functions,
we should point out that there exist many other interesting linear connections. In fact, for any
smooth 1-form ω ∈ Ω1(M), we have

∇X(gf) = X(gf) + gfω(X) = (Xg)f + g(Xf + fω(X)) = (Xg)f + g∇Xf,

which implies
Lemma 2.13. For any 1-form ω on M ,

∇ω
Xf := Xf + fω(X)

is a linear connection on ⊗0,0TM .
Equivalently, we can write this connection as ∇ = d + ω.

The Induced Linear Connection on Cotangent Bundle

Suppose we are given a linear connection ∇ on ⊗1,0TM = TM . Together with the canonical
linear connection ∇ on ⊗0,0TM = M × R, next let’s try to find a reasonable linear connection
on the cotangent bundle T ∗M . By definition the covariant derivative we want to construct is a
bilinear map

∇ : Γ∞(TM)× Γ∞(T ∗M) → Γ∞(T ∗M),

(X,ω) 7→ ∇Xω

with given properties. The idea is simple and natural: we need to apply the pairing between
T ∗M and TM . Note that the linear connection ∇ on TM gives rise to a parallel transport map
P γ
0,t : Tγ(0)M → Tγ(t)M , and by taking dual one gets a linear isomorphism

(P γ
0,t)

∗ : T ∗
γ(t)M → T ∗

γ(0)M.

With this map at hand, it is thus natural to define the covariant derivative to be

∇Xω(p) := lim
t→0

(P γ
0,t)

∗ωγ(t) − ωp

t
, (2.5)

where γ is any curve with γ(0) = p and γ̇(0) = Xp. To get a clear sense of this formula using ∇
on TM instead of using P γ , let’s pair the 1-form ∇Xω with any vector field Y , to get

(∇Xω)(Y ) = lim
t→0

(P γ
0,t)

∗ωγ(t)(Yp)− ωp(Yp)

t
= lim

t→0

ωγ(t)(P
γ
0,t(Yp))− ωp(Yp)

t

We have
ωγ(t)(P

γ
0,t(Yp))− ωp(Yp) = ωγ(t)(P

γ
0,t(Yp))− ωγ(t)(Yγ(t)) + ωγ(t)(Yγ(t)) + ωγ(t)(Yγ(t))− ωp(Yp)

= −ωγ(t)

(
P γ
0,t((P

γ
0,t)

−1(Yγ(t))− Yp)
)
+ ωγ(t)(Yγ(t))− ωp(Yp).

So in view of the facts
lim
t→0

(P γ
0,t)

−1(Yγ(t))− Yp

t
= ∇XY

and

lim
t→0

ωγ(t)(Yγ(t))− ωp(Yp)

t
=

d

dt

∣∣∣∣
t=0

ω(Y )(γ(t)) = γ̇(0)(ω(Y )) = X(ω(Y )) = ∇X(ω(Y ))

we get the desired formula
(∇Xω)(Y ) = ∇X(ω(Y ))− ω(∇XY ). (2.6)

Note that although it looks like our “definition formula” (2.5) may depend on the curve γ, the
formula (2.6) shows that it is independent of the choice of γ.
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Induced Linear Connection for Tensors

One can continue this process. Let

(P γ
0,t)

(r,s) : ⊗r,sTγ(0)M → ⊗r,sTγ(t)M

be the naturally induced linear isomorphism (which equals P γ
0,t on tangent components, and equals

((P γ
0,t)

∗)−1 on cotangent components). Then for any tensor field T ∈ Γ∞(⊗r,sTM), one may
naturally define

∇XT (p) := lim
t→0

((P γ
0,t)

(r,s))−1Tγ(t) − Tp

t
, (2.7)

where γ is any curve with γ(0) = p and γ̇(0) = Xp.
After some standard but messy computations as above, one can convert the conceptional

definition above to a “computable” formula

(∇XT )(ω1, . . . , ωr, Y1, . . . , Ys) =∇X(T (ω1, . . . , ωr, Y1, . . . , Ys))

−
∑
i

T (ω1, . . . ,∇Xωi, . . . , ωr, Y1, . . . , Ys)

−
∑
j

T (ω1, . . . , ωr, Y1, . . . ,∇XYj , . . . , Ys).

Example. Let ∇ be a linear connection on M , and g be a Riemannian metric which is a (0, 2)-
tensor field on M . Applying the induced linear connection to g we get

(∇Xg)(Y, Z) = X〈Y, Z〉 − 〈∇XY, Z〉 − 〈Y,∇XZ〉.

Parallel Tensors

As in the case of vector fields, the linear connection ∇ on ⊗r,sTM satisfies the three locality
properties. We may also talk about parallel tensors:

Definition 2.14. A tensor field T is called parallel along γ if ∇γ̇T = 0, and is called parallel
(in all directions) if ∇XT = 0 for all X ∈ Γ∞(TM).

Example. Under the natural pairing between T ∗
pM with TpM , we may view the identity map

Id : Γ∞(TM) → Γ∞(TM) as a (1, 1)-tensor via

I(ω, Y ) = ω(Y ).

It is not surprising that I (which comes from the identity map) is parallel:

(∇XI)(ω, Y ) = X(ω(Y ))− (∇Xω)(Y )− ω(∇XY ) = 0,

which gives a second explanation of (2.6).

Compatibility of the Induced Linear Connection

Now let M be a smooth manifold, and ∇ a linear connection on (the tangent bundle of) M .
As we have seen, ∇ induces linear connections on all tensor bundles ⊗r,sTM over M . It turns out
that the induced connections are consistent in the sense that they are compatible with the two
natural operations on tensors: the tensor product and the contraction.

To see this, let’s consider two examples:

Example. For any Y ∈ Γ∞(TM) and ω ∈ Ω∞(T ∗M), applying ∇ to the (1, 1)-tensor field Y ⊗ ω
we get

∇X(Y ⊗ ω)(η, Z) = X(η(Y )ω(Z))− (∇Xη)(Y )ω(Z)− η(Y )ω(∇XZ)

= X(η(Y ))ω(Z)− (∇Xη)(Y )ω(Z) + η(Y )X(ω(Z))− η(Y )ω(∇XZ)

= ((∇XY )⊗ ω)(η, Z) + (Y ⊗ (∇Xω))(η, Z).

In other words,
∇X(Y ⊗ ω) = (∇XY )⊗ ω + Y ⊗ (∇Xω).
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Example. Here is another way to understand the fact ∇I = 0: Let C1
1 be the contraction map

that pairs the first tangent component to the first cotangent component, then

X(ω(Y )) = ∇X(C1
1(Y ⊗ ω)),

and by the previous example,

C1
1(∇X(Y ⊗ ω)) = C1

1((∇XY )⊗ ω + Y ⊗∇Xω) = ω(∇XY ) + (∇Xω)(Y ).

In other words, the fact “the identity map I being parallel” implies the fact “∇ commutes with C1
1”

for (1, 1)-tensor. Similarly one can show that for an (r, s)-tensor, ∇ commutes with all contraction
Ci
j ’s.

Now we can state the compatibility of ∇ with the two tensor operations:

Theorem 2.15. Given a linear connection ∇ on TM , the induced linear connection

∇ : Γ∞(TM)× Γ∞(⊗r,sTM) → Γ∞(⊗r,sTM),

(X,T ) 7→ ∇XT,

on tensor bundles ⊗r,sTM above is compatible with the tensor product operation1

∇X(T1 ⊗ T2) = (∇XT1)⊗ T2 + T1 ⊗ (∇XT2) (2.8)

and commutes with the contractions

Ci
j(∇XT ) = ∇XCi

j(T ), (2.9)

where 1 ⩽ i ⩽ r, 1 ⩽ j ⩽ s, and

Ci
j : Γ

∞(⊗r,sTM) → Γ∞(⊗r−1,s−1TM)

is the contraction map that pairs the i-th vector with the j-th covector.

The proof is merely a simple but messy computation which we will omit. Instead, we will
show how do we recover (2.6) using conditions (2.8) and (2.9):

∇X(ω(Y )) = ∇X(C1
1(Y ⊗ ω)) = C1

1(∇X(Y ⊗ ω))

= C1
1(Y ⊗∇Xω +∇XY ⊗ ω) = (∇Xω)(Y ) + ω(∇XY )

which is another way to write (2.6).
Moreover, by a tedious messy induction argument in the same philosophy, one can even recover

(2.7) by using (2.8) and (2.9). In other words, one has

Theorem 2.16. Given any linear connection ∇ on the tangent bundle TM , there is a unique linear
connection on all tensor fields that coincides with ∇ on TM , coincides with (2.4) on functions,
and satisfies compatibility conditions (2.8) and (2.9) above.

The Hessian of a Function

Let M be a smooth manifold and ∇ a linear connection on M . One may equivalently write
the induced linear connections on tensor bundles as maps

∇ : Γ∞(⊗r,sTM) → Γ∞(T ∗M ⊗ (⊗r,sTM)) = Γ∞(⊗r,s+1TM)

with the understanding that
∇T (. . . , X) = (∇XT )(· · · ).

1This fact has another beautiful explanation: For any X, the covariant derivative operator ∇X is a derivation
on the (graded tensor) algebra of all tensor fields on M !
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Then one may iterate ∇ to get

∇2 : Γ∞(⊗r,sTM) → Γ∞(⊗r,s+2TM)

(or even higher order powers) in the understanding that

∇2T (. . . , X, Y ) = (∇Y ∇T )(. . . , X) = (∇Y ,∇XT )(· · · )− (∇∇Y XT )(· · · ). (2.10)

[Note that ∇2T (. . . , X, Y ) 6= (∇Y ∇XT )(· · · ) in general.]
In particular, if we take r = s = 0, i.e. consider functions f ∈ C∞(M), we get

∇2f(X,Y ) = (∇Y df)(X) = Y Xf − (∇YX)f.

The bilinear form ∇2f is known as the Hessian of f with respect to ∇.

Torsion Tensors of a Linear Connection

For a general linear connection ∇, the Hessian is not interesting, since it might be non-
symmetric. A natural question is: when will ∇2f symmetric? We calculate:

∇2f(X,Y )−∇2f(Y,X) = (∇XY )f − (∇YX)f −XY f + Y Xf

= (∇XY −∇YX − [X,Y ])f

It follows that the vector field

T (X,Y ) = ∇XY −∇YX − [X,Y ] (2.11)

measures how far ∇2f from being symmetric. A direct computation shows

T (fX, Y ) = T (X, fY ) = fT (X,Y ).

In other words, T is really a (1, 2)-tensor (where we identify T with the (1, 2)-tensor T̃ (ω,X, Y ) :=
ω(T (X,Y ))).

Definition 2.17. For any linear connection ∇ on TM , the map

T : Γ∞(TM)× Γ∞(TM) → Γ∞(TM)

defined by (2.11) is called the torsion tensor of ∇.

Example. Consider the connection ∇ defined on R3 so that with respect to the standard frame
e1, e2, e3,

∇eiej = ei × ej ,

where × is the cross product. Then

T (ei, ej) = ei × ej − ej × ei = 2ei × ej .

To understand the effect of the torsion, let’s parallel transport the vector e2 along the e1-axis
starting at the origin. Let X = a(x)e1 + b(x)e2 + c(x)e3 be the parallel transport of e2 along the
e1-axis. Then we have

0 = ∇e1X = a′(x)e1 + (b′(x)− c(x))e2 + (c′(x) + b(x))e3,

i.e.
a′(x) = 0, b′(x) = c(x), c′(x) = −b(x).

Together with the initial condition a(0) = c(0) = 0, b(0) = 1, we will get

X(x) = (cosx)e2 − (sinx)e3.

From this formula one can see that in the presence of a torsion, how the vector e2 “twist” when
we parallel transport it.
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Back to the Hessian ∇2f . We have seen that for ∇2f to be symmetric for all f , one need the
linear connection to have vanishing torsion tensor.

Definition 2.18. If T = 0, we call ∇ a torsion free (or symmetric) connection.

The name “symmetric connection” comes from local computation: if we write

T̃ = T k
ij∂k ⊗ dxi ⊗ dxj ,

i.e. we let T k
ij to be the functions such that

T (∂i, ∂j) = T k
ij∂k,

then from
T (∂i, ∂j) = ∇∂i∂j −∇∂j∂j − [∂i, ∂j ] = Γk

ij∂k − Γk
ji∂k

one gets
T k
ij = Γk

ij − Γk
ji.

As a consequence,

Corollary 2.19. ∇ is torsion free if and only if Γk
ij = Γk

ji for all i, j.

Remark. In particular, we see that the symmetric-condition “Γk
ij = Γk

ji for all i, j” is independent
of the choice of local coordinates.

2.2.2 The Levi-Civita Connection
We know that for any smooth manifolds, there are numerous choices of metric structures and

measure structures. But with a Riemannian metric structure g at hand, one can define a unique
canonical metric structure and measure structure associated to g. The same phenomena happens
for linear connections: Given a Riemannian metric g, there is a unique canonical linear connection
associated to g, known as the Levi-Civita connection, which has many nice properties.

Metric Compatible Linear Connection

Let (M, g) be a Riemannian manifold. Before we write down the definition of the Levi-Civita
connection, we may ask ourselves a question: what kind of nice properties do we want?

First, we may want the linear connection to be torsion free, since under this condition, the
Hessian is symmetric (and in fact as we will see later, there will be many other nice symmetry
properties under the torsion free condition). Second, we may want the linear connection to be
“compatible with the Riemannian metric g”.

Now a natural question is:

Question. When we say a linear connection is “compatible with the Riemannian metric g”, what
do we really mean?

Let’s explore this question from the geometric point of view. With a Riemannian metric g at
hand, we get an inner product on each TpM . So a natural requirement would be.

Answer. We may require that each parallel transport

P γ
0,t : (Tγ(0), gγ(0)) → (Tγ(t), gγ(t))

preserves the given inner product structure (i.e. is an isometry between the two inner product
spaces).

It turns out that the geometric requirement above is equivalent to an algebraic equation on
∇X (which is easy to use) and also to an analytic equation on g:

Proposition 2.20. Let ∇ be a linear connection on a Riemannian manifold (M, g). Then the
following statements are equivalent:
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(1) All the parallel transport P γ
0,t : (Tγ(0), gγ(0)) → (Tγ(t), gγ(t)) are isometries.

(2) For any smooth vector fields X, Y , Z ∈ Γ∞(TM), one has

X(〈Y, Z〉) = 〈∇XY, Z〉+ 〈Y,∇XZ〉.

(3) g is parallel, i.e. ∇g = 0.

Proof. (1)⇒(2): Let ∇ be a linear connection such that P γ
0,t are isometries. For any vector fields

X, Y , Z ∈ Γ∞(TM), and any p ∈ M , take a curve γ such that γ(0) = p and γ̇(0) = Xp. Take
an orthonormal basis {ei} of (TpM, gp), and let ei(t) be the parallel transport of ei along γ. By
assumption, {ei(t)} is an orthonormal basis at γ(t). If we denote Y = Y i(t)ei(t) and Z = Zi(t)ei(t),
then

〈Y, Z〉 =
∑

Y i(t)Zi(t)

along γ. So

∇Xp
〈Y, Z〉 =

∑
Xp(Y

i(t))Zi(0) + Y i(0)Xp(Z
i(t)) = 〈∇Xp

Y, Zp〉+ 〈Yp,∇Xp
Z〉,

i.e. ∇ satisfies the desired equation.
(2)⇒(1): Conversely, suppose ∇ be a linear connection on M such that X(〈Y, Z〉) equals

〈∇XY, Z〉 + 〈Y,∇XZ〉 for all X, Y , Z. Fix any curve γ, let {ei} be an orthonormal basis at
p = γ(0), and let ei(t) be the parallel transport of ei along γ, then

d

dt
〈ei(t), ej(t)〉 = γ̇(t)(〈ei(t), ej(t)〉) = 〈∇γ̇(t)ei(t), ej(t)〉+ 〈ei(t),∇γ̇(t)ej(t)〉 = 0.

It follows that {ei(t)} remains to be an orthonormal basis for (Tγ(t), gγ(t)). So the linear map P γ
0,t

is an isometry.
(2)⇔(3): Recall that the Riemannian metric g is a (0, 2)-tensor, and thus one can take its

covariant derivative ∇g, which by definition is given by

(∇Xg)(Y, Z) = X〈Y, Z〉 − 〈∇XY, Z〉 − 〈Y,∇XZ〉.

So the conclusion follows.

Definition 2.21. We say a linear connection ∇ on a Riemannian manifold (M, g) is compatible
with g if one (and thus all) of the three equivalent conditions in Proposition 2.20 hold.

Remark. Note that by the geometric condition, if ∇ is a metric-compatible linear connection on
(M, g), and if X, Y are vector fields parallel along a curve γ, then 〈X,Y 〉 is a constant on γ.

The Levi-Civita Connection

Finally, we define

Definition 2.22. A connection ∇ is on (M, g) is called a Levi-Civita connection (also called a
Riemannian connection) if it is torsion-free and is compatible with g.

We exemplify two simple examples:

Example. Let M = Rm, equipped with the canonical Riemannian metric g0, then the canonical
linear connection (i.e. the one with all Christoffel symbols Γl

ij = 0 under the canonical basis) is a
Levi-Civita connection.

Example. Equip M = Sm with the round metric g = ground, i.e. the induced metric from the
canonical metric in Rm+1. We denote by ∇ the canonical (Levi-Civita) connection in Rm+1. For
any X, Y ∈ Γ∞(TSm), one can extend X, Y to smooth vector fields X and Y on Rm+1. By
localities we proved last time, the vector

∇XY
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at any point p ∈ Sm depends only on the vector X(p) = X(p) and the vectors X(q) = X(q) for
q ∈ Sm near p. In other words, it is independent of the choice of the extension. So for simplicity
we will write ∇XY instead of ∇XY for points on Sm. It is a vector that is not necessary tangent
to Sm. We define ∇XY be the “orthogonal projection” of ∇XY onto the tangent space of Sm, i.e.

∇XY := ∇XY − 〈∇XY, ~n〉~n,

where ~n = (x1, x2, . . . , xm+1) is the unit out normal vector on Sm. Observe that

∇X~n = Xi∂i(x
j)∂j = X.

It follows 〈∇XY, ~n〉~n = −〈Y,∇X~n〉~n = −〈X,Y 〉 = ~n and thus

∇XY = ∇XY + 〈X,Y 〉~n.

We claim that ∇ is a Levi-Civita connection of (Sm, ground). To prove this, first notice ∇ is
bilinear, and ∇fXY = f∇XY . Also

∇X(fY ) = ∇X(fY ) + 〈X, fY 〉~n = (Xf)Y + f∇XY + f〈X,Y 〉~n = (Xf)Y + f∇XY.

This connection is torsion free because

∇XY −∇YX = ∇XY + 〈X,Y 〉~n−∇YX − 〈Y,X〉~n = ∇XY −∇YX = [X,Y ].

Finally this connection is compatible with the metric g, since

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉,

where we used the fact that Z is perpendicular to ~n.

Remark. If (M, g) is a Riemannian manifold, with a Levi-Civita connection ∇M , and if (N, ι∗g)
is a Riemannian submanifold of (M, g), then we can define a connection on N by the same trick,
namely orthogonally project ∇M onto TN,

∇N
XY := (∇M

X
Y )T,

One can prove that it is the Levi-Civita connection on (N, ι∗g).

The Fundamental Theorem of Riemannian Geometry

Since any Riemannian manifold can be embedded to the standard Euclidean space isometri-
cally, the arguments in the previous remark implies that on any Riemannian manifold, there exists
a Levi-Civita connection! In what follows we will give two direct elementary proofs of this fact,
and also prove the uniqueness:

Theorem 2.23 (The Fundamental Theorem of Riemannian Geometry). On any Riemannian
manifold (M, g), there is a unique Levi-Civita connection.

First proof (local coordinate). We first prove uniqueness. Let ∇ be a Levi-Civita connection. Pick
a coordinate chart and let Γk

ij be the Christoffel symbols. It is enough to prove that the Γk
ij ’s are

determined by gij ’s. The trick already appeared in Section 1.1. First we note that by torsion free
property, Γk

ij = Γk
ji. Second we calculate

∂igjk = ∂i(g(∂j , ∂k)) = g(∇∂i
∂j , ∂k) + g(∂j ,∇∂i

∂k)

= g(Γl
ij∂l∂l, ∂k) + g(∂j ,Γ

l
ik∂l) = Γl

ijglk + Γl
ikgjl.

Similarly one can prove

∂jgki = Γl
jkgli + Γl

ji and ∂kgij = Γl
kiglj + Γl

kjgil.

So we get
∂jgki + ∂igjk − ∂kgij = 2glkΓ

l
ij .
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It follows
2Γl

ij = glk(∂jgki + ∂igjk − ∂kgij). (2.12)

This proves the uniqueness. [This is essentially the same as we did in Section 1.1.]
For the existence, we can define locally (for X = Xi∂i and Y = Y j∂j)

∇XY = Xi(∂iY
j)∂j +XiY jΓl

ij∂l,

where Γl
ij is the function given by (2.12). By tedious computations one can check that this give a

Levi-Civita connection whose Christoffel symbols are the Γl
ij ’s.

Second proof (coordinate free). Again we first prove the uniqueness. Assume the Levi-Civita con-
nection exists. Then (use torsion-free and metric-compatibility in turns)

〈∇XY, Z〉 = X(〈Y, Z〉)− 〈Y,∇XZ〉
= X(〈Y, Z〉)− 〈Y,∇ZX〉 − 〈Y, [X,Z]〉
= X(〈Y, Z〉)− Z(〈Y,X〉) + 〈∇Y Z,X〉+ 〈[Z, Y ], X〉 − 〈Y, [X,Z]〉
= X(〈Y, Z〉)− Z(〈Y,X〉) + Y (〈Z,X〉)− 〈Z,∇YX〉+ 〈[Z, Y ], X〉 − 〈Y, [X,Z]〉
= X(〈Y, Z〉)− Z(〈Y,X〉) + Y (〈Z,X〉)− 〈Z,∇XY 〉 − 〈Z, [Y,X]〉+ 〈[Z, Y ], X〉 − 〈Y, [X,Z]〉.

It follows that ∇XY must be the vector satisfying

2〈∇XY, Z〉 = X(〈Y, Z〉)− Z(〈Y,X〉) + Y (〈Z,X〉)− 〈Z, [Y,X]〉+ 〈[Z, Y ], X〉 − 〈Y, [X,Z]〉. (2.13)

The right hand side is determined by the metric. So the uniqueness is proved. [(2.13) is called the
Koszul formula, which reduce to (2.13) if we take X, Y , Z to be ∂i, ∂j and ∂l.]

To prove the existence, one “only need” to check that the ∇XY defined by the above formula
satisfies all conditions of Levi-Civita connections.
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Curvature

3.1 The Curvature Tensor
3.1.1 The Curvature Tensor of a Linear Connection
Derivations on the Graded Tensor Algebra

Let M be a smooth manifold endowed with a linear connection ∇. As we have seen last time,
∇ induces a linear connection

∇ : Γ∞(TM)× Γ∞(⊗k,lTM) → Γ∞(⊗k,lTM)

on each tensor bundle ⊗k,lTM . Moreover, all these linear connections are compatible as a whole
set of connections in the sense that they are compatible with the tensor product operation and the
contraction operation for tensors.

Let’s take a closer look of the “tensor product compatibility”. Denote by Γ∞(⊗∗,∗TM) the
graded tensor algebra of all smooth tensor fields on M . Then the tensor product compatibility
means that for any smooth vector field X ∈ Γ∞(TM), the map

∇X : Γ∞(⊗∗,∗TM) → Γ∞(⊗∗,∗TM)

satisfies ∇X(S⊗T ) = ∇XS⊗T +S⊗∇XT . In other words, ∇X is a derivation on Γ∞(⊗∗,∗TM).
Now let D be the set of all derivations on the tensor algebra Γ∞(⊗∗,∗TM), which are by

definition linear maps D such that D(S ⊗ T ) = DS ⊗ T +S ⊗DT . A standard fact (which is easy
to verify via definition) is that D is a Lie algebra (with respect to commutator), namely if D1, D2

are two derivations, so is their commutator

[D1, D2] = D1 ◦D2 −D2 ◦D1.

Example. For any smooth vector field X, the Lie derivative LX is a derivation on Γ∞(⊗∗,∗TM).
Moreover, LX satisfies (when acting on any tensor field)

L[X,Y ] = LX ◦ LY − LY ◦ LX .

In other words, the linear map “X 7→ LX” is a Lie algebra homomorphism from “the Lie algebra
of all smooth vector fields on M” to “the Lie algebra of all derivations on Γ∞(⊗∗,∗TM)”.

Now consider the linear map
Φ : Γ∞(TM) → D

X 7→ ∇X .

One may ask: Is Φ a Lie algebra homomorphism? In other words, do we have

∇[X,Y ] = ∇X ◦ ∇Y −∇Y ◦ ∇X?

42
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Unfortunately the answer is no in general1 (as we will see soon). So we are naturally led to study
the map R(X,Y ) : Γ∞(⊗k,lTM) → Γ∞(⊗k,lTM) defined by

R(X,Y )T = ∇X∇Y T −∇Y ∇XT −∇[X,Y ]T.

Let’s start with two simple cases:
• First for k = l = 0, i.e. T = f ∈ C∞(M), the map R(X,Y ) is zero, since

R(X,Y )f = ∇X∇Y f −∇Y ∇Xf −∇[X,Y ]f = XY f − Y Xf − [X,Y ]f = 0.

• Next we study the case k = 1, l = 0, i.e. T = ω is a smooth 1-form. It turns out that one
can convert R(X,Y ) on 1-forms to R(X,Y ) on vector fields:

Lemma 3.1. For any 1-form ω ∈ Ω1(M),
(R(X,Y )ω)(Z) = −ω(R(X,Y )Z).

Proof. Compute by definition. Details left as an exercise.

In view of the fact that the graded tensor algebra Γ∞(⊗∗,∗TM) is generated by smooth functions,
vector fields and 1-forms, together with the fact that R(X,Y ) is again a derivation on Γ∞(⊗∗,∗TM),
we conclude that to study R(X,Y ) on all tensor fields, it is enough to study R(X,Y ) on vector
fields!

The Curvature Tensor of a Linear Connection

We define
Definition 3.2. Let M be a smooth manifold and ∇ a linear connection on M . We call the map
R : Γ∞(TM)× Γ∞(TM)× Γ∞(TM) → Γ∞(TM) defined by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z (3.1)
the curvature tensor of ∇.

As we explained above, R measures to what extend the map Φ fails to be a Lie algebra
homomorphism.
Remark. In many books, the definition of curvature tensor is different from the above formula
by a negative sign. Both definitions have their own advantages. So when you open a new book on
Riemannian geometry, you should first glance at its definition of the curvature tensor.
Example. For the standard linear connection ∇ on Rm, we have

∇Xi∂i
(Y j∂j) = Xi∂i(Y

j)∂j .

which implies
∇X∇Y Z −∇Y ∇XZ = Xi∂i(Y

j∂jZ
k)∂k − Y j∂j(X

i∂iZ
k)∂k = ∇[X,Y ]Z

and thus its curvature tensor R ≡ 0.
Example. Consider M = Sm. Last time we have seen that

∇XY = ∇XY + 〈X,Y 〉~n

is the Levi-Civita connection on Sm, where ∇ is the standard connection on Rm+1. It follows
∇X∇Y Z = ∇X∇Y Z + 〈X,∇Y Z〉~n

= ∇X(∇Y Z + 〈Y, Z〉~n) + Y 〈X,Z〉~n− 〈∇YX,Z〉~n
= ∇X∇Y Z +X(〈Y, Z〉)~n+ 〈Y, Z〉X + Y (〈X,Z〉)~n− 〈∇YX,Z〉~n.

In view of the fact R = 0, we get
R(X,Y )Z =X(〈Y, Z〉)~n+ 〈Y, Z〉X + Y (〈X,Z〉)~n− 〈∇YX,Z〉~n− Y (〈X,Z〉)~n

− 〈X,Z〉Y −X(〈Y, Z〉)~n+ 〈∇XY, Z〉~n− 〈[X,Y ], Z〉~n
=〈Y, Z〉X − 〈X,Z〉Y.

1Maybe we should say fortunately the answer is no, otherwise there will be no Riemannian geometry, and the
world will be boring.
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The Curvature Tensor is a Tensor

Now we prove that R is a tensor of type (1, 3), in the sense

R̃(ω,X, Y, Z) := ω(R(X,Y ), Z)

is really an element in Γ∞(⊗1,3TM):
Proposition 3.3. The curvature tensor R is a (1, 3)-tensor.
Proof. We need to prove

R(fX, Y )Z = R(X, fY )Z = R(X,Y )(fZ) = fR(X,Y )Z.

Here we only check one of them:
R(fX, Y )Z = f∇X∇Y Z −∇Y (f∇XZ)−∇(fX)Y−Y (fX)Z

= f(∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z)− (Y f)∇XZ + (Y f)∇XZ

= fR(X,Y )Z.

The others are similar and are left as happy exercises.

Locally, we write the tensor R (or R̃) as2

R = Rl
ijkdx

i ⊗ dxj ⊗ dxk ⊗ ∂l,

i.e. if we denote
R(∂i, ∂j)∂k = Rl

ijk∂l,

then the coefficients Rl
ijk are related to the Christoffel symbols by

Rl
ijk = ∂iΓ

l
jk − ∂jΓ

l
ik + Γs

jkΓ
l
is − Γs

ikΓ
l
js,

which is a consequence of the fact
Rl

ijk∂l = R(∂i, ∂j)∂k = ∇∂i
(Γs

jk∂s)−∇∂j
(Γs

ik∂s).

Note that this also implies that the curvature tensor for the standard connection on Rm is identically
zero, since its Christoffel symbols are all zero.

The Commutator of Two Coordinate Covariant Derivatives of a Surface

Consider an embedded 2-dimensional parametric surface in M ,
ϕ : U ⊂ R2 → S = ϕ(U) ⊂M.

Denote the parameters for U by s and t. We let ∂s and ∂t be the two coordinate vector fields

∂s := dϕ

(
∂

∂s

)
and ∂t := dϕ

(
∂

∂t

)
on the 2-dimensional surface S. Note that by locality, for any smooth vector field Z on surface S,
the expression ∇∂s∇∂tZ make sense and will be thought of as the iterated second order covariant
derivative of Z with respect to ∂s, ∂t. It turns out that R measures the non-commutativity of such
iterated covariant derivatives:
Proposition 3.4. For any smooth vector field Z (defined on the surface S),

∇∂s
∇∂t

Z −∇∂t
∇∂s

Z = R(∂s, ∂t)Z.

Proof. Take a coordinate chart of M near S so that S is defined by x3 = · · · = xm = 0. Then
(s, t, x3, . . . , xm) is a local coordinate system on M in a tubular neighborhood of S. Now the
conclusion follows from the fact as coordinate vector fields, [∂t, ∂s] = 0.

Remark. Geometrically, R is closely related to “the holonomy along an infinitesimal path which
is the boundary of ϕ((0, ε)× (0, ε))”. Details are left as a term project.

2Note that here we are using a “non-standard” order: for the local expression of the (1, 3)-tensor R, we write
the “1”-part (i.e. the vector ∂l) after the “3”-parts (i.e. the co-vectors). In some books people use different orders
like R(∂i, ∂j)∂k = Rl

kij∂l. In other words, in writing local expressions of R̃(ω,X, Y, Z), we always want to put the
index for ω next to the index for Z. The reason will be clear in next section.
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Flat Connection

We are interested in linear connections with vanishing curvature tensor, i.e. with R = 0.
For example, the standard connection on Rm satisfies R = 0. The nice point for Rm is that the
coordinate vector fields are parallel along any vector fields.

Definition 3.5. Let M be a smooth manifolds with a connection ∇. We say (M,∇) admits a
local flat frame everywhere if near any point p, there is a set of vector fields X1, . . . , Xm on a
neighborhood U of p such that

(1) [frame] {Xi(q) | 1 ⩽ i ⩽ m} form a basis of TqM for every q ∈ U .

(2) [flatness] ∇YXi = 0 for all i and for all vector field Y .

It is easy to see that if (M,∇) admits a local flat frame everywhere, then R(X,Y )Xi = 0 for
all X, Y , and thus R ≡ 0 since R is a tensor. Conversely,

Proposition 3.6. Let M be a smooth manifold, ∇ be a linear connection. Then R = 0 if and
only if (M,∇) admits a local flat frame everywhere.

Proof. It remains to prove the “only if” part. Without loss of generality, we may take U to be
a coordinate neighborhood and p = (0, . . . , 0) the origin. We start with any basis {v1, . . . , vm}
of TpM and let Xi(p) = vi. We extend Xi to the “line” {(a, 0, . . . , 0)} by parallel transporting
the vector Xi(p) along the curve γ0(t) = (t, 0, . . . , 0). Then we extend further to the “plane”
{(a, b, 0, . . . , 0)} by parallel transporting each Xi(γ0(a)) along γa(t) = (a, t, 0, . . . , 0). Repeating
this procedure, we get a set of smooth (why?) vector fields {X1, . . . , Xm} on the whole of U . By
construction, they are a frame. It remains to prove the flatness.

First by construction, we have

• ∇∂1
Xi = 0 at any point on the line (a, 0, . . . , 0).

• ∇∂2
Xi = 0 at any point on the plane (a, b, 0, . . . , 0).

Moreover, since R = 0 and [∂1, ∂2] = 0, we get

∇∂2
∇∂1

Xi = ∇∂1
∇∂2

Xi = 0

on the plane (a, b, 0, . . . , 0). As a consequence, ∇∂1
Xi is parallel along each line γa(t) =

(a, t, 0, . . . , 0), with initial condition (∇∂1
Xi)(a, 0, . . . , 0) = 0. By uniqueness, one must have

∇∂1Xi = 0 along each γa. In other words, we get

• ∇∂1Xi = 0, ∇∂2Xi = 0 at any point on the plane (a, b, 0, . . . , 0).
By the same argument, we get

• ∇∂1
Xi = 0, ∇∂2

Xi = 0, ∇∂3
Xi = 0 at any point of the form (a, b, c, 0, . . . , 0).

Continuing this argument, one can see that ∇∂j
Xi = 0 for all i, j, at all points in U . As a

consequence, X1, . . . , Xm form a local flat frame.

As a consequence,

Corollary 3.7. If (M, g) is a Riemannian manifold for which the curvature of the Levi-Civita
connection vanishes, then (M, g) is locally isometric to (Rm, g0).

Proof. In the proof above, we take {v1, . . . , vm} to be an orthonormal basis. Then after paral-
lel transport, the vector fields X1, . . . , Xm are orthonormal everywhere. Since ∇ is Levi-Civita
connection, it is torsion free. It follows that for any i, j,

0 = ∇Xi
Xj −∇Xj

Xi − [Xi, Xj ] = −[Xi, Xj ].

By Frobenius theorem, there exists a local coordinate chart with Xi = ∂i for all i. In this chart,
we have gij = 〈∂i, ∂j〉 = δij , and thus locally g =

∑
dxi ⊗ dxi.

Definition 3.8. A linear connection ∇ on M is called flat if R = 0. A Riemannian manifold is
called flat if the Levi-Civita connection is flat.
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3.1.2 Symmetries of the Curvature Tensor for Torsion Free Connection
Curvature Tensor as Commutator of ∇2 (for Torsion Free Connection)

Regard ∇ as a map of the form

∇ : Γ∞(⊗k,lTM) → Γ∞(⊗k,l+1TM).

We have studied the composition ∇2 : Γ∞(⊗0,0TM) → Γ∞(⊗0,2TM) which maps any f ∈ C∞(M)
to its Hessian

∇2f : Γ∞(TM)× Γ∞(TM) → C∞(M),

∇2f(X,Y ) = ∇Y ∇Xf −∇∇Y Xf.

In general, for any T ∈ Γ∞(⊗k,lTM), the second covariant derivative map ∇2 sends T to the
(k, l + 2)-tensor ∇2T , which, by definition, equals

∇2T (. . . , X, Y ) = (∇Y ,∇XT )(· · · )− (∇∇Y XT )(· · · ).

For simplicity, we will denote

∇2
X,Y : Γ∞(⊗k,lTM) → Γ∞(⊗k,lTM),

T 7→ ∇2T (. . . , X, Y ).

One should be aware fo the difference between the second covariant derivative and the iterated
covariant derivative.

From now on suppose ∇ is torsion free, which as we have seen, is equivalent to the fact that
∇2

X,Y f is symmetric with respect to the entries X and Y . A natural question is: if ∇ is torsion
free, is ∇2

X,Y T symmetric with respect to X and Y for all T? The answer is no. For example, if
T = Z is a vector field,

∇2
Y,XZ −∇2

X,Y Z = ∇X∇Y Z −∇Y ∇XZ −∇∇XY Z +∇∇Y XZ

= ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

= R(X,Y )Z,

where in the last step we used the fact ∇ is torsion free, i.e. ∇XY −∇YX = [X,Y ]. More generally,
by exactly the same computation one has
Lemma 3.9 (Ricci Identity). Let ∇ be any torsion free connection, then

∇2
Y,X(T )−∇2

X,Y (T ) = R(X,Y )T, ∀T ∈ Γ∞(⊗k,lTM).

In conclusion, for a torsion free connection, the operator R(X,Y ) (on any tensors) measures
the non-commutativity of second covariant derivatives.
Remark. One may ask: What about higher order covariant derivatives? It turns out that under
the torsion free assumption, the operator R(X,Y ) also measures the non-commutativity of higher
covariant derivatives. For example,

∇3
Y,Z,XT −∇3

Z,Y,XT = (∇X∇2T )(Y, Z)− (∇X∇2T )(Z, Y )

= ∇X∇2
Y,ZT −∇2

∇XY,ZT −∇2
Y,∇XZT −∇X∇2

Z,Y T +∇2
∇XZ,Y T +∇2

Z,∇XY T

= −∇X(R(Y, Z)T ) +R(∇XY, Z)T +R(Y,∇XZ)T.

The First/Algebraic Bianchi Identity

Now we study symmetric of the curvature tensor R. By definition one immediately see that
for any linear connection ∇, R admits the following anti-symmetry:

R(X,Y )Z = −R(Y,X)Z (3.2)

In local coordinates, it can be written as

Rl
ijk = −Rl

jik.

It turns out that for torsion free connections, R admits more symmetries.
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Proposition 3.10 (The First Bianchi Identity). If ∇ is a torsion-free, then

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0. (3.3)

Proof. Since for torsion free connection, we have ∇XY −∇YX − [X,Y ] = 0, so

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y

=∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z +∇Y ∇ZX

−∇Z∇YX −∇[Y,Z]X +∇Z∇XY −∇X∇ZY −∇[Z,X]Y

=∇X [Y, Z] +∇Y [Z,X] +∇Z [X,Y ]−∇[X,Y ]Z −∇[Y,Z]X −∇[Z,X]Y

=[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]]

=0,

where in the last step we used the Jacobi identity for vector fields.

In local coordinates the first Bianchi identity can be written as

Rl
ijk +Rl

jki +Rl
kij = 0.

The Second/Differential Bianchi Identity

It turns out that not only R has the above cyclic symmetry, but also its covariant derivative
∇R has a similar cyclic symmetry. To understand ∇R, let’s go back to the (1, 3)-tensor R̃ defined
by

R̃(ω,X, Y, Z) = ω(R(X,Y )Z).

It follows by definition that ∇R̃ is the (1, 4)-tensor given by

(∇R̃)(ω,X, Y, Z,W ) = (∇W R̃)(ω,X, Y, Z)

= ∇W (ω(R(X,Y )Z))− (∇Wω)(R(X,Y )Z)− ω(R(∇WX,Y )Z)

− ω(R(X,∇WY )Z)− ω(R(X,Y )∇WZ)

= ω(∇W (R(X,Y )Z)−R(∇WX,Y )Z −R(X,∇WY )Z −R(X,Y )∇WZ).

So it is reasonable to define ∇WR as

(∇WR)(X,Y, Z) := ∇W (R(X,Y )Z)−R(∇WX,Y )Z −R(X,∇WY )Z −R(X,Y )∇WZ.

Proposition 3.11 (The Second Bianchi Identity). Suppose ∇ is torsion free, then

(∇XR)(Y, Z,W ) + (∇YR)(Z,X,W ) + (∇ZR)(X,Y,W ) = 0.

Proof. By definition,

(∇XR)(Y, Z,W ) + (∇YR)(Z,X,W ) + (∇ZR)(X,Y,W )

=∇X(R(Y, Z)W )−R(∇XY, Z)W −R(Y,∇XZ)W −R(Y, Z)∇XW+

∇Y (R(Z,X)W )−R(∇Y Z,X)W −R(Z,∇YX)W −R(Z,X)∇YW+

∇Z(R(X,Y )W )−R(∇ZX,Y )W −R(X,∇ZY )W −R(X,Y )∇ZW.

Using the torsion-freeness and (3.2), one can simplify the middle two columns to

R([X,Z], Y )W +R([Y,X], Z)W +R([Y,X], Z)W.

Now expand each R using its definition, the whole expression becomes a summation of 27 terms,
the first 9 terms being

+∇X∇Y ∇ZW −∇X∇Z∇YW −∇X∇[Y,Z]W

+∇[X,Z]∇YW −∇Y ∇[X,Z]W −∇[[X,Z],Y ]W

−∇Y ∇Z∇XW +∇Z∇Y ∇XW +∇[Y,Z]∇XW,
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the second and third 9 terms are similar to the first 9 terms above: one just replace X, Y , Z by
Y , Z, X and Z, X, Y respectively. It is not hard to check that all those expressions containing
three ∇’s (12 terms in total) cancel out trivially, all those expressions containing two ∇’s (also 12
terms in total) cancel out by using the fact [X,Y ] = −[Y,X], and the remaining three terms

∇[[X,Z],Y ]W +∇[[Y,X],Z]W +∇[[Z,Y ],X]W = 0

in view of the Jacobi identity.

In local coordinates we can write ∇∂n
R = Rl

ijk;ndx
i⊗dxj⊗dxk⊗∂l. Then the second Bianchi

identity can be written as
Rl

ijk;n +Rl
jnk;i +Rl

nik;j = 0.

Remark. If we denote
∑

⃝X,Y,Z

to be the cyclic sum over X, Y , Z, then the first and second

Bianchi identities can be written as∑
⃝X,Y,Z

R(X,Y )Z = 0 and
∑

⃝X,Y,Z

(∇XR)(Y, Z,W ) = 0.

More generally, if ∇ is not torsion free, then in terms of the torsion tensor T ,∑
⃝X,Y,Z

R(X,Y )Z =
∑

⃝X,Y,Z

((∇XT )(Y, Z) + T (T (X,Y ), Z))

and ∑
⃝X,Y,Z

(∇XR)(Y, Z,W ) +
∑

⃝X,Y,Z

R(T (X,Y ), Z)W = 0.

3.2 The Riemann Curvature
3.2.1 The Riemann Curvature Tensor
The Riemann Curvature Tensor of Type (0, 4)

Given any linear connection ∇ on M , one gets a type (1, 3) curvature tensor R

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

which measures the non-commutativity of “second order/iterated covariant derivatives”. Locally
one may write R as

R = Rl
ijkdx

i ⊗ dxj ⊗ dxk ⊗ ∂l.

Now suppose (M, g) is a Riemannian manifold and ∇ is the Levi-Civita connection. By using
the Riemannian metric g (via the musical isomorphism) one can convert the (1, 3)-tensor R to a
(0, 4)-tensor Rm ∈ Γ∞(⊗0,4TM) defined by

Rm(X,Y, Z,W ) := −g(R(X,Y )Z,W ).

Definition 3.12. We call Rm the Riemann curvature tensor of (M, g).

Locally if we write
Rm = Rijkldx

i ⊗ dxj ⊗ dxk ⊗ dxl,

then
Rijkl = Rm(∂i, ∂j , ∂k, ∂l) = −g(Rm

ijk∂m, ∂l) = −gmlR
m
ijk.

In other words, the Riemannian metric “lower one of the index”.
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Example. For Sm (equipped with the standard round metric), we have seen

R(X,Y )Z = 〈Y, Z〉X − 〈X,Z〉Y.

Thus the Riemann curvature tensor is

Rm(X,Y, Z,W ) = −〈Y, Z〉〈X,W 〉+ 〈X,Z〉〈Y,W 〉.

Now we introduce the Kulkarni-Nomizu product ? that converts 2 symmetric (0, 2)-tensors T1
and T2 into one (0, 4)-tensor T1 ? T2 defined by

(T1 ? T2)(X,Y, Z,W ) :=T1(X,Z)T2(Y,W ) + T1(Y,W )T2(X,Z)

−T1(X,W )T2(Y, Z)− T1(Y, Z)T2(X,W ).

As a result, we get a very brief expression for the Riemann curvature tensor of Sm,

Rm =
1

2
g ? g.

Symmetries of Rm

By definition the (1, 3)-tensor R admits the anti-symmetry

R(X,Y )Z = −R(Y,X)Z.

Moreover, if ∇ is torsion free, then the curvature tensor R admits two more cyclic symmetry,
namely the first Bianchi identity

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0.

and the second Bianchi identity

(∇XR)(Y, Z,W ) + (∇YR)(Z,X,W ) + (∇ZR)(X,Y,W ) = 0.

Obviously, one can convert the symmetries of R to symmetries of Rm, namely

Rm(X,Y, Z,W ) +Rm(Y,X,Z,W ) = 0, (3.4)

the first Bianchi identity

Rm(X,Y, Z,W ) +Rm(Y, Z,X,W ) +Rm(Z,X, Y,W ) = 0, (3.5)

and the second Bianchi identity

(∇XRm)(Y, Z,W, V ) + (∇YRm)(Z,X,W, V ) + (∇ZRm)(X,Y,W, V ) = 0, (3.6)

or in local coordinates as
Rijkl +Rjikl = 0,

Rijkl +Rjkil +Rkijl = 0,

Rijkl;n +Rjnkl;i +Rnikl;j = 0.

where we denote Rijkl;n = (∇∂n
R)(∂i, ∂j , ∂k, ∂l).

By starting at the Riemann curvature tensor Rm of the standard Sm, we may find more
(anti-)symmetries than the ones we have seen, e.g. one can exchange Z with W to get a negative
sign, or even exchange X, Y with Z, W . In fact these two (anti-)symmetries are consequences of
metric compatibility, and thus hold for any Riemannian manifold:

Proposition 3.13. The Riemann curvature tensor Rm satisfies

Rm(X,Y, Z,W ) = −Rm(X,Y,W,Z) (3.7)

and
Rm(X,Y, Z,W ) = Rm(Z,W,X, Y ). (3.8)
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Proof. For simplicity, we denote f = 〈Z,Z〉, then by metric compatibility,

〈∇XZ,Z〉 = Xf − 〈Z,∇XZ〉,

in other words,
〈∇XZ,Z〉 =

1

2
Xf.

It follows

〈∇X∇Y Z,Z〉 = X〈∇Y Z,Z〉 − 〈∇Y Z,∇XZ〉 =
1

2
X(Y f)− 〈∇Y Z,∇XZ〉.

So
−Rm(X,Y, Z, Z) = 〈R(X,Y )Z,Z〉

= 〈∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z,Z〉

=
1

2
X(Y f)− 1

2
Y (Xf)− 1

2
[X,Y ]f

= 0.

As a consequence, we get

Rm(X,Y, Z,W ) +Rm(X,Y,W,Z)

=Rm(X,Y, Z +W,Z +W )−Rm(X,Y, Z, Z)−Rm(X,Y,W,W )

=0,

which implies (3.7).
The equation (3.8) is a consequence of (3.7) first one together with (3.4) and (3.5). In fact,

by the first Bianchi identity (3.5) one has

Rm(X,Y, Z,W ) +Rm(Y, Z,X,W ) +Rm(Z,X, Y,W ) = 0,

Rm(Y, Z,W,X) +Rm(Z,W, Y,X) +Rm(W,Y,Z,X) = 0,

Rm(Z,W,X, Y ) +Rm(W,X,Z, Y ) +Rm(X,Z,W, Y ) = 0,

Rm(W,X, Y, Z) +Rm(X,Y,W,Z) +Rm(Y,W,X,Z) = 0,

Adding these equations and using (3.4) and (3.7), we get

Rm(Z,X, Y,W ) +Rm(W,Y,Z,X) = 0,

which is equivalent to (3.8).

By using (3.8), we may rewrite the second Bianchi identity (3.6) as

(∇URm)(Y, Z, V,W ) + (∇VRm)(Y, Z,W,U) + (∇WRm)(Y, Z, U, V ) = 0, (3.6’)

In local coordinates, the identities (3.7), (3.8) and (3.6’) become

Rijkl = −Rijlk, Rijkl = Rklij , and Rijkl;n +Rijln;k +Rijmk;l = 0.

The Curvature Operator R

According to (3.4) and (3.7), the Riemann curvature tensor Rm can be considered as acting
on two bi-vectors X ∧Y and Z ∧W instead of acting on four vectors X, Y , Z, W . In other words,
we may write Rm as

R̃m : Λ2(TM)× Λ2(TM) → C∞(M).

Since the Riemannian metric on M induces an inner product on each Λ2(TpM), one may convert
the tensor Rm into an operator R : Λ2(TM) → Λ2(TM) such that

〈R(X ∧ Y ), Z ∧W 〉 = R̃m(X ∧ Y, Z ∧W ) := Rm(X,Y, Z,W ).

Moreover, the symmetry equation (3.8) implies that R is a self-adjoint operator on each Λ2(TpM).
The operator R is called the curvature operator.
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3.2.2 Decomposition of the Riemann Curvature Tensor
Some Tensor Algebra: Symmetric Tensors

Let V be any vector space. Recall that Λ2V ∗ ⊂ ⊗2V ∗ represents the space of anti-symmetric
2-tensors on V , while S2V ∗ ⊂ ⊗2V ∗ represents the space of symmetric 2-tensors on V . Any
2-tensor T on V can be decomposed uniquely as the summation of a symmetric 2-tensor and an
anti-symmetric 2-tensor as

T (u, v) =
T (u, v) + T (v, u)

2
+
T (u, v)− T (v, u)

2
.

If dimV = m, then we have

dimΛ2V ∗ =
m(m− 1)

2
, and dimS2V ∗ =

m(m+ 1)

2
.

Note that by definition, S2(Λ2V ∗) contains (0, 4)-tensors that are symmetric with respect to
(1, 2) ↔ (3, 4) and anti-symmetric with respect to 1 ↔ 2 and 3 ↔ 4, i.e.

T (X,Y, Z,W ) = −T (Y,X,Z,W ) = −T (X,Y,W,Z) = T (Z,W,X, Y ).

For example, one can easily check that for any two symmetric (0, 2)-tensor S, T ∈ S2(V ∗), their
Kulkarni-Nomizu product S ? T ∈ S2(Λ2V ∗). The set S2(Λ2V ∗) is a vector space of dimension

dimS2(Λ2V ∗) =
m(m− 1)(m2 −m+ 2)

8
. (3.9)

Moreover, the space of 4-forms, Λ4V ∗, is a subspace of S2(Λ2V ∗) with dimension

dimΛ4V ∗ =

(
m
4

)
. (3.10)

Let α, β ∈ Λ2V ∗ be any two linear 2-forms, both viewed as skew-symmetric 2-tensors on V .
Define the symmetric product of α and β to be the (0, 4)-tensor

(α� β)(X,Y, Z,W ) := α(X,Y )β(Z,W ) + α(Z,W )β(X,Y ). (3.11)

In local coordinates, one can write

(α� β)ijkl = αijβkl + αklβij .

Obviously each α � β is in S2(Λ2V ∗). It turns out that these (0, 4)-tensors generates the whole
space S2(Λ2V ∗):

Lemma 3.14. Any element in S2(Λ2V ∗) can be written as a linear combination of elements of
the form α� β.

Proof. Let e1, . . . , em be a basis of V ∗, then

E1 = e1 ∧ e2, E2 = e1 ∧ e3, . . . , Em(m−1)/2 = em−1 ∧ em

is a basis of Λ2V ∗, and Ei�Ej (i ⩽ j) are linearly independent in S2(Λ2V ∗) (check). By dimension
counting, we see these elements form a basis of S2(Λ2V ∗).

Some Tensor Algebra: Curvature-like Tensors

To explore the cyclic symmetry that arise in the first Bianchi identity, we define

Definition 3.15. The Bianchi symmetrization of any T ∈ S2(Λ2V ∗) is the 4-tensor

bT (X,Y, Z,W ) =
1

3
(T (X,Y, Z,W ) + T (Y, Z,X,W ) + T (Z,X, Y,W )). (3.12)

So the first Bianchi identity for Rm now becomes the simple equation b(Rm) = 0.
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Definition 3.16. If T ∈ S2(Λ2V ∗) and b(T ) = 0, we call T a curvature-like tensor. The set of
all curvature-like tensors is denoted by C .

Example. For any S, T ∈ S2V ∗, we have b(S ? T ) = 0 since

3b(S ? T )ijkl =SikTjl + SjlTik − SilTjk − SjkTil + SjkTli + SliTjk

−SjiTlk − SlkTji + SlkTij + SijTlk − SljTik − SikTlj

=0.

As a result, S ? T is a curvature-like tensor.

Note that by definition, curvature-like tensors are exactly those tensors satisfying all the
algebraic symmetries that Rm admit, namely (3.4), (3.7), (3.8) and (3.5).

To study the set C of all curvature-like tensors, we first study the image of the Bianchi
symmetrization b. Note that for any α, β ∈ Λ2(V ∗),

3(b(α� β))ijkl = αijβkl + αklβij + αjkβil + αilβjk + αkiβjl + αjlβki

= αijβkl − αikβjl + αilβjk + αjkβil − αjlβik + αklβij

=
4!

2!2!

1

4!

∑
π∈S4

((α⊗ β)π)ijkl

= (α ∧ β)ijkl.

In other words, we have

Lemma 3.17. For any α, β ∈ Λ2(V ∗), b(α� β) =
1

3
α ∧ β.

In view of Lemma 3.14, we conclude that the map b has image

im(b) = Λ4V ∗ ⊂ Λ2(V ∗).

In particular, for any T ∈ S2(Λ2V ∗) we have bT ∈ S2(Λ2V ∗). By definition it is straightforward
to check

Lemma 3.18. For any T ∈ S2(Λ2V ∗), one has b(b(T )) = T .

So the Bianchi symmetrization map b, as a linear map b : S2(Λ2V ∗) → S2(Λ2V ∗), is a
projection. It follows from the standard linear algebra that

S2(Λ2V ∗) = ker(b)⊕ im(b) = C ⊕ Λ4V ∗.

As a consequence, C is a vector space of dimension

dimC =
m(m− 1)(m2 −m+ 2)

8
−
(
m
4

)
=

1

12
m2(m2 − 1). (3.13)

Some Tensor Algebra: Metric Contractions

Now suppose the vector space V is endowed with an inner product g(·, ·) = 〈·, ·〉, so that one
can identify V ∗ with V using the musical isomorphisms [ and ]. In particular, for any (0, 4)-tensor
T and for any vectors X, Y , Z, the linear map

T (Z,X, ·, Y ) : V → R,

is in V ∗ and thus be identified with a vector ]T (Z,X, ·, Y ) ∈ V .

Definition 3.19. For any (0, 4)-tensor T on an inner product space (V, 〈·, ·〉), the Ricci contrac-
tion c(T ) of T is the following (0, 2)-tensor:3

c(T )(X,Y ) := tr(Z 7→ ]T (Z,X, ·, Y )). (3.14)

For a Riemannian manifold, we call Rc := c(Rm) its Ricci curvature tensor.
3One can define metric contractions between other pairs of indices. However, for curvature-like tensors, what one

get are either Ricci contraction, or zero.
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It turns out that c(T ) is symmetric if T is curvature-like:

Lemma 3.20. If T ∈ C , then c(T )(X,Y ) = c(T )(Y,X).

Proof. Fix X and Y . Let K : V → V and K̃ : V → V be the maps

K(Z) = ]T (Z,X, ·, Y ) and K̃(Z) = ]T (·, X, Z, Y ).

Then for any Z,W ∈ V ,

〈K(Z),W 〉 = 〈]T (Z,X, ·, Y ),W 〉 = T (Z,X,W, Y ) = 〈Z, ]T (·, X,W, Y )〉 = 〈Z, K̃(W )〉.

So K̃ is the transpose of K, and thus they have the same trace. But by definition tr(K) =

c(T )(X,Y ), while tr(K̃) = c(T )(Y,X) (since T ∈ C ⊂ S2(Λ2V ∗)).

Similarly one can define the trace of a (0, 2)-tensor T using the metric: the map

T (X, ·) : V → R

is an element in V ∗, and thus can be identified with a vector ]T (X, ·) in V .

Definition 3.21. The trace of a (0, 2)-tensor T on (V, 〈·, ·〉) is

tr(T ) := trace(X 7→ ]T (X, ·)). (3.15)

For a Riemannian manifold (M, g), we call S(g) = tr(Rc) the scalar curvature.

Example. For the metric tensor g, by definition ]g(X, ·) = X and thus tr(g) = m.

Locally if v1, . . . , vn be a basis of V ∗, and if we denote gpq = g∗(vp, vq) (where g∗ is the dual
metric on V ∗), then one can check [as exercise]

c(T )ij = gpqTipjq and tr(T ) = gijTij .

Note that 〈T, g〉 = Tijgklg
ikgjl = Tijδ

i
lg

jl = Tijg
ij , one has

tr(T ) = 〈T, g〉. (3.16)

The Dual of the Ricci Contraction

Now let’s study the Ricci contraction map

c : C → S2V ∗,

S 7→ c(S)

which maps a curvature-like tensor to a symmetric 2-tensor. We also have a map

Ψ : S2V ∗ → C ,

T 7→ T ? g.
(3.17)

that maps any symmetric 2-tensor to a curvature-like tensor. It turns out with respect to the
induced metrics on the spaces of tensors that we learned in Section 1.2, these two maps are almost
adjoint to each other:

Lemma 3.22. For any S ∈ C and any T ∈ S2V ∗, one has

〈S,Ψ(T )〉 = 4〈c(S), T 〉.
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Proof. We calculate using an orthonormal basis of V , so that gij = gij = δij :

〈S, T ? g〉 =
∑

Sijkl(Tikgjl + Tjlgik − Tjkgil − Tilgjk)

=
∑

(SijklTik + SijikTjk − SijkiTjk − SijjkTik)

=
∑

4SijkjTik

= 4
∑

(c(S))ikTik

= 4〈c(S), T 〉.

where each summation is over all indices that appeared.

In particular, if S1 = Ψ(T1) ∈ im(Ψ), S2 ∈ ker(c), then

〈S1, S2〉 = 〈Ψ(T1), S2〉 = 4〈T1, c(S2)〉 = 0.

So we get

Corollary 3.23. im(Ψ) ⊥ ker(c).

Similarly, we may calculate c ◦Ψ via an orthonormal basis: for any T ∈ S2V ∗,

c(T ? g)ij = gpq(Tijgpq − Tpjgiq − Tiqgpj + Tpqgij)

= mTij − Tij − Tij + tr(T )gij

= (m− 2)Tij + tr(T )gij .

In other words, we have

Lemma 3.24. For any symmetric 2-tensor T ∈ S2V ∗,

c(Ψ(T )) = (m− 2)T + tr(T )g.

Together with (3.16), we get

|Ψ(T )|2 = 〈Ψ(T ),Ψ(T )〉 = 4〈c(Ψ(T )), T 〉 = 4(m− 2)|T |2 + 4(tr(T ))2. (3.18)

Decomposition of a Curvature-like Tensor via the Metric: Step 1

Now suppose m > 2. We first prove

Proposition 3.25. The map Ψ is injective for m > 2, and is bijective for m = 3.

Proof. Suppose m ⩾ 2 and Ψ(T ) = 0. Then by (3.18), T = 0, so Ψ is injective. For m = 3 it is
bijective since dimS2V ∗ = dimC = 6.

As a result, the Ricci contraction map c : C → S2V ∗ is surjective, and thus

dim im(Ψ) + dimker(c) = dimS2V ∗ + dimker(c) = dim im(c) + dimker(c) = dimC .

So by Corollary 3.23, we really have an orthogonal decomposition

C = ker(c)⊕ im(Ψ).

In particular, for any curvature-like tensor T ∈ C , there is a curvature-like tensor W ∈ ker(c) and
a symmetric 2-tensor A ∈ S2V ∗ so that

T =W +A? g,

and the decomposition is orthogonal. To find out A, we apply c to both sides to get

c(T ) = c(Ψ(A)) = (m− 2)A+ tr(A)g.
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To find out tr(A), we continue to take tr(A) for both sides,

tr(c(T )) = (m− 2)tr(A) +mtr(A) = 2(m− 1)tr(A).

So we get
A =

1

m− 2

(
c(T )− tr(c(T ))

2(m− 1)
g

)
. (3.19)

For a Riemannian manifold (M, g), we have

c(Rm) = Rc and tr(c(Rm)) = S.

In this case, the tensors W and A have their own names:

Definition 3.26. For a Riemannian manifold (M, g), we call

A =
1

m− 2

(
Rc− S

2(m− 1)
g

)
the Schouten tensor of (M, g), and call

W := Rm−A? g

the Weyl curvature tensor (or conformal curvature tensor) of (M, g).

Both Weyl curvature tensor and the Schouten tensor play very important roles in conformal
geometry. For example, we will show that the Weyl tensor is invariant under conformal transfor-
mations. Note that by Corollary 3.23 and Proposition 3.25, the Weyl curvature tensor vanishes
for m = 3:

Proposition 3.27. If m = 3, then W = 0.

Decomposition of a Curvature-like Tensor via the Metric: Step 2

We may continue to decompose any R ∈ S2V ∗ into orthogonal ones via the map tr : S2V ∗ →
R. Again we need the dual of tr, which, in view of (3.16), is simply

tr∗ : R → S2V ∗,

t 7→ tg.

By repeating the same arguments, again we get an orthogonal decomposition

S2V ∗ = ker(tr)⊕ im(tr∗).

So there exist E ∈ ker(tr) and t ∈ R so that R can be decomposed orthogonally to

R = E + tg,

Applying the map tr to both sides we get tr(R) = ttr(g) = mt, and thus

t =
tr(R)

m
.

Note that if R = Rc is the Ricci curvature tensor of (M, g), then t =
S

m
.

Definition 3.28. For a Riemannian manifold (M, g), we call

E := Rc− S

m
g

the traceless Ricci tensor of (M, g).
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We point out that the two decompositions are compatible, in the sense that

im(Ψ) = Ψ(S2V ∗) = Ψ(ker(tr))⊕Ψ(im(tr∗))

is an orthogonal decomposition of im(Ψ), since for t ∈ R and any E ∈ ker(tr),

〈Ψ(tg),Ψ(E)〉 = 〈c(Ψ(tg)), E〉 = 〈(2m− 2)(tg), E〉 = 2(m− 2)ttr(E) = 0.

Thus we end up with an orthogonal decomposition

C = ker(c)⊕Ψ(ker(tr))⊕Ψ(im(tr∗)),

so that any T ∈ C can be decomposed into three curvature-like tensors which are orthogonal to
each other: the “Weyl part” W that lies in ker(c), E ? g for a trace-less symmetric 2-tensor E,
and a multiple of g ? g.

Remark. A more algebraic way to understand the two decompositions: Consider the natural
action of O(m) on V that preserves 〈·, ·〉, which induces natural actions of O(m) on S2V ∗ and on
C that preserve the induced inner products.

• For the case of S2V ∗, since g (and thus the 1-dimensional space Rg) is invariant under the
O(m)-action, one may decompose S2V ∗ = Rg⊕(Rg)⊥. This decomposition can be explained
via the O(m)-invariant map tr as above, and thus (Rg)⊥ = ker(tr) consists of all traceless
symmetric (0, 2)-tensors.

• Similarly since c is O(m)-equivalent, it induce a decomposition of C into ker(c)⊕ (ker(c))⊥,
and we have seen (ker(c))⊥ = Ψ(S2V ∗) since c is surjective.

Can we decompose further? The answer is no, since one can prove the O(m)-action on ker(tr) and
on ker(c) are transitive (i.e. they are irreducible representations of O(m)).

Decomposition of the Riemann Curvature Tensor

Now suppose (M, g) be a Riemannian manifold. First we have a decomposition

Rm =W +A? g.

We may continue to decompose the Schouten tensor A: By definition formula (3.19), the traceless
part of A equals the traceless part of Rc

m− 2
, which is E

m− 2
. Since

1

m− 2

S

m
g − 1

m− 2

S

2(m− 1)
g =

S

2m(m− 1)
g,

we get the orthogonal decomposition of Schouten tensor:

A =
E

m− 2
+

S

2m(m− 1)
g.

So we end up with an orthogonal decomposition

Rm =W +
1

m− 2
E ? g +

S

2m(m− 1)
g ? g (3.20)

Our final goal in this section is to prove

Theorem 3.29. For any Riemannian manifold, the (pointwise) norm squares of the Rie-
mann/Ricci/Weyl curvature tensors and the scalar curvature are related by

|Rm|2 = |W |2 + 4

m− 2
|Rc|2 − 2

(m− 1)(m− 2)
S2.
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Proof. In view of (3.18) and the fact tr(g) = |g|2 = m, we have

|E ? g|2 = 4(m− 2)|E|2,
|g ? g|2 = 4(m− 2)m+ 4m2 = 8m(m− 1).

Since the decomposition (3.20) is orthogonal, we get

|Rm|2 = |W |2 + 4

m− 2
|E|2 + 2

m(m− 1)
S2.

Finally, we use
|E|2 =

〈
Rc− S

m
g,Rc− S

m
g

〉
= |Rc|2 − 2S

m
〈Rc, g〉+ S2

m2
|g|2

= |Rc|2 − 2S2

m
+
S2

m

= |Rc|2 − S2

m

to get
|Rm|2 = |W |2 + 4

m− 2
|Rc|2 − 2

(m− 1)(m− 2)
S2.

3.3 The Ricci and the Sectional Curvature
3.3.1 The Ricci and the Sectional Curvature
The Ricci curvature of a Riemannian Manifold

We start with some simple algebra. Let B : V × V → R be a symmetric bilinear form defined
on a vector space V . Then we can assign to it a quadratic form

Q : V → R,
Q(v) := B(v, v).

Conversely, we can recover the symmetric bilinear form B from its quadratic form Q via the
polarization formula

2B(u, v) = Q(u+ v)−Q(u)−Q(v).

There is also a more succinct way to recover B from Q is via

2B(u, v) = [Q(u+ tv)]′(0),

where ′ refers to t-derivative.
Recall that the Ricci curvature tensor Ric is the contraction of the Riemann curvature tensor

Rm,
Rc(X,Y ) = c(Rm)(X,Y ) = tr(Z 7→ ]Rm(Z,X, ·, Y )).

It is a symmetric (0, 2)-tensor field on M . In local coordinates one has

Rcij = gpqRipjq

Applying the previous trick to Rc, we see that to study the (0, 2)-tensor Rc, it is enough to
study the real-valued function Rc(X,X) defined on TM , which is easier to handle. In view of
the fact Rc(λX, λX) = λ2Rc(X,X), we may simplify a bit further by studying Rc(X,X) only for
unit-length vector fields X ∈ Γ∞(SM):
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Definition 3.30. For any unit tangent vector Xp ∈ SpM ⊂ TpM , we call

Ric(Xp) = Rc(Xp, Xp)

the Ricci curvature of M at p in the direction of Xp.

So the Ricci curvature function Ric is not a function on M , but a function on the unit sphere
bundle SM ⊂ TM (one can think of the Ricci curvature as a function defined on one-dimensional
subspace of TpM). It encodes all information of the tensor Rc via

Rc(Xp, Yp) =
1

2
[‖Xp + Yp‖2Ric(X̂p + Yp)− ‖Xp‖2Ric(X̂p)− ‖Yp‖2Ric(Ŷp)].

where Yp 6= −Xp, and we denoted X̂ = X/‖X‖.

Reduce a Curvature-like Tensor to its Bi-quadratic from

Now we move from symmetric (0, 2)-tensor to “very symmetric” (0, 4)-tensors that we studied
last time, namely, curvature-like tensors T . We let

Q(X,Y ) := T (X,Y,X, Y )

be the bi-quadratic form associated to T . It turns out that one can recover T from Q in the same
spirit above:

Lemma 3.31. Let T be a curvature-like tensor, and let

fX,Y,Z,W (t) = Q(X + tZ, Y + tW )− t2(Q(X,W ) +Q(Z, Y )).

Then (fX,Y,Z,W − fY,X,Z,W )′′(0) = 12T (X,Y, Z,W ).

Proof. Obviously fX,Y,Z,W is a polynomial of degree 4 in t, whose quadratic coefficients equals

T (Z,W,X, Y ) + T (Z, Y,X,W ) + T (X,W,Z, Y ) + T (X,Y, Z,W ).

which, by using the symmetries for curvature-like tensors, equals

2T (X,Y, Z,W ) + 2T (Z, Y,X,W ).

Similarly the quadratic coefficient of fY,X,Z,W equals

2T (Y,X,Z,W ) + 2T (Z,X, Y,W ).

So the quadratic coefficient of fX,Y,Z,W (t)− f(Y,X,Z,W )(t) is

2T (X,Y, Z,W ) + 2T (Z, Y,X,W )− 2T (Y,X,Z,W )− 2T (Z,X, Y,W ),

which, after applying the first Bianchi identity, equals 6T (X,Y, Z,W ).

Remark. One may explicitly write down a “pure algebraic polarization formula” of T (X,Y, Z,W )
in terms of the bi-quadratic form Q, which is quite lengthy.

The Sectional Curvature

As a result, to study the curvature tensor Rm of a Riemannian manifold (M, g), it is enough
to study the associated bi-quadratic form, namely, Rm(X,Y,X, Y ).

Again, by using some simple algebra, we can simplify a bit further.

Lemma 3.32. For any T ∈ ⊗2(Λ2V ∗) and any X,Y ∈ V , if we denote X ′ = aX + bY , Y ′ =
cX + dY , then

T (X ′, Y ′, X ′, Y ′) = (ad− bc)2T (X,Y,X, Y ).
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Proof. This follows from a very simple computation:

T (X ′, Y ′, X ′, Y ′) = T (aX + bY, cX + dY, aX + bY, cX + dY )

= (ad− bc)T (X,Y, aX + bY, cX + dY )

= (ad− bc)2T (X,Y,X, Y ).

Now suppose (M, g) is a Riemannian manifold. Recall that 1

2
g ? g is a curvature-like tensor,

such that
1

2
g ? g(Xp, Yp, Xp, Yp) = 〈Xp, Xp〉〈Yp, Yp〉 − 〈Xp, Yp〉2,

which is nothing else but the square of the area of the parallelogram with sides Xp, Yp. Applying
the previous lemma to Rm and 1

2
g ? g, we immediately get

Proposition 3.33. The quantity

K(Xp, Yp) :=
Rm(Xp, Yp, Xp, Yp)

〈Xp, Xp〉〈Yp, Yp〉 − 〈Xp, Yp〉2

depends only on the two dimensional plane Πp = span(Xp, Yp) ⊂ TpM , i.e. it is independent of
the choices of basis {Xp, Yp} of Πp.

Definition 3.34. We will call
K(Πp) = K(Xp, Yp)

the sectional curvature of (M, g) at p with respect to the plane Πp.

Note that the Ricci curvature that we studied above are closely related to the sectional
curvatures: If Xp is a unit vector in TpM , we may extend Xp to an orthonormal basis {e1 =
Xp, e2, . . . , em} of TpM . As a result,

Ric(Xp) =
∑
i⩾2

Rm(ei, e1, ei, e1) =
∑
i⩾2

K(ei, e1). (3.21)

In other words, the Ricci curvature Ric(Xp) is “the sum of sectional curvatures” for a specially
chosen set of m− 1 pairwise orthogonal planes containing Xp.

Example. Here are three basic examples:

(1) For the Euclidean space (Rm, g0), one has Rm = 0, so

K(Πp) ≡ 0 and Ric(Xp) ≡ 0.

(2) For the unit sphere (Sm, ground), one has Rm =
1

2
g ? g, so

K(Πp) ≡ 1 and Ric(Xp) ≡ m− 1.

One may also prove the conclusion by calculating the Christoffel symbols.

(3) For the hyperbolic space (Hm, ghyperbolic), one can prove (as exercise)

K(Πp) ≡ −1 and Ric(Xp) ≡ −(m− 1).

Remark. One may give a conceptional proof of the fact that these three spaces have constant
sectional curvature: For (Rm, g0), the isometry group E(m) = O(m)nRm acts transitively on the
set Gr2(TRm) = {Πp | p ∈ Rm,Πp ⊂ TpM is a plane}. Since the sectional curvature is invariant
under the action of the isometric group, we must have K(Πp) = K(Π′

q), i.e. the sectional curvature
is a constant. The same phenomena occurs for (Sm, ground) (with isometry group O(m + 1)) and
for (Hm, ghyperbolic) (with isometry group O+(m, 1)).
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Remark. We may compare the sectional curvature K with the curvature operator Rp :
Λ2(TpM) → Λ2(TpM). By definition, we have

K(Xp, Yp) =
〈Rp(Xp ∧ Yp), Xp ∧ Yp〉

〈Xp, Xp〉〈Yp, Yp〉 − 〈Xp, Yp〉2
.

As a consequence, the curvature operator R determines the sectional curvature K.

3.3.2 Basic Properties of Sectional Curvatures
Sectional Curvature for Low Dimensional Manifolds

Let (M, g) be a Riemannian manifold. By definition, the sectional curvature K is NOT a
function on M , but instead a function on the Grassmannian bundle

Gr2(TM) = {(p,Πp) | p ∈M,Πp ⊂ TpM is 2-dimensional}.

(1) If M has dimension m = 1, obviously R ≡ 0 and it makes no sense to talk about sectional cur-
vature (so again as we have seen in Section 1.3, essentially there is no Riemannian geometry
in dimensional one).

(2) If M has dimension m = 2, i.e. is a surface, then one can regard the sectional curvature K
as a function defined on M in the natural way. Moreover, in view of the equation (3.21),
for any direction Xp we have Ric(Xp) = K(p). In other words, for surfaces the sectional
curvature, the Ricci curvature and the scalar curvature are all the same. One can show that
in this case K is really the Gauss curvature in undergraduate differential geometry course.

(3) If M has dimension m ⩾ 3, by using the exponential map that we will learn later, for each
2-dimensional plane Πp ∈ TpM , locally one gets a 2-dimensional submanifold Sp near p in
M whose tangent space at p is Πp, and the sectional curvature K(Πp) is nothing else but
the Gauss curvature of Sp (endowed with the subspace Riemannian metric) at p. Thus the
sectional curvature is a natural generalization of the Gauss curvature to higher dimensional
Riemannian manifolds.

(4) In general, the sectional curvatures encodes more information than the Ricci curvatures.
However, if M has dimension m = 3, then according to the equation (3.21), for an orthonor-
mal basis e1, e2, e3.

Ric(e1) = K(e1, e2) +K(e1, e3),

Ric(e2) = K(e1, e2) +K(e2, e3),

Ric(e3) = K(e1, e3) +K(e2, e3).

As a result, in this case the Ricci curvatures determine the sectional curvatures: For each
plane Πp, one just start with an orthonormal basis {e1, e2} of Πp, extend it to an orthonormal
basis {e1, e2, e3} of TpM and then solve the above system of equations to get

2K(Πp) = Ric(e1) +Ric(e2)−Ric(e3).

Riemannian Manifolds with Curvature Bounds

Unlike algebraic quantities like curvature tensors, the sectional/Ricci/scalar curvatures are
real-valued functions. Since we may compare real numbers, we can define

Definition 3.35. Let (M, g) be a Riemannian manifold. We say (M, g) has

(1) constant sectional curvature c if K(Πp) = c for all p and all planes Πp ⊂ TpM .

(2) constant Ricci curvature c if Ric(Xp) = c for all p and all vectors Xp ∈ SpM .

(3) positive sectional curvature if K(Πp) > 0 for all p and all planes Πp ⊂ TpM .

Similarly, we may define
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• (M, g) has negative/nonpositive/nonnegative sectional curvature if K(Πp) is negative/nonpo-
sitive/nonnegative for all p and all planes Πp ⊂ TpM .

• (M, g) has positive/negative/nonpositive/nonnegative Ricci curvature if Ric(Xp) is posi-
tive/negative/nonpositive/nonnegative for all p and all Xp ∈ SpM .

• (M, g) has sectional curvature K ⩾ c or K ⩽ c if K(Πp) ⩾ c or K(Πp) ⩽ c for all p and all
planes Πp ⊂ TpM .

• (M, g) has Ricci curvature Ric ⩾ c or Ric ⩽ c if Ric(Xp) ⩾ c or Ric(Xp) ⩽ c for all p and
all vectors Xp ∈ SpM .

More generally, given two Riemannian metrics g1 and g2 on any smooth manifold M , with sectional
curvature functions Kg1 , Kg2 and Ricci curvature functions Ricg1 , Ricg2 , we may compare Kg1

and Kg2 as functions on Gr2(TM), and compare Ricg1 and Ricg2 as functions on SM .

Example. We can write down the change of sectional curvature under scaling of the metric: if we
scale a Riemannian metric g to λg, where λ is a positive constant, then

(1) by the Koszul formula, the Levi-Civita connection ∇XY remains unchanged,

(2) it follows that the (1, 3)-curvature tensor R remains unchanged,

(3) as a result, the Riemann curvature tensor is changed to Rmλg = λRmg,

(4) and thus the Ricci curvature tensor remains unchanged: Rcλg = Rcg,

(5) but the two sectional curvatures are related by Kλg = λ−1Kg,

(6) and it follows that Ricλg = λ−1Ricg (no conflict with (4) since unit vectors changed)

(7) and thus Sλg = λ−1Sg.

In particular, for each c one gets a Riemannian manifold with constant sectional curvature c,
namely the space

(
Sm,

1

c
ground

)
if c > 0, and

(
Hm,

1

−c
ghyperbolic

)
if c < 0.

Manifolds with curvature bounds will be one of the major themes of this course.

Remark. Since the curvature operator Rp is a symmetric operator on a real vector space, it has
real eigenvalues.

Definition 3.36. We say (M, g) is a Riemannian manifold with positive curvature operator
if all eigenvalues of Rp are positive.

Obviously if (M, g) has positive curvature operator, then it has positive sectional curvature.
However, the converse is not true:

• It was proven by C. Bohm and B. Wilking in 2008 that manifolds with positive curvature
operators are space forms, i.e. are complete Riemannian manifolds with constant sectional
curvature.

• On the other hands, there exist Riemannian manifolds with positive sectional curvature
which are not constant (e.g. the complex projective space CPm endowed with the Fubini-
Study metric).

So for such Riemannian manifolds the curvature operator is not positive. The secret is: the
space Λ2(TpM) is a vector space that contains elements of the form u1 ∧ v1 + u2 ∧ v2 which do
not correspond to any 2-dimensional plane in TpM . After all, the Grassmannian Gr2(TpM) is
a smooth manifold of dimension 2(m − 2), while the space of bi-vectors Λ2(TpM) has dimension(
m
2

)
.
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Riemannian Manifolds with Isotropic Sectional Curvature at a Point

Finally study the following question: At a given point, when will the sectional curvature be
independent of the choice of Πp ⊂ TpM?
Proposition 3.37. Let (M, g) be a Riemannian manifold and p ∈M . The following are equivalent:

(1) K(Πp) = c for all Πp ⊂ TpM .

(2) Rmp =
c

2
gp ? gp.

(3) Rp(Xp, Yp)Zp = c(〈Yp, Zp〉Xp − 〈Xp, Zp〉Yp) for any Xp, Yp, Zp ∈ TpM .

(4) Rp = cId on Λ2TpM .

(5) The Weyl curvature tensor Wp = 0 and Ricci curvature tensor Rcp = (m− 1)cgp.
Proof. (1)⇔(2): According to Lemma 3.31, if T is a curvature-like tensor, then

T ≡ 0 ⇔ T (X,Y,X, Y ) = 0, ∀X,Y.

Apply this to the curvature-like tensor T = Rmp −
c

2
gp ? gp, we see

Rmp =
c

2
gp ? gp ⇔ K(Πp) = c, ∀Πp ⊂ TpM.

(2)⇔(3) and (4)⇒(1) are obvious.
(2)⇒(4): Take an orthonormal basis {ei} of TpM , then {ei ∧ ej | i < j} is a basis of Λ2TpM .

On this basis,
〈Rp(ei ∧ ej), ek ∧ el〉 = Rmp(ei, ej , ek, el) = cδikδjl,

where in the last step we used the fact i < j, k < l. As a result, we see

Rp(ei ∧ ej) = cei ∧ ej , ∀i < j.

In other words, Rp = cId for all ei ∧ ej . Since Rp is linear, Rp = cId on Λ2TpM .
(2)⇒(5): We start with the unique orthogonal decomposition

Rmp =Wp +
1

m− 2
Ep ? gp +

S(p)

2m(m− 1)
gp ? gp,

where Ep = Rcp −
S(p)

m
gp is the traceless Ricci tensor. If (2) holds, then by the uniqueness of the

decomposition,
Wp = 0, Ep = 0 and S(p) = m(m− 1)c.

As a result,
Rcp = (m− 1)cgp.

(5)⇒(2): Conversely if Wp = 0 and Rcp = (m− 1)cgp, then

S(p) = tr(Rcp) = m(m− 1)c.

So Ep = 0 and thus
Rmp =

c

2
gp ? gp.

This completes the proof.

Recall from Section 3.1 that a Riemannian manifold is flat if the (1, 3)-curvature tensor R = 0.
As a consequence,
Corollary 3.38. A Riemannian manifold (M, g) is flat manifold if and only if its sectional curva-
tures are identically zero.

Similarly by using the polarization formula for Ricci curvature tensor, we may also easily get
a Ricci curvature version:
Proposition 3.39. Let (M, g) be a Riemannian manifold and p ∈ M . Then Ric(Xp) = c for all
Xp ∈ SpM if and only if Rcp = cgp.
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3.4 Riemannian Manifolds with Constant Curvatures
On any smooth manifold there are numerous different Riemannian metrics, most of which

are not interesting to us. Today we will briefly discuss some results on very special Riemannian
metrics, namely Riemannian metrics with constant curvatures (including sectional, Ricci, scalar
and Einstein curvature).

3.4.1 Schur’s Theorem: From Fiber Constant to Constant
As we have seen, the sectional curvature and the Ricci curvature are functions not defined

on M itself, but defined on some fiber bundles over M , namely the Grassmannian 2-plane bun-
dle Gr2(TM) and the sphere bundle SM . Before we study Riemannian manifolds with constant
sectional or Ricci curvatures, let’s first study an “intermediate” case, namely Riemannian mani-
folds whose sectional or Ricci curvatures are fiber-wise constant. It turns out that for connected
Riemannian manifolds of dimension m ⩾ 3, fiber-wise constant sectional/Ricci curvature will force
the Riemannian manifold to have globally constant sectional/Ricci curvature. This result was first
established by German mathematician F. Schur in 1886 (for the sectional curvature case).

The Contracted Bianchi Identity

The main tool in the proof of Schur’s theorem is the second Bianchi identity

(∇Rm)(U, V,X, Y, Z) + (∇Rm)(U, V, Y, Z,X) + (∇Rm)(U, V, Z,X, Y ) = 0.

We will first prove the stronger Ricci curvature version of Schur’s theorem, for which what we need
is

Proposition 3.40 (The Contracted Bianchi Identity). For any Riemannian manifold,

∇S = 2c1,3∇Rc,

where c1,3 is the metric contraction in the first and third entry.

Proof. Since the metric contractions commute with4 ∇, we may apply metric contractions to the
Bianchi identity. Contracting the first and the third entries then contract the second and fourth
entries:

0 =
∑

⃝ 3,4,5

(∇Rm) ⇒ 0 = c2,4c1,3
∑

⃝ 3,4,5

(∇Rm).

Note that

cV,Y cU,X(∇Rm)(U, V,X, Y, Z) = ∇(cV,Y cU,XRm)(U, V,X, Y, Z) = (∇S)(Z),

while
cV,Y cU,X(∇Rm)(U, V, Y, Z,X) = −cU,X(∇cV,YRm)(U, V, Z, Y,X)

= −cU,X(∇Rc)(U,Z,X)

and
cV,Y cU,X(∇Rm)(U, V, Z,X, Y ) = −cV,Y ∇(cU,XRm)(U, V,X,Z, Y )

= −cV,Y (∇Rc)(V, Z, Y )

So we arrived at
∇S = 2c1,3∇Rc,

which completes the proof.

In local coordinates, the contracted Bianchi identity can be written as

∂kS = 2gijRcik;j .
4We note that the metric compatibility implies ∇g∗ = 0, where g∗ = gij∂i∂j is the “dual of g”. This in

turn implies that the musical isomorphisms commute with the covariant derivative ∇. Now consider the metric
contraction ci,j that contracts the ith entry with the jth entry of a (0, k) tensor T , where 1 ⩽ i ̸= j ⩽ k. Since ci,j
can be written as a composition of the standard contraction Ci

j with a musical isomorphism, and since ∇ commutes
with Ci

j , one can prove that ∇ also commutes with the metric contraction ci,j .
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Schur’s Theorem

Now we are ready to prove

Theorem 3.41 (Schur). Let (M, g) be a connected Riemannian manifold of dimension m ⩾ 3.

(1) If Ric(Xp) = f(p) depends only on p, then (M, g) has constant Ricci curvature.

(2) If K(Πp) = f(p) depends only on p, then (M, g) has constant sectional curvature.

Proof. (1) Under the assumption we have Rcp = f(p)gp. It follows

S(p) = tr(Rcp) = f(p)tr(gp) = mf(p).

So by the contracted Bianchi identity and the fact ∇g = 0 (which implies gij;k = 0),

m∂kf = ∂kS = 2gijRcik;j = 2gij(fg)ik;j = 2gij(∂jf)gik = 2∂kf.

It follows that ∂kf = 0 for any k and thus f is a constant.
(2) If K(Πp) = f(p), then

Ric(Xp) = (m− 1)f(p).

So by (1), f is constant.5

Remark. Obviously the theorem fails in dimension 2, in which case the sectional/Ricci curvature
is always a function on M but need not be a constant.

3.4.2 Riemannian Manifolds with Constant Curvatures
Manifolds with Constant Sectional Curvatures

Now we study Riemannian manifolds with constant sectional curvatures, i.e. K(Πp) = k
for all p ∈M and all Πp ∈ TpM . According to what we have proved last time, (M, g) has constant
curvature k if and only if

Rm =
k

2
g ? g,

which is also equivalent to the fact “(M, g) has Weyl curvature tensor W = 0 and Ricci curvature
tensor Rc = (m− 1)kg”.

We have constructed, for any constant k, a simple Riemannian manifold which has constant
sectional curvature k, namely

(a)
(
Sm,

1

k
ground

)
if k > 0,

(b) (Rm, g0) if k = 0,

(c)
(
Hm,−1

k
ghyperbolic

)
if k < 0.

Of course there are many other constant sectional curvature manifolds, e.g.

• Any open subset in a Riemannian manifold of constant sectional curvature is again a Rieman-
nian manifold of constant sectional curvature. To make our lives easier, we will exclude such
examples6 by studying only connected complete [i.e. when endowed with the Riemannian
distance d, (M,d) is complete as a metric space] Riemannian manifolds of constant sectional
curvature, which are known as space forms.

5We will give another direct proof of this fact using moving frames next time.
6Unfortunately, it is not true that any constant sectional curvature Riemannian manifold is an open submanifold

of a complete constant sectional curvature Riemannian manifold. For example, one may start with S2 \ {N,S} be
the standard sphere with the north/south poles removed, and consider its universal covering (which is topologically
R2 with pull-back Riemannian metric). According to the Killing-Hopf theorem below, the metric can’t be complete.
Incomplete Riemannian manifolds are far from well-understood.
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• If (M, g) has constant sectional curvature, π : M → N is a smooth normal [i.e. the Deck
transformation group acts freely on each fiber] covering map and g is invariant under all its
Deck transformations, then (N, π∗g) has constant sectional curvature. Since universal cover
is always normal, by this way we can easily construct

– a constant positive sectional curvature metric on the real projective space RPm = Sm/Z2

and on the Lens space L(p, q).
– a flat metric (constant curvature zero metric) on the torus Tm = Rm/Zm, [in local

coordinates θ1, . . . , θm on Tm = S1 × · · · × S1, the flat metric has the form g = dθ1 ⊗
dθ1 + · · ·+ dθm ⊗ dθm.]

– a constant negative sectional curvature metric on any closed orientable surface Σg of
genus g ⩾ 2.

• Conversely if (M, g) has constant sectional curvature, and π : M̃ →M is a smooth covering,
then (M̃, π∗g) has constant sectional curvature.

So it is reasonable to focus first on simply connected complete Riemannian manifolds of constant
sectional curvature, and the examples (a), (b), (c) above are all simply connected. It turns out
that they are the only ones, both locally (without completeness assumption) and globally (under
the assumption of completeness):

Theorem 3.42 (Riemann). Let (M, g) be a Riemannian manifold with constant sectional curva-
ture k, then any point p ∈M has a neighborhood that is isometric to an open subset of (a) or (b)
or (c).

Theorem 3.43 (Killing-Hopf). Let (M, g) be a complete Riemannian manifold of constant sec-
tional curvature k, then the Riemannian universal cover of (M, g) is either (a) or (b) or (c) above
(depending on the sign of k).

We will postpone the proofs of both theorems to later.
According to Killing-Hopf theorem, any complete Riemannian manifold of constant sectional

curvature is the quotient of one of the three canonical examples above by a group (which is a
subgroup of the corresponding isometry group) that acts freely and properly discontinuously. As
a result, only very few smooth manifolds can admit a constant sectional curvature metric. For
example, there is no constant sectional curvature metric on S2 × S1 since its universal cover is
S2 × R, which is not one of the above three.

In fact, we have seen all complete even dimensional Riemannian manifolds which has positive
sectional curvature:

Corollary 3.44. If (M, g) is a compact Riemannian manifolds of even dimension m = 2k, and g
has constant sectional curvature 1, then (M, g) is isometric to either (Sm, ground) or its quotient
(RPm, g).

Proof. Since M is compact, (M, g) is complete. By Killing-Hopf theorem, (M, g) is the quotient
of (Sm, ground) by a subgroup

Γ ⊂ Iso(Sm, ground) = O(m+ 1)

which acts on Sm freely and properly discontinuously.
Now let γ ∈ Γ. If γ has an eigenvalue 1, then γ fixes a point in Sm (which is the unit

eigenvector of γ) and thus by freeness of the action, γ = Id.
As a consequence, for Id 6= γ ∈ Γ, 1 is not an eigenvalue of γ. We may consider its square

matrix γ2, which is again an element in Γ. Since m is even, γ2 ∈ SO(m+ 1) must has eigenvalue
1 and thus γ2 = Id. It follows that all eigenvalues of γ are −1 and thus γ = −Id.

So we must have Γ = {Id} or Γ = {+Id}, and the conclusion follows.

Remark. The result fails in odd dimension, since as we have mentioned, all lens space admit
constant sectional curvature Riemannian metric.
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Spaces with Constant Ricci Curvatures: Einstein Manifolds

Now let’s turn to Riemannian manifolds with constant Ricci curvature, i.e. satisfying
Ric(Xp) = k for any p ∈ M and any Xp ∈ SpM . It turns out that such manifolds play
important roles in Einstein’s general theory of relativity (in a slightly different framework, i.e.
pseudo-Riemannian geometry): The Einstein field equation (which, together with the geodesic
equation that we will discuss later, form the core of the mathematical formulation of general
relativity) has the form

Rc− 1

2
Sg + Λg = κT,

where S is the scalar curvature function, Λ is known as the cosmological constant7, κ is the Einstein
gravitational constant, and T is the so-called stress-energy tensor. In the case of vacuum where
T = 0, the equation becomes

Rc =

(
S

2
− Λ

)
g.

According to Schur’s theorem, the function S

2
−Λ must be a constant, and thus (M, g) has constant

Ricci curvature.
Definition 3.45. We say a Riemannian manifold (M, g) is an Einstein manifold if there exists
a constant λ such that

Rc = λg.

Einstein manifolds with λ = 0 are known as Ricci-flat manifolds.
Obviously, if (M, g) has constant sectional curvature k, then (M, g) is an Einstein manifold

since
Rc = c(Rm) = (m− 1)kg.

Since tr(Rc) = S (the scalar curvature) and tr(g) = m (the dimension of M), we conclude that
the constant λ for an Einstein manifold must be

λ =
S

m
.

Since the traceless Ricci tensor E = Rc− S

m
g, we conclude

Corollary 3.46. (M, g) is an Einstein manifold if and only if E = 0.
In particular, if (M, g) is an Einstein manifold and W = 0, then (M, g) has constant sectional

curvature. Since W = 0 in dimension 3, it follows
Proposition 3.47. For m = 2 or 3, (M, g) is Einstein if and only if (M, g) has constant sectional
curvature.

So to find an Einstein manifold that is not of constant sectional curvature, one must look at
manifolds of dimension at least 4. To discover “which manifold admits an Einstein metric and
which does not” is still a very active research topic today. Here is an example:
Example. Let M = Sm × Sm [or more generally the product of two m-dimensional Riemannian
manifolds that have the same constant sectional curvature], equipped with the product metric

g = π∗
1gSm + π∗

2gSm .

Note that Sm has constant curvature 1, so that it is Einstein and

Rc(gSm) = (m− 1)gSm .

It follows

Rc(g) = π∗
1Rc(gSm) + π∗

2Rc(gSm) = (m− 1)π∗
1gSm + (m− 1)π∗

2gSm = (m− 1)g.

In other words, (M, g) is an Einstein manifold.
7According to Gamow, Einstein regard the introduction of the cosmological term as “the biggest blunder of his

life”. So we name these manifolds as Einstein manifolds as a punishment (joke).
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On the other hand, (M, g) is not of constant sectional curvature for m > 1. This can be
proved by using Killing-Hopf theorem, or by direct computation: for (p, q) ∈ Sm × Sm, if we let
e1, e2 be linearly independent vectors TpSm and let e3 ∈ TqS

m, then

K(dι1q(e1), dι
1
q(e2)) = 1, K(dι1q(e1), dι

1
p(e3)) = 0,

where ιq : Sm → Sm × Sm is the embedding that maps p to (p, q), while ιp : Sm → Sm × Sm is
the embedding that maps q to (p, q).

Remark. Again there are many topological restrictions for a smooth manifold to admit an Einstein
metric. For example, by using the famous Chern-Gauss-Bonnet theorem, which has the following
form for orientable closed 4-manifolds,

χ(M) =
1

32π2

∫
M

(|Rm|2 − 4|Rc|2 + S2)dv,

where χ(M) is the Euler characteristic of M , one can easily prove:

Theorem 3.48 (Berger). If M is an orientable closed 4-manifold and M admits an Einstein metric
g, then χ(M) ⩾ 0, and the equality holds if and only if g is flat.

In particular, since χ(S3 × S1) = 0 and S3 × S1 admits no flat metric (by Killing-Hopf), we
conclude that S3 × S1 admits no Einstein metric.

The above result was further strengthened by Thorpe and Hitchin as follows:

Theorem 3.49 (Hitchin-Thorpe Inequality). IfM is an orientable closed 4-manifold andM admits
an Einstein metric g, then

χ(M) ⩾ 3

2
|τ(M)|,

where τ(M) is the signature of M . Moreover, if the equality holds, then the Einstein metric is a
Ricci flat metric.

Riemannian Manifolds with Constant Scalar Curvature

Now we turn to Riemannian manifolds with constant scalar curvature. There are many such
examples, e.g.

• any Einstein manifold has constant scalar curvature,

• the product of two Riemannian manifolds with constant scalar curvatures is again a Rieman-
nian manifold with constant scalar curvature since [as exercise]

Proposition 3.50. Let Si (i = 1, 2) be the scalar curvature of (Mi, gi), and S the scalar curvature
of (M1 ×M2, π

∗
1g1 + π∗

2g2). Then S(p, q) = S1(p) + S2(q).

For simplicity, we only consider compact manifolds. It turns out that there always exist lots
of constant scalar curvature metrics on any compact manifold M .

(1) Let’s start with the case of dimension 2, i.e. S is a compact surface. Note that in this case all
curvatures are the same. As we have seen, since the universal covering of S is either S2 or R2

or D (the unit disc), M admits a constant curvature metric. However, even in this case, one
can say a lot more: Suppose M is orientable (so that it has a Riemann surface structure),
then by lifting to the universal covering and using the famous uniformization theorem in
complex analysis, one can prove

Theorem. For any Riemannian metric g on an compact orientable surface S, there is u ∈
C∞(S) so that (M, e2ug) has constant curvature.

[Note that according to the Gauss-Bonnet theorem, in this case the sign of the constant
curvature depends on the topology of M .]
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(2) In dimensionm ⩾ 3, unlike the sectional curvature or the Ricci curvature, the scalar curvature
encodes relatively few information. For example, Kazdan and Warner solved the prescribed
scalar curvature problem and get

Theorem (Kazdan-Warner). For any compact smooth manifold M of dimension m ⩾
3,exactly one of the following will happen:

(a) For any f ∈ C∞(M), there exists a Riemannian metric g on M whose scalar curvature
function is f .

(b) A function f ∈ C∞(M) is the scalar curvature of some Riemannian metric on M if and
only if either f ≡ 0, or f is negative somewhere.

(c) A function f ∈ C∞(M) is the scalar curvature of some Riemannian metric on M if and
only if f is negative somewhere.

As consequences, we immediately get

• any compact manifold of dimension m ⩾ 3 admits a Riemannian metric whose scalar
curvature is any given negative constant.

• For any compact manifold M , by Proposition 3.50 the manifold M ×Sm (where m ⩾ 2)
admits a positive scalar curvature metric, and thus any function on M × Sm can be
realized as its scalar curvature.

On the other hand, Atiyah-Singer index theorem gives topological obstructions for the ex-
istence of positive scalar curvature metric. It is also known that any torus Tm admits no
positive scalar curvature metric [Schoen-Yau for 3 ⩽ m ⩽ 7 (related to the positive mass
theorem), Gromov-Lawson for general m].

(3) Since for surfaces, one can always find a constant scalar curvature metric in any given confor-
mal class, it is natural to ask whether the same result holds in higher dimension [a classical
problem in geometric analysis]:
The Yamabe Problem. Given a compact8 Riemannian manifold (M, g) of dimension
m ⩾ 3, is there u ∈ C∞(M) so that (M, e2ug) has constant scalar curvature?
By computing the scalar curvature under conformal change, the problem is reduced to finding
a positive solution to the partial differential equation

4(m− 1)

m− 2
∆ϕ+ Sϕ = λϕ

m+2
m−2 .

Although there is a gap in Yamabe’s origin solution (as pointed out by Trudinger), by com-
bining the works of Yamabe (1960), Trudinger (1968), Aubin (1976) and Schoen (1984), the
answer is YES. In particular, for any compact manifold of dimension m ⩾ 3, there exist lots
of constant scalar curvature metrics.

Riemannian Manifolds with W = 0 (Locally Conformally Flat Manifolds)

Finally, we return to constant sectional curvature metrics, but in the framework of conformal
geometry. Of course globally there are topological restrictions for the existence (by Killing-Hopf
theorem), so we restrict ourselves to the local setting, i.e. study Riemannian manifolds (M, g) so
that near each point p, there is an open neighborhood U and a smooth function u ∈ C∞(U) so
that the metric (U, e2ug) has constant sectional curvature. According to Theorem 3.42, if (U, e2ug)
has constant sectional curvature, then by shrinking U if needed, the manifold (U, e2ug) is isometric
to an open subset of one of the three canonical constant sectional curvature spaces, namely the

8One may pose the same problem for complete noncompact manifolds. The answer is no in general, and coun-
terexamples were constructed by Jin (1988). The problem of finding conditions under which the problem has a
solution is still a topic of research today.
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Euclidean space or the sphere or the hyperbolic space (with scaled metric). Let’s take a closer look
of these three metrics. For Rm and Hm, we have

g0 = dx1 ⊗ dx1 + · · ·+ dxm ⊗ dxm for Rm

ghyperbolic =
1

(xm)2
(dx1 ⊗ dx1 + · · ·+ dxm ⊗ dxm) for Hm

while for Sm, we may use steregraphic coordinates (t1, . . . , tm) [so that any point which is not the

north pole on Sm can be written as
(

2t1

1 + |t|2
, . . . ,

2tm

1 + |t|2
,
1− |t|2

1 + |t|2

)
] to get [as exercise]

ground =
4

(1 + |t|2)2
(dt1 ⊗ dt1 + · · ·+ dtm ⊗ dtm) for Sm.

So in all these three cases, after multiplying a conformal factor one gets a flat metric. In other
words, “locally conformally constant sectional curvature” in the same as “locally conformally flat”:

Definition 3.51. We say a Riemannian manifold (M, g) is locally conformally flat if for any
p ∈ M , there is a neighborhood U of p and a smooth function u ∈ C∞(U) so that the metric
g = e2ug is flat in U .

Example. We give a couple examples:

• Any constant sectional curvature space is locally conformally flat (as just explained).

• Any surface (with any real analytic Riemannian metric) is locally conformally flat:

Theorem (Gauss, 1822). On any surface with real analytic Riemannian metric g, there
exists coordinates x, y and smooth function u = u(x, y) so that

g = e2u(dx⊗ dx+ dy ⊗ dy).

[Such coordinates are known as isothermal coordinates.]

To find out necessary conditions for a metric g to be locally conformally flat, we need to find
local quantities that are invariant under a conformal change of metric.

Lemma 3.52. If g = e2ug, then W = e2uW .

Proof. In Problem Sheet 2, we will see Rm = e2u(Rm − g ? T ) for some symmetric 2-tensor T .
Decomposing both Rm and Rm into Weyl and non-Weyl parts, we get

W − e2uW = g ? T̃ ,

for some symmetric 2-tensor T̃ . So W − e2uW ∈ ker(c)∩ im(Ψ). By Corollary 3.23, we must have
W − e2uW = 0.

Since any flat metric has Weyl curvature tensor W = 0, we conclude

Corollary 3.53. If (M, g) is locally conformally flat, then W = 0.

It turns out that the condition is also necessary for m ⩾ 4:

Theorem (Weyl-Schouten). Let (M, g) be a Riemannian manifold.

(1) For m ⩾ 4, (M, g) is locally conformally flat if and only if W = 0.

(2) For m = 3, (M, g) is locally conformally flat if and only if [A is the Schouten tensor]

(∇XA)(Y, Z)− (∇YA)(X,Z) = 0, ∀X,Y, Z ∈ Γ∞(TM).

[The proof will be left as part of an exercises.]
For example, by calculating the Weyl curvature tensor one can easily prove that when endowed

with the standard product metric, both S2×S2 and S2×R2 are not locally conformally flat, while
Sm1 ×Hm2 is locally conformally flat.
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3.5 The Method of Moving Frames
In Riemannian geometry, one frequently encounters with heavy computations (especially for

those problems related to curvatures). There are three different methods to do these calculations:
the invariant method via global vector fields and tensor fields, the local method via carefully chosen
coordinate charts (under the help of Einstein summation convention), and E. Cartan’s method of
moving frames via calculus of differential forms. Now we will give a brief introduction to the
method of moving frames where the use of differential forms is emphasized [when compared with
tensor fields, differential forms have the advantage that they can be pulled-back via smooth maps,
and we have the powerful tool of exterior derivative].

3.5.1 Cartan’s Method of Moving Frames
The Connection 1-forms for a Linear Connection in a Local Frame

Let M be a smooth manifold and ∇ a linear connection on M . We can regard ∇ (acting on
vector fields) as a linear map

∇ : Γ∞(TM) → Γ∞(TM ⊗ T ∗M).

So if {e1, . . . , em} is a local frame [i.e. for each p ∈ U , e1(p), . . . , em(p) form a basis of TpM ] of
TM defined on an open set U ⊂ M , then one can find a set of one forms {θji }1⩽i,j⩽m defined on
U so that ∇Xei = θji (X)ej for all X ∈ Γ∞(TM), i.e.

∇ei = ej ⊗ θji . (3.22)

These θji ’s are known as connection 1-forms of ∇ with respect to the local frame {ei}, which
are only locally defined.

Moreover, if we choose another local frame {ẽ1, . . . , ẽm} on Ũ , and ẽi = f ji ej on U ∩ Ũ , then
ej = (f−1)ij ẽk (where f−1 is the inverse of the matrix f = (f ji )) and thus

ẽl ⊗ θ̃li = ∇(f ji ej) = f ji ∇ej + ej ⊗ df ji

= f ji ek ⊗ θkj + (f−1)lj ẽl ⊗ df ji

= ẽl ⊗ (f−1)lkθ
k
j f

j
i + (f−1)ljdf

j
i ,

so we end up with
θ̃li = (f−1)lkθ

k
j f

j
i + (f−1)ljdf

j
i ,

on U ∩ Ũ , which can be written in brief as

θ̃ = f−1θf + f−1df, (3.23)

where θ̃ and θ are understood as m × m matrices whose entries are 1-forms, while f and f−1

are invertible m ×m matrices9 whose entries are functions (and thus one can not exchange their
positions in the product above).

To develop Riemannian geometry via differential forms only, let’s first derive the dual for-
mula for covariant derivative of differential forms via these connection 1-forms. We denote by
{ω1, . . . , ωm} the local dual co-frame [i.e. ωi(ej) = δij for all i, j] of T ∗M defined on U to the
given local frame {e1, . . . , em}. Then we have

(∇Xω
i)(ej) = X(ωi(ej))− ωi(∇Xej) = −ωi(θkj (X)ek) = −θij(X).

It follows that the linear connection ∇ acting on one forms, viewed as a map

∇ : Γ∞(T ∗M) → Γ∞(T ∗M ⊗ T ∗M),

can be expressed in terms of the co-frame and the connection 1-forms as

∇ωi = −ωj ⊗ θij . (3.24)
9So one may regard f as a map from U ∩ Ũ to the general linear group GL(m). If we are in the setting of

Riemannian manifold and we are only using local orthonormal frames, then the group encountered is O(m) instead.
The method of moving frame works in a more general setting, and there is always such a Lie group behind the
theory that plays an important role.
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The Connection 1-forms: Torsion Freeness and Metric Compatibility

Now suppose the linear connection ∇ is torsion free. Then

dωi(X,Y ) = X(ωi(Y ))− Y (ωi(X))− ωi([X,Y ])

= X(ωi(Y ))− Y (ωi(X))− ωi(∇XY −∇YX)

= (∇Xω
i)(Y )− (∇Y ω

i)(X)

= −ωj(Y )θij(X) + ωj(X)θij(Y ).

So the torsion free condition for a linear connection can be written, in terms of the dual co-frame
and the connection 1-forms, as

dωi = ωj ⊗ θij − θij ⊗ ωj = ωj ∧ θij . (3.25)

which can be written in brief as dω = −θ ∧ ω.
Next suppose there is a Riemannian metric g on M , and the connection ∇ is metric compatible.

To encode the information of the metric into our consideration, it is reasonable to choose an
orthonormal frame {e1, . . . , em} instead of a general frame. Then

0 = 〈∇ei, ej〉+ 〈ei,∇ej〉 = 〈ek ⊗ θji , ej〉+ 〈ei, ek ⊗ θkj 〉 = θji + θji ,

So the metric compatibility of ∇ becomes: for any orthonormal frame, the connection 1-forms
satisfy

θji + θji = 0 (3.26)

i.e. the matrix of connection 1-forms is anti-symmetric.

Cartan’s Formulation of Riemannian Geometry

It turns out that one can develop Riemannian geometry starting with local frames and con-
nection 1-forms (i.e. via the differential 1-forms ωi, θij) instead of the Riemannian metric g and its
Levi-Civita connection [since one can recover the Riemannian metric g from the local orthonormal
co-frame {ωi}, and then recover the Levi-Civita connection ∇ from its connection 1-forms θji ]. We
start with a simple lemma:

Lemma 3.54. Suppose ω1, . . . , ωs ∈ Λ1V ∗ (s ⩽ m = dimV ) are linearly independent.

(1) If η1, . . . , ηs ∈ Λ1V ∗ and
∑
ηi ∧ ωi = 0, then there exist uniquely determined real numbers

Ai
j (1 ⩽ i, j ⩽ s) with Ai

j = Aj
i such that ηi = Ai

jω
j .

(2) If s = m, and a collection of linear 1-forms θij ∈ Λ1V ∗ (1 ⩽ i, j ⩽ m) satisfy

ωj ∧ θij and θij + θji = 0,

then θij = 0.

Proof. (1) Obviously, ηi ∈ span{ω1, . . . , ωs}. Write ηi = Ai
jω

j . Then∑
ηi ∧ ωi =

∑
i<j

(Ai
j −Aj

i )ω
i ∧ ωj

and the conclusion follows.
(2) Write θij = aijkω

k. Then the two conditions becomes

aijk − aikj = 0 and aijk + ajik = 0.

Thus
aijk = aikj = −akij = −akji = ajki = ajik = −aijk

and the conclusion follows.
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Now we state the fundamental theorem of Riemannian geometry [i.e. the existence and unique-
ness of Levi-Civita connection] in the language of connection 1-forms:

Theorem 3.55 (E. Cartan). Let ω1, . . . , ωm ∈ Ω1(U) be a collection of 1-forms on an open set
U ⊂ M that are linearly independent at each point. Then there exists a unique collection of
1-forms, θij ∈ Ω1(U) (1 ⩽ i, j ⩽ m), so that

dωi = ωi ∧ θij and θij + θji = 0.

[These equations are known as Cartan’s structural equations.]

Proof. Uniqueness follows from Lemma 3.54 (2). For the existence, one just start with the Rie-
mannian metric g =

∑
ωi ⊗ ωi (so that the dual frame {ei} of {ωi} is an orthonormal basis for

each point in U) and take θij to be the collection 1-forms for the Levi-Civita connection of this
metric.

Remark. How to get from local to global? To glue, one need the connection 1-forms to satisfy
the change of frame formula (2) for any orthogonla transformation f .

The Curvature 2-form

We start with any linear connection on a smooth manifold M . Suppose we are given a local
co-frame {ωi} and the corresponding connection 1-forms θij . We may express the curvature using
differential forms (in terms of the connection 1-forms) as follows. By definition

R(X,Y )ei = ∇X∇Y ei −∇Y ∇Xei −∇[X,Y ]ei

= ∇X(θji (Y )ej)−∇Y (θ
j
i (X)ej)− θji ([X,Y ])ej

= X(θji (Y ))ej + θji (Y )θkj (X)ek − Y (θji (X))ej − θji (X)θkj (Y )ek − θji ([X,Y ])ej

= (dθji )(X,Y )ej + θjk ∧ θki (X,Y )ej .

As a consequence, if we denote R(ek, el)ei = Rj
kliej , then we get

dθji + θjk ∧ θki = Rj
kliω

k ⊗ ωl =
1

2
Rj

kliω
k ∧ ωl. (3.27)

We shall denote
Ωj

i =
1

2
Rj

kliω
k ∧ ωl,

and call it the curvature 2-form, which can be expressed in terms of θji ’s as

Ωj
i = dθji + θjk ∧ θki . (3.28)

The formula can be taken as definition of curvature (for given connection 1-forms) and is usually
written in brief as

Ω = dθ + θ ∧ θ,

where Ω is regarded as an m×m matrix whose entries are 2-forms.
Unlike the connection 1-forms, given a linear connection, the curvature 2-form is independent

of the choice of co-frame and thus is globally defined. To see this, we use the frame transformation
formula for connection 1-forms above to get

Ω̃ =dθ̃ + θ̃ ∧ θ̃
=(df−1) ∧ θf + f−1(dθ)f − f−1θ ∧ df + (df−1) ∧ df

+ f−1θ ∧ θf + f−1θ ∧ df + f−1df ∧ f−1θf + f−1df ∧ f−1df.

In view of the fact df−1 = −f−1(df)f−1, we get

Ω̃ = f−1(dθ + θ ∧ θ)f = f−1Ωf,
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which is equivalent to say Ω is independent of the choice of frames.
Now suppose (M, g) is a Riemannian manifold. Then we may start with orthonormal co-frame

{ωi}, and we have Cartan’s structural equations, which implies

Ωj
i = −Ωi

j .

We may also express the curvature 2-form Ωj
i using Rijkl := Rm(ei, ej , ek, el) as

Ωi
j =

1

2
Ri

kljω
k ∧ ωl = −1

2
Rkljiω

k ∧ ωl =
1

2
Rijklω

k ∧ ωl.

Remark. More generally, one can develop the theory of linear connections on vector bundles (or
principal bundles) via moving frames, as follows. Let E be a rank r vector bundle over M , and
{e1, . . . , er} a local frame of E. Then one can either define a linear connection

∇ : Γ∞(E) → Γ∞(E ⊗ T ∗M)

via axioms that we mentioned earlier, or via connection 1-forms θji (1 ⩽ i, j ⩽ r) that are locally
defined such that

∇ei = ej ⊗ θji .

As we calculated above, the matrix θ transform under change of basis as

θ̃ = f−1θf + f−1df.

One can further define the curvature 2-form to be

Ω = dθ + θ ∧ θ.

3.5.2 Applications to Riemannian Geometry
Calculating Curvatures

As the first application, we use moving frames to calculate the curvature of a Riemannian
manifold (M, g). Let {e1, . . . , em} be a local orthonormal frame of (M, g). By definition the
sectional curvature of the plane spanned by {ei, ej} is

K(ei, ej) = Rm(ei, ej , ei, ej) = Rijij = Ωj
i (ej , ei).

Theorem 3.56. (M, g) has constant sectional curvature c at p ∈ M if and only if for any local
orthonormal frame {ei}, at p we have

Ωi
j = cωi ∧ ωj . (3.29)

Proof. Suppose (3.29) holds at p for any orthonormal frame. Let Πp be any two dimensional plane
in TpM . Choose an orthonormal basis {e1, e2} of Πp, extend it to an orthonormal frame and denote
by ω1, . . . , ωm the dual co-frame. Then

K(Πp) = K(e1, e2) = cΩ2
1(e2, e1) = cω2 ∧ ω1(e2, e1) = c.

Conversely suppose (M, g) has constant sectional curvature c at p, then with respect to any or-
thonormal frame,

Rijkl =
c

2
g ? g(ei, ej , ek, el) = c(δikδjl − δjkδil)

at p and thus the conclusion follows.

Example. Consider the upper half space Hm with the hyperbolic metric

ghyperbolic =
1

(xm)2
(dx1 ⊗ dx1 + · · ·+ dxm ⊗ dxm).
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With the orthonormal frame {ei = xm∂i} and its dual co-frame
{
ωi =

1

xm
dxi
}

,

ωj ∧ θij = dωi = − 1

(xm)2
dxm ∧ dxi = −ωm ∧ ωi.

Observe that for the given co-frame {ω1, . . . , ωm},

θij = 0, (i, j < m) and θim = −θmi = −ωi, (i < m)

is a solution and thus has to be the unique solution. So we get, for i, j < m,

Ωi
j = dθij + θik ∧ θkj = θim ∧ θmj = −ωi ∧ ωj

and for i < m
Ωi

m = dθim + θik ∧ θkm = −dωi = −ωi ∧ ωm.

It follows from Theorem 3.55 that the hyperbolic space has constant curvature −1.

Proving the Bianchi Identities

We may also prove the Bianchi identities via moving frame. For the first Bianchi identity, we
just take exterior derivative:

0 = d2ωi = dωj ∧ θij − ωj ∧ dθij

= ωk ∧ θjk ∧ θij − ωj ∧ (Ωi
j − θik ∧ θkj )

= −ωj ∧ Ωi
j

= −1

2
Ri

kljω
j ∧ ωk ∧ ωl

= −1

2

∑
j<k<l

(Ri
klj +Ri

ljk +Ri
jkl)ω

j ∧ ωk ∧ ωl.

As a consequence, we get for distinct k, l, j’s,

Ri
klj +Ri

ljk +Ri
jkl = 0.

If two or three of k, l, j’s are the same, then the first Bianchi identity trivial.
Similarly by taking exterior derivative of Ω = dθ + θ ∧ θ, we get

dΩ = dθ ∧ θ − θ ∧ dθ = Ω ∧ θ − θ ∧ Ω. (3.30)

One can prove that in local frames, together with the first Bianchi identity, the expression above
is equivalent to the second Bianchi identity. In fact, we can give a very quick proof of the sectional
curvature version of Schur’s theorem via (3.30):

Alternative Proof of Theorem 3.41 (2). Suppose (M, g) has sectional curvature K(Πp) = f(p) for
some f ∈ C∞(M). By Theorem 3.56, Ωi

j = f(p)ωi ∧ ωj . So

df ∧ ωi ∧ ωj + fdωi ∧ ωj − fωi ∧ dωj = dΩi
j = Ωi

k ∧ θkj − θik ∧ Ωk
j

= −fωi ∧ ωk ∧ θjk − fθik ∧ ωk ∧ ωj

= −fωi ∧ dωj + fdωi ∧ ωj .

It follows df ∧ ωi ∧ ωj = 0 for all i, j, and, since m ⩾ 3, df = 0, i.e. f is constant.
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Geometry of Riemannian Submanifolds via Moving Frame

Let (M, g) be a Riemannian manifold of dimension m, and ι : S ↪→M a smooth submanifold
of dimension s endowed with the submanifold metric g = ι∗g. For simplicity make the following
index convention:

• 1 ⩽ A,B, . . . ⩽ m,

• 1 ⩽ i, j, . . . ⩽ s,

• s+ 1 ⩽ α, β, . . . ⩽ m.
As usual, we denote by NS the normal bundle of S in M .

We have three different ways to develop the Riemannian geometry of S. Here we take the
moving frame approach. So let’s start with a special local orthonormal frame {e1, . . . , em} of (M, g)
with the property that ei = dι(ei) on S for 1 ⩽ i ⩽ s and {e1, . . . , es} form a local orthonormal
frame of S. Denote by {ω1, . . . , ωm} the dual co-frame of {e1, . . . , em}. Then by definition,

ι∗ωα = 0. (3.31)

Let θAB the connection 1-forms of (M, g) corresponding to the local frame {eA}. Then Cartan’s
structural equations of M reads

θ
A

B + θ
B

A = 0 and dωA = ωB ∧ θAB .

It follows that as 1-forms on S, ωi := ι∗ωi and θij := ι∗θ
i

j satisfy (here we used (3.31))

θij + θji = 0 and dωi = ωj ∧ θij .

By uniqueness in Theorem 3.56, θij ’s are the connection 1-forms on S associate with the co-frame
{ω1, . . . , ωm}. [This proves the remark on page 40.]

We may also study connection 1-forms with indices α’s. Using (3.31) twice we get

0 = dι∗ωα = ι∗ωA ∧ ι∗θαA = ωi ∧ ι∗θαi .

Thus by Lemma 3.54 (1), there exist uniquely determined functions hαij such that

hαij = hαji and ι∗θ
α

i = hαijω
j .

Definition 3.57. We call the map II : Γ∞(TS)× Γ∞(TS) → Γ∞(NS) defined by

II(X,Y ) = hαijω
i(X)ωj(Y )eα

the second fundamental form of (S, g) as a Riemannian submanifold of (M, g).
Note that the fact hαij = hαji implies II(X,Y ) = II(Y,X). We may write

II = hαijω
i ⊗ ωj ⊗ eα.

To see the formula above is independent of the choices of frames, let’s reveal the true face of
II(X,Y ) by expressing it in the invariant formulation. We will use ∇ and ∇ to denote the Levi-
Civita connections for (M, g) and (S, g) respectively. For X,Y ∈ Γ∞(TS), we denote X = dι(X)
and Y = dι(Y ). Note that if X = Xiei, then X = Xiei. So on S, we have

∇YX − dι(∇YX) = Y (Xi)ei +Xiθ
A

i (Y )eA − dι(Y (Xi)ei −Xiθji (Y )ej)

= Xiθ
α

i (Y )eα

= ωi(X)ι∗θ
α

i (Y )eα

= hαijω
i(X)ωj(Y )eα.

In other words, for any vector field X, Y tangent to S, we have

II(X,Y ) = ∇YX − dι(∇YX).

In view of the fact ∇YX is the tangential component of ∇YX, we conclude that II(X,Y ) is really
the normal component of ∇YX.
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Example. According to the example on page 40-41, for the unit sphere Sm viewed as a Riemannian
submanifold of Rm+1, we have

II(X,Y ) = −〈X,Y 〉~n.

The second fundamental form is closely related to the curvature 2-form of (S, g): If we pull
back Ω

i

j = dθ
i

j + θ
i

A ∧ θAj to S compare with Ωi
j = dθij + θik ∧ θkj , we get

Ωi
j = ι∗Ω

i

j − ι∗θ
i

α ∧ ι∗θαj = ι∗Ω
i

j +
∑
α

ι∗θ
α

i ∧ ι∗θαj = ι∗Ω
i

j +
∑
α

hαikh
α
jlω

k ∧ ωl.

As a consequence,
Rijkl = Rijkl + (hαikh

α
jl − hαilh

α
jk),

which is known as Gauss equation.

Example. In the case S is a hypersurface in (M, g), i.e. has co-dimension 1, then one may
pair the second fundamental form with em and thus for each p ∈ S, regard IIp as a symmetric
quadratic form on TpS. With the help of the Riemannian metric, one can convert this symmetric
quadratic form into a symmetric operator on TpM , which is known as the shape operator. The
eigenvalues of the shape operator are known as the principal curvatures of S at p. Its trace and
the determinant are known as the mean curvature and the Gauss curvature of S at p.

In particular, if S is a 2-dimensional surface isometrically embedded in R3, the only sectional
curvature is R1212 = h11h22−h212, which is exactly the Gauss curvature of S. As a consequence, we
get Gauss Theorem Egregium: The Gauss curvature [which is defined by the second fundamental
form which is extrinsic] is in fact intrinsic [since the sectional curvature depends only on the
Riemannian metric and thus is intrinsic].

We say S is a totally geodesic submanifold if II = 0, i.e. hαij = 0 for all i, j, α. From
Gauss equation one gets [there is still an issue here that we will explain later.]

Theorem 3.58. Let S be a totally geodesic 2-dimensional submanifold of M with TpS = Πp.
Then the sectional curvature K(Πp) of M is the Gauss curvature of S.
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Geodesics and Variations

4.1 Geodesics as Self-parallel Curves (on Manifolds with
Connection)

Now we turn to the next topic in this course: geodesic, which is a generalization of the notion
of straight line in the Euclidean space. As we know, a line in Rm is both a curve “with constant
direction”, and a curve that “minimize distances between any two points on it”. As a result, we will
have two ways to define geodesics on Riemannian manifolds, which, as we will see, are equivalent.
On the other hand, for the first method (i.e. regard geodesics as curves “with constant directions”),
what we need is the existence of a covariant derivative instead of a Riemannian metric structure,
and as a result, it works for any smooth manifold with a linear connection. So today we will
introduce the first method, i.e. focus on “non-metric properties” of geodesics.

4.1.1 Geodesics on Manifolds with Linear Connections
Geodesics for Manifolds with Linear Connections

Let M be a smooth manifold. To define a geodesic as a “curve with constant direction”, what
we need is a structure that can be used to compare tangent vectors at different points along a curve,
i.e. a parallel transport, or equivalently, a linear connection. So we let ∇ be a linear connection
on M . Now suppose γ : [a, b] → M is a smooth curve in M . Then “γ is a geodesic” means that
the tangent vector field γ̇ is “unchanged” along γ (under parallel transport), i.e. is covariantly
constant along γ:

Definition 4.1. We say γ is a geodesic if γ̇ is parallel along γ, i.e.

∇γ̇(t)γ̇ = 0, ∀t.

In local coordinates, if we write γ(t) = (x1(t), . . . , xm(t)), then

γ̇(t) = dγ

(
d

dt

)
= ẋi(t)∂i.

Now suppose X = Xi∂i is a smooth vector field near γ [If X is only defined on γ, then we need to
extend it to a smooth vector field in a neighborhood of γ. By locality of ∇, the extension will not
affect the computation below]. If we denote f i(t) = Xi(γ(t)), then

∇γ̇(t)X
i = γ̇(t)Xi =

d

dt
(Xi ◦ γ) = ḟ i(t)

[i.e. the covariant derivative of any function along γ is its t-derivative] and thus

(∇γ̇X)|γ(t) = (γ̇(t)Xi)∂i + Γk
ij ẋ

i(t)f j(t)∂k = ḟk(t)∂k + Γk
ij ẋ

i(t)f j(t)∂k.

77
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As a result, the condition ∇γ̇X = 0, i.e. “X is parallel along γ” becomes

ḟk(t) + Γk
ij(γ(t))ẋ

i(t)f j(t) = 0, ∀k.

Apply this to the vector field X = γ̇, we see γ is a geodesic if and only if locally its coordinate
functions satisfy the following system of second order ODEs

ẍk(t) + ẋi(t)ẋj(t)Γk
ij = 0, 1 ⩽ k ⩽ m. (4.1)

Remark. A natural question is:
Question: is a re-parametrization of a geodesics still a geodesic?

Suppose γ is a geodesic and γ̇ 6= 0 (otherwise γ is constant), and γ̃(s) = γ(t(s)) is a regular
re-parametrization of γ, then

∇ ˙̃γ(s)
˙̃γ(s) = ∇ ˙̃γ(s)(t

′(s)γ̇(t(s)))

= γ̇(t(s)) + (t′(s))2∇γ̇(t(s))γ̇(t(s)) = t′′(s)γ̇(t(s)).

So γ̃ is also a geodesic if and only if t′′ = 0, i.e. t(s) = as + b for some constants a and b. So the
answer to the above question is:

Answer: A re-parametrization of a geodesics is still a geodesic if and only if the re-
parametrization is linear.

Basic Examples

Example. Let M = Rm, equipped with standard linear connection ∇ such that ∇XY = X(Y j)∂j ,
or equivalently, Γk

ij = 0. Let γ be any curve and X be a vector field. Then for X to be parallel
along γ, we need ḟk(t) = 0 for all k, i.e. if and only if Xi’s are constants on γ [so X is a constant
vector field in Rm along γ in the usual sense].

In particular, the geodesic equations in Rm above become

ẍk(t) = 0, 1 ⩽ k ⩽ m.

The solution to the system are linear functions, i.e. xk(t) = akt+ bk for some constants ak, bk. As
a consequence, γ is a geodesic if and only if it is the straight line in the direction ~a = 〈a1, . . . , am〉
that passes the point (b1, . . . , bm).

Example. Consider M = Sm the m-sphere, equipped with the Levi-Civita connection. For any
p ∈ Sm, regarded as a unit vector p = ~u ∈ Rm+1, and for any unit tangent vector ~w ∈ TpS

m, we
let

γ(t) = (cos t)~u+ (sin t)~w.

be the great circle in Sm passing p in the direction of ~w. Since the Levi-Civita connection on Sm

is given by ∇XY = ∇XY + 〈X,Y 〉~n, where ∇ is the Levi-Civita connection for Rm+1, i.e. with
Γ
k

ij = 0. So
∇γ̇ γ̇ = ∇γ̇ γ̇ + 〈γ̇, γ̇〉~n = γ̈ + ~n.

But at the point γ(t), one has ~n = γ(t), and γ̈(t) = −γ(t). So we get

∇γ̇ γ̇ = 0.

In other words, any great circle on Sm is a geodesic. [By uniqueness below, up to linear re-
parametrizations they are essentially the only geodesics on Sm.]
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The Existence, Uniqueness and Smoothness

To find a geodesic is equivalent to solve the system of second order ODEs (4.1). By introducing
yi = ẋi, we may convert it to a system of first order ODEs (with more variables and more equations){

ẋk = yk,

ẏk = −Γk
ijy

iyj ,
1 ⩽ k ⩽ m.

So suppose we want to find a geodesic with γ(t0) = p = (p1, . . . , pm) and γ̇(t0) = Xp = Xi∂i ∈
TpM , then we need to solve the above system with initial condition x(t0) = (x1(t0), . . . , x

m(t0)) =
p, y(t0) = (y1(t0), . . . , y

m(t0)) = Xp. According to the fundamental theorem for system of first
order ODEs,

• Existence: For any t0 ∈ R and any (p,Xp) ∈ TM , there is an open interval I 3 t0 and open
set U 3 (p,Xp) so that for any (q,Xq) ∈ U , the system has a smooth solution γq,Xq

(t) in
t ∈ I with initial condition x(t0) = q, y(t0) = Xq.

• Smooth Dependence: The solution above, viewed as a map Υ(t, q,Xq) = γq,Xq (t), is a
smooth map from I × U to M .

• Uniqueness: If (x1, y1) is a solution of the system on an interval I1 3 t0, (x2, y2) is a
solution of the system on an interval I2 3 t0, both with initial condition (p,Xp) at t0, then
(x1, y1) = (x2, y2) on I1 ∩ I2.

As a consequence, we conclude

Theorem 4.2. For any p ∈ M and any Xp ∈ TpM , there exists an ε > 0 and a unique geodesic
γ = γp,Xp

defined for |t| < ε such that γ(0) = p and γ̇(0) = Xp. Moreover, the map γ(t; p,Xp) =
γp,Xp

(t) depends smoothly on (t, p,Xp).

Note that by uniqueness, for any (p,Xp) ∈ TM , there is a maximal interval Jp,Xp
⊂ R on

which a geodesic γ with γ(0) = p and γ̇(0) = Xp exists. Note that by the “linear re-parametrization
remark” above,

Jp,tXp =
1

t
Jp,Xp

.

If Jp,Xp = R for all (p,Xp) ∈ TM , then we say (M,∇) is geodesically complete.

Remark. The dependence of the maximal interval J on the initial data (p,Xp) is not continuous:
for example, one can consider in the punctured plane R2 − {(0, 0)}. Then the geodesic starting at
(−1, 0) in the direction 〈1, 0〉 has maximal existence interval (−∞, 1), while the geodesic starting
at (−1, 0) in any other direction has maximal existence interval R.

It is not hard to see that if M is compact, then it must be geodesically complete. We will
see later that for Riemannian manifolds, (M, g) is geodesically complete if and only if as a metric
space, (M, dist) is complete.

4.1.2 The Exponential Map and Normal Coordinates
The Exponential Map

Let M be a smooth manifold endowed with a linear connection ∇. Consider

E = {(p,Xp) | γp,Xp
(t) is defined on an interval containing [0, 1]}.

[So by definition E = TM if and only if (M, g) is geodesically complete.]
By existence and smoothness above, for any (p,Xp) ∈ TM there is ε0 > 0 and an open

neighborhood U of (p,Xp) so that for any (q,Xq) ∈ U , the maximal existence interval Jq,Xq
of

γq,Xq contains the interval (−ε0, ε0). As a result,

Jq,ε0Xq/2 ⊃ (−2, 2),

So E contains a neighborhood of the zero section M in TM . Note that E∩TpM is always a star-like
subset in TpM for any p.
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Definition 4.3. The exponential map is defined to be

exp : E →M,

(p,Xp) 7→ expp(Xp) := γp,Xp
(1).

Example. For (Rm, g0), we can identify each TpRm with Rm. Then expp(Xp) = p+Xp.

Example. For (S1, dθ ⊗ dθ), we can identify TeS1 with R1. Then expe(Xp) = eiXp .
Remark. Let M = G be a Lie group, endowed with the Levi-Civita connection of the bi-invariant
metric on G, then expe coincides with the exponential map exp : g → G in Lie theory. In particular,
if G is a matrix Lie group, then

expe(A) = I +A+
A2

2!
+ · · ·+ Ak

k!
+ · · · .

The smoothness of Υ(t; p,Xp) implies that the exponential map is smooth. In particular, for
each p ∈M , the map

expp : TpM ∩ E →M

is smooth. By definition expp maps 0 ∈ TpM to p ∈ M . As in Lie theory, we also have the
following useful lemma:
Lemma 4.4. For any p ∈M , if we identify T0(TpM) with TpM , then

(d expp)0 = Id|TpM : TpM → TpM.

Proof. For any Xp ∈ T0(TpM) = TpM ,

(d expp)0(Xp) =
d

dt

∣∣∣∣
t=0

expp(tXp) =
d

dt

∣∣∣∣
t=0

γ(1; p, tXp) =
d

dt

∣∣∣∣
t=0

γ(t; p,Xp) = Xp.

So by the inverse function theorem, we immediately get
Corollary 4.5. For any p ∈ M , there exists a neighborhood V of 0 in TpM and a neighborhood
U of p in M so that expp : V → U is a diffeomorphism.

Normal Neighborhoods and Normal Coordinates

So for any p ∈M , there exists a neighborhood U ⊂M of p and a neighborhood Ṽ ⊂ TpM of
0 so that the exponential map expp : Ṽ → U is a diffeomorphism. By fixing a basis {ei} of TpM ,
we may identify Ṽ with an open subset V of Rm, and as a result, the triple (exp−1

p , U, V ) form a
local chart of M near p.
Definition 4.6. If Ṽ is star-like, then we call U a normal neighborhood of p, call the local chart
(exp−1

p , U, V ) a normal chart on M , and call the coordinate system {U ;x1, . . . , xm} a normal
coordinate system centered at p.

By definition, the normal coordinate system centered at p has the nice characterizing property
that any geodesic starting at p is given in such coordinates by

γ : x(t) = (tv1, tv2, . . . , tvm),

where (v1, . . . , vm) is the direction of the geodesics. Moreover, we have
Lemma 4.7. Let {U ;x1, . . . , xm} be a normal coordinate system centered at p. Then for all
~v ∈ Rm and all 1 ⩽ k ⩽ m, Γk

ij(p)v
ivj = 0. [In particular, if the linear connection ∇ is torsion

free, then Γk
ij(p) = 0 for all i, j, k.]

Proof. Put the parametric equation x(t) = (tv1, tv2, . . . , tvm) of a geodesic into the geodesic equa-
tion, we get for 1 ⩽ k ⩽ m,

0 = ẍk(t) + Γk
ij(γ(t))ẋ

i(t)ẋj(t) = Γk
ij(γ(t))v

ivj .

Letting t = 0, we get Γk
ij(p)v

ivj = 0 for all ~v and for any 1 ⩽ k ⩽ m.
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Normal Convex Neighborhoods

We may go a lot further.

Theorem 4.8 (Whitehead). For any smooth manifold M with a linear connection, any p has a
neighborhood U such that U is a normal neighborhood for any q ∈ U .

Let’s explain the meaning before we prove the theorem. For any q, q′ ∈ U , since U is a normal
neighborhood of q, there is a vector Xq→q′ ∈ TqM so that

γq,q′(t) := expq(tXq→q′)

is a geodesic from q = γ(0) to q′ = γ(1) that lies entirely in U . Such an open set is called a convex
normal neighborhood of p. So Whitehead theorem claims that any p admits a normal convex
neighborhood. As a consequence, we can prove

Corollary 4.9. Any smooth manifold M admits a good covering.

Proof. Endow with M a linear connection ∇. Then by Whitehead theorem, each p ∈M admits a
normal convex neighborhood Up. Because each normal convex neighborhood is contractible [since
it is diffeomorphic to a star-like subset in a vector space], and because arbitrary intersection of
normal convex neighborhoods is still a normal convex neighborhood, they form a good covering of
M .

Proof of Whitehead Theorem

Proof. Step 1: There is a neighborhood U of p such that for any q ∈ U , there is a normal chart
(exp−1

q , Uq, Vq) with Uq ⊃ U .
Take a neighborhoods U1 of p ∈ M and a neighborhood Ũ1 of (p, 0) ∈ TM over U1 [i.e.

π(Ũ1) = U1, where π : TM →M is the bundle projection] such that for each q ∈ U1,

• Ũ1 is fiberwise star-like, i.e. Vq = Ũ1 ∩ TqM is star-like in TqM ,

• the exponential map expq : Vq → Uq is a diffeomorphism.

Consider the map
Ψ : Ũ1 →M ×M,

(q,Xq) 7→ (q, expq(Xq)).

The Jacobian of Ψ at (p, 0) is
(
I 0
I I

)
. So Ψ is a local diffeomorphism, i.e. it maps a smaller

neighborhood U1 ⊂ Ũ1 diffeomorphically onto a neighborhood of (p, p) in M×M . In particular, one
may find a neighborhood U of p in M so that U×U ⊂ Ψ(U1). By construction, Ψ−1(U×U)∩TqM ⊂
U1 ∩ TqM ⊂ Vq and thus

U ⊂ expq(Ψ
−1(U × U) ∩ TqM) ⊂ Uq.

Step 2: U can be chosen to be normal with respect to any q ∈ U .
We fix a normal chart (ϕ,U0, V0) centered at p, with normal coordinates x1, . . . , xm, where for

simplicity we denote ϕ = exp−1
p . Apply Lemma 4.7 and shrink U0 if necessary, we may assume that

the matrix (δij −
∑
k

Γk
ijx

k) is “positive” at each point in U0, i.e. such that (δij −
∑
k

Γk
ijx

k)vivj ⩾ 0

for all ~v ∈ Rm and all q ∈ U0. We may assume Uq we get in Step 1 are all inside U0.
Now we endow TpM with any inner product, and shrink U we get in Step 1 so that ϕ(U) is a

ball of radius δ. By Step 1, for any q, q′ ∈ U , there is a vector Xq→q′ ∈ TqM with expq(X
q′

q ) = q′.
Since Vq is star-like, the curve γq,q′(t) := expq(tX

q′

q ) is a geodesic from q = γ(0) to q′ = γ(1) that
lies in Uq. It remains to prove that γq,q′(t) (0 ⩽ t ⩽ 1) lies in U .
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Since the geodesic γq,q′ lies in U0, we work on its parametric equations xi = xi(t). Consider
the function f(t) =

∑
i

(xi(t))2. Then

f̈(t) = 2
∑
i

[(ẋk(t))2 + ẍk(t)xk(t)]

= 2
∑
k

[(ẋk(t))2 − Γk
ij ẋ

i(t)ẋj(t)xk(t)]

= 2[δij −
∑
k

Γk
ijx

k(t)]γ(t)ẋ
i(t)ẋj(t) ⩾ 0.

As a consequence, f is convex and thus f(t) ⩽ max{f(0), f(1)} for 0 ⩽ t ⩽ 1. Since q, q′ ∈ U , we
have f(0), f(1) ⩽ δ2. So the geodesic γq,q′ is inside U .

4.2 Geodesics on Riemannian Manifolds
After defining geodesics as “self-parallel curves” on any smooth manifold with linear connec-

tion, today we will put the Riemannian metric structure into this picture and study what do we
gain with this new structure (for the geodesics as self-parallel curves and as integral curves, for
the exponential map, and for the normal coordinates etc).

4.2.1 Geodesics as Integral Curves
“Speed” of a Geodesics

Let (M, g) be a Riemannian manifold, and γ : [a, b] → M a smooth curve in M . Recall that
γ is a geodesics if and only if it is self-parallel, i.e. ∇γ̇ γ̇ = 0. By metric compatibility,

d

dt
〈γ̇, γ̇〉 = ∇γ̇〈γ̇, γ̇〉 = 〈∇γ̇ γ̇, γ̇〉+ 〈γ̇,∇γ̇ γ̇〉 = 0.

As a result, we get

Proposition 4.10. If γ is a geodesic on a Riemannian manifold, then |γ̇| must be a constant for
all t.

Note that this also implies that a re-parametrization of a geodesic is again a geodesic if and
only if the re-parametrization is a linear re-parametrization.

In particular, on a Riemannian manifold one can always re-parameterize a geodesic so that
its “speed” is 1:

Definition 4.11. We will call a geodesics γ on a Riemannian manifold satisfying |γ̇(t)| = 1 a
normal geodesics.

Of course given any geodesic, the corresponding normal geodesic is nothing else but the arc-
length re-parametrization of the given geodesic.

Geodesics as Integral Curves at the Presence of Metric

Last time by introducing yi = ẋi we converted the system of second order ODEs for a geodesic
to a system of first order ODEs {

ẋk = yk,

ẏk = −Γk
ijy

iyj ,
1 ⩽ k ⩽ m

using which we get the existence, smooth dependence and uniqueness of geodesics. In other words,
the problem of finding a local geodesic is equivalent to finding the integral curve of the vector field

X̃ = yk
∂

∂xk
− Γk

ijy
iyj

∂

∂yk
.
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Although one can show that the vector field X̃ defined above is really globally defined (i.e. inde-
pendent of the choice of coordinates), its geometric meaning is not that obvious.

It turns out that if one transfer from the tangent bundle to the cotangent bundle, then there
is a geometrically important vector field whose integral curves give geodesics on M . Recall that
given any coordinate chart (U, x1, . . . , xm) on M , any 1-form ω can be expressed locally on U
as ω = ξidx

i and as a result, one gets a coordinate chart (T ∗U, x1, . . . , xm, ξ1, . . . , ξm) for the
cotangent bundle T ∗M .

Now given a Riemannian metric g on M , i.e. an inner product on each tangent space, one gets
a dual inner product on each cotangent space. Consider the smooth function defined on T ∗M \{0}
by

f(x, ξ) =
1

2
|ξ|2x =

1

2
gij(x)ξiξj .

Definition 4.12. The Hamiltonian vector field of f is

Hf =
∑ ∂f

∂ξi

∂

∂xi
− ∂f

∂xi
∂

∂ξi
.

It is a vector field on T ∗M \ {0} which preserves f (and thus preserves |ξ|x),

Hf (f) = 0.

As a consequence, it defines a vector field on each level of f , and in particular on the cosphere
bundle

S∗M = {(x, ξ) | ‖ξ‖x = 1}.

By definition the integral curves of Hf are the curves Γ = Γ(t) such that

Γ̇(t) = Hf (Γ(t)).

More precisely, if we denote

Γ(t) = (x1, . . . , xm(t), ξ1(t), . . . , ξm(t)),

then any integral curve of Hf satisfies the following Hamilton equations
ẋk =

∂f

∂ξk
,

ξ̇k = − ∂f

∂xk
.

The flow generated by Hf on S∗M is called the geodesic flow of (M, g), which is very
important in studying Riemannian manifolds. Now we prove

Theorem 4.13. Any integral curve of Hf on S∗M , when projected onto M , is a normal geodesic
in M . Conversely, any normal geodesic in M arises in this way.

Proof. Let Γ(t) = (x1(t), . . . , xm(t), ξ1(t), . . . , ξm(t)) be an integral curve of Hf , then the Hamilton
equations become

ẋk =
∂f

∂ξk
=

1

2
gijδikξj +

1

2
gijξiδjk = gkjξj

ξ̇k = − ∂f

∂xk
= −1

2

∂gij

∂xk
ξiξj

From the first equation we get ξk = glkẋ
l. Put this into the second equation, we have

∂glk
∂xi

ẋiẋl + glkẍ
l = −1

2

∂gij

∂xk
gliẋ

lgnj ẋ
n.

Note that
−∂g

ij

∂xk
glignj = gij

∂gli
∂xk

gnj =
∂gnl
∂xk

,
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the equation becomes

glkẍ
l = −∂glk

∂xi
ẋiẋl +

1

2

∂gnl
∂xk

ẋlẋn = −∂gjk
∂xi

ẋiẋj +
1

2

∂gij
∂xk

ẋiẋj .

In other words,

ẍl = gkl
(
−∂gjk
∂xi

ẋiẋj +
1

2

∂gji
∂xk

ẋiẋj
)

= −1

2
gkl
(
∂gjk
∂xi

ẋiẋj +
∂gik
∂xj

ẋj ẋi − ∂gji
∂xk

ẋiẋj
)
,

which is exactly the geodesic equation since

Γl
ij =

1

2
gkl(∂jgki + ∂igjk − ∂kgij).

So the projected curve γ(t) = (x1(t), . . . , xm(t)) is a geodesic on M . It is normal since

gklẋ
kẋl = gklg

kjgliξjξi = gijξjξi = 1.

Conversely, for any geodesic γ(t) = (x1(t), . . . , xm(t)), we let ξk = glkẋ
l. Then the above

computations shows that Γ(t) = (x1(t), . . . , xm(t), ξ1(t), . . . , ξm(t)) is an integral curve of Hf in
S∗M .

Remark. The function |ξ|2 is the symbol of the Laplace-Beltrami operator ∆g. So the geodesic
flow is also closely related to spectral geometry.

Remark. As a consequence, (M, g) is geodesically complete if and only if the vector field Hf on
S∗M is complete. Note that if M is compact, then S∗M is compact, and thus any smooth vector
field on S∗M is complete. As a result, any compact Riemannian manifold is geodesically complete.

4.2.2 The Exponential Map at the Presence of Metric
The Injectivity Radius

Now let’s turn to the exponential map and figure out what do we gain with g. For a Riemannian
manifold, by definition the point expp(Xp) is the end point of the geodesic segment that starts at
p in the direction of Xp whose length equals |Xp|.

In general, the map exp : Ep ∩ TpM → M is not a global diffeomorphism, even if it may be
defined everywhere in TpM . For example, on the round sphere Sm, expp is a diffeomorphism from
any ball Br(0) ⊂ TpM of radius r < π to an open region in Sm, but it fails to be injective on the
ball Br(0) with r > π.

Definition 4.14. The injectivity radius of Riemannian manifold (M, g) at p ∈M is

injp(M, g) := sup{r | expp is a diffeomorphism on Br(0) ⊂ TpM},

and the injectivity radius of (M, g) is

inj(M, g) := inf{injp(M, g) | p ∈M}.

Example. inj(Sm, gSm) = π.

Remark. If M is compact, then of course

0 < inj(M, g) ⩽ diam(M, g),

where diam(M, g) = supp,q∈M d(p, q) is the diameter of (M, g). But for noncompact manifolds M ,
we may have inj(M, g) = 0 or +∞. [But for any p, we always have injp(M, g) > 0.]

For any ρ < injp(M, g), we have Bρ(0) ⊂ TpM ∩ E , where Bρ(0) is the ball of radius ρ in
(TpM, gp) centered at 0.
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Definition 4.15. We will call B(p, ρ) = expp(Bρ(0)) the geodesic ball of radius ρ centered at p
in M , and its boundary S(p, ρ) = ∂B(p, ρ) the geodesic sphere of radius ρ centered at p in M .

Now let γ be any normal geodesic starting at p. Then for ρ < injp(M, g), we have γ((0, ρ)) ⊂
B(p, ρ) and exp−1

p (γ((0, ρ))) is the line segment in Bρ(0) ⊂ TpM starting at 0 in the direction γ̇
whose length is ρ. As a consequence, the geodesics starting at p of lengths less than injp(M, g) are
exactly the images under expp of line segments starting at 0 of lengths no more than injp(M, g).
In particular,
Corollary 4.16. Suppose p ∈ M and ρ < injp(M, g). Then for any q = expp(Xp) ∈ B(p, ρ), the
curve γ(t) = expp(tXp) is the unique normal geodesic connecting p to q whose length is less than
ρ.
Remark. No matter how close p and q are to each other, one might be able to find other geodesics
connecting p to q whose length is longer. To see this, one can look at cylinders or torus, in which
case one can always find infinitely many geodesics connecting two arbitrary given points p and q.

Gauss Lemma

Last time we should that the exponential (d expp)0 = Id. Now let (p,Xp) ∈ E . By definition,
expp maps the point Xp ∈ TpM to the point expp(Xp) ∈ M . In general, the differential d expp
at Xp is no longer the identity map Id. [In fact, if (d expp)Xp = Id for all p and Xp, then expp is
an isometry from (TpM, gp) to (M, g) and thus (M, g) is flat.] However, we can prove that expp is
always a “radial isometry”:
Lemma 4.17 (Gauss lemma). Let (M, g) be a Riemannian manifold and (p,Xp) ∈ E . Then for
any Yp ∈ TpM = TXp(TpM), we have

〈(d expp)Xp
Xp, (d expp)Xp

Yp〉expp(Xp) = 〈Xp, Yp〉p.

Proof. Without loss of generality, we may assume Xp, Yp 6= 0. By linearity, it’s enough to check
the lemma for Yp = Xp and Yp ⊥ Xp.
Case 1: Yp = Xp. If we denote γ(t) = exp(tXp), then Xp = γ̇(0) and

(d expp)XpXp =
d

dt

∣∣∣∣
t=1

expp(tXp) = γ̇(1).

Since geodesics are always of constant speed, we conclude

(d expp)Xp
Xp, (d expp)Xp

Xp〉 = 〈γ̇(1), γ̇(1)〉 = 〈γ̇(0), γ̇(0)〉 = 〈Xp, Xp〉.

Case 2: Yp ⊥ Xp. Under this condition one can find a curve γ1(s) in the sphere of radius |Xp| in
TpM with γ1(0) = Xp and γ̇1(0) = Yp. Since (p,Xp) ∈ E , we see that there exists ε > 0 so that
for all 0 < t < 1 and −ε < s < ε,

(p, tγ1(s)) ∈ E .
Let A = {(t, s) | 0 < t < 1,−ε < s < ε} and consider the smooth map

f : A→M,

(t, s) 7→ f(t, s) := expp(tγ1(s)).

As usual we denote ft = df

(
d

dt

)
and fs = df

(
d

ds

)
. Then by definition

ft(1, 0) =
d

dt

∣∣∣∣
t=1

expp(tXp) = (d expp)Xp
Xp,

fs(1, 0) =
d

ds

∣∣∣∣
s=0

expp(γ1(s)) = (d expp)Xp
Yp

and thus
〈(d expp)XpXp, (d expp)XpYp〉 = 〈ft(1, 0), fs(1, 0)〉.

On the other hand, we have
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• for each fixed s0, f(t, s0) is a geodesic with tangent vector field ft. So

∇ftft = 0.

• since ∇ is torsion free, ∇fsft −∇ftfs = [fs, ft] = df([∂s, ∂t]) = 0 and thus

∇fsft = ∇ftfs.

• since γ1 lies in the sphere of radius |Xp|, the length

|ft| = |γ1(s)| = |Xp|

is a constant.

As a consequence of these three facts,

∂

∂t
〈fs, ft〉 = 〈∇ftfs, ft〉+ 〈fs,∇ftft〉 = 〈∇fsft, ft〉 =

1

2
∇fs〈ft, ft〉 = 0,

i.e. 〈ft, fs〉 is independent of t. Since

lim
h→0

fs(h, 0) = lim
h→0

d

ds

∣∣∣∣
s=0

expp(hγ1(s)) = lim
t→0

d(expp)hXp
(hYp) = 0,

We conclude 〈ft(1, 0), fs(1, 0)〉 = 0, which proves the lemma.

Geometrically, Gauss lemma implies

Corollary 4.18 (The Geometric Gauss Lemma). For any ρ < injp(M, g) and any q ∈ S(p, ρ), the
shortest geodesic connecting p to q is orthogonal to S(p, ρ).

Local Shortest Curves are Geodesics

As a consequence of Gauss lemma, we may strengthen Corollary 4.16 to

Theorem 4.19. Suppose p ∈ M and δ < injp(M, g). Then for any q = expp(Xp) ∈ B(p, δ), the
geodesic γ(t) = expp(tXp) (0 ⩽ t ⩽ 1) is the only piecewise smooth curve connecting p and q with
length d(p, q).

Proof. Let σ : [0, 1] → M be any piecewise smooth curve with σ(0) = p, σ(1) = q, and parame-
terized with constant speed. We want to show L(σ) ⩾ d(p, q), with equality holds if and only if
σ = γ.

Without loss of generality, we may assume p /∈ σ([0, 1]) [otherwise we may take t0 = sup{t |
σ(t) = p} and consider the curve σ|[t0,1] instead] and assume σ((0, 1)) ⊂ B(p, δ) [otherwise we may
take t1 = inf{t | σ(t) ∈ S(p, δ)} and consider the curve σ|[0,t1] instead]. As a result, there exists
unit vectors w(t) ∈ SpM and real numbers r(t) ∈ (0, δ] such that

σ(t) = expp(r(t)w(t)).

It follows
σ̇(t) = (d expp)r(t)w(t)(r

′(t)w(t) + r(t)ẇ(t)).

Note that w(t) ∈ SpM for all t implies w(t) ⊥ ẇ(t). So by Gauss lemma,

(d expp)r(t)w(t)(r
′(t)w(t)) ⊥ (d expp)r(t)w(t)(r(t)ẇ(t))

and thus

|σ̇(t)|2 ⩾ 〈(d expp)r(t)w(t)(r
′(t), w(t)), (d expp)r(t)w(t)(r

′(t)w(t))〉 = |r′(t)|2
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So if we denote b = Length(σ), then b = |σ̇(t)| at all smooth points t of σ and thus

b = Length(σ) =

∫ 1

0

|σ̇(1)|dt = 1

b

∫ 1

0

|σ̇(t)|2dt

⩾ 1

b

∫ 1

0

|r′(t)|2dt

⩾ 1

b

(∫ 1

0

|r′(t)|dt
)2

⩾ 1

b

(∫ 1

0

r′(t)dt

)2

⩾ δ2

b
,

where we used Cauchy-Schwartz inequality and the fact r(1) ⩽ δ. It follows that b ⩾ δ as desired.
Moreover, if the equality holds, then ẇ = 0 and |r′(t)| is constant, which implies that σ is precisely
the geodesic γ(t) = expp(tXp).

Riemannian Metric Tensor in Riemannian Normal Coordinate System

Now we turn to normal coordinate systems for Riemannian manifolds. Since the Levi-Civita
connection is torsion-free, we have seen that with respect to any normal coordinate system centered
at p,

Γk
ij(p) = 0, 1 ⩽ i, j, k ⩽ m.

So what do we gain from the metric? Recall that behind a normal coordinate system
(exp−1

p , U, V ) there hides an identification between Ṽ = exp−1
p (U) ⊂ TpM and V ⊂ Rm, which is

realized after a choice of a basis ei of TpM . For a Riemannian manifold (M, g), we will always
identify Ṽ = exp−1

p (U) ⊂ TpM and an open subset V ⊂ Rm by choosing an orthonormal basis
{e1, . . . , em} of TpM , and call the resulting normal coordinate system a Riemannian normal
coordinate system at p.

With a Riemannian normal coordinate system at hand, we can prove the following stronger
result [c.f. (2.12)]:

Lemma 4.20. Let (M, g) be a Riemannian manifold, and {U ;x1, . . . , xm} be a Riemannian normal
coordinate system centered at p. Then

(1) For all 1 ⩽ i, j ⩽ m, gij(p) = δij .

(2) For all 1 ⩽ i, j, k ⩽ m, ∂kgij(p) = 0.

(3) G(p) = 1 and ∂iG(p) = 0 for all 1 ⩽ i ⩽ m, where G = det(gij).

Proof. (1) By definition of Riemannian normal coordinate system, we have ∂i|p = d(expp)0ei = ei,
which implies gij(p) = δij since {ei} is chosen to be orthonormal.

(2) By metric compatibility, we have

∂kgij(p) = 〈∇∂k
∂i, ∂j〉(p) + 〈∂i,∇∂k

∂j〉(p) = Γl
ki(p)glj(p) + Γl

kj(p)gli(p)

and thus the conclusion follows from the fact Γk
ij(p) = 0.

(3) This is a direct consequence of (1), (2) and the definition of determinant.

Remark. As a result, in a Riemannian normal coordinate centered at p, we have

gij = δij +O(|x|2) and det(gij) = 1 +O(|x|2)

near p. In fact, as we will see later, what hides in O(x2) are the curvature information of (M, g)
at p: the Riemannian curvature for gij , and the Ricci curvature for det(gij).

In Riemannian normal coordinate system centered at p, many differential operators have very
simple expressions at p. As a result, it can simplify computations a lot. For example, given
any smooth vector field X = Xi∂i, we have defined its divergence to be divX =

1√
G
∂i(

√
GXi).
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By Lemma 4.20 (3), we have ∂i(
√
G)(p) = 0. So it follows that in a given Riemannian normal

coordinate system centered at p,

divX(p) =
∑
i

∂iX
i(p).

As a result, the Laplacian ∆f at p also has a very simple expression,

∆f(p) = − div∇f(p) = −∂2i f(p).

Similarly the Hessian ∇2f of f , in the Riemannian normal coordinates, becomes

(∇2f)(∂i, ∂j)(p) = ∂j∂if(p)− (∇∂j∂i)f(p) = ∂j∂if(p).

In particular, we see that at each p,

tr(∇2f)(p) = gij(p)(∇2f)(∂i, ∂j)(p) = gij(p)∂i∂jf(p) = ∂2i f(p).

So we proved

Proposition 4.21. For any f ∈ C∞(M), ∆f = − tr(∇2f).

This formula can be viewed as a second definition of the Laplace operator ∆.

Strongly Convex Neighborhood

Finally we take a look at Whitehead’s theorem for Riemannian manifolds. We may carefully
check the proof of Whitehead’s theorem last time: in 2 steps we choose the convex normal neigh-
borhood U carefully so that in the normal coordinate system, expp(U) is a ball in Rm. In current
setting if we use Riemannian normal coordinate system, then that means U is a small geodesic ball
centered at p. Also in step 1 we may choose Ũ1 carefully so that each Vq is a ball in (TqM, gq) in-
stead of only a star-like subset in TqM , which means each Uq is a geodesic ball in the construction.
In view of Theorem 4.19, we conclude that for such a geodesic ball U , any two points q1, q2 ∈ U
can be connected by a unique geodesic γ of length d(q1, q2), and this minimizing geodesic γ lies in
U .

Such a neighborhood is called strongly convex or geodesically convex. So we get

Theorem 4.22 (Whitehead). Let (M, g) be a Riemannian manifold, then for any p ∈ M there
exists ρ > 0 so that the geodesic ball B(p, ρ) is strongly convex.

4.3 Existence of Shortest Geodesics
By using ODEs (or equivalently, vector fields on tangent or cotangent bundles), we have proved

local existence of geodesics as well as the local length-minimizing property. In what follows we
turn to global aspects of geodesics.

4.3.1 Length Minimizing Curves on Compact Riemannian Manifolds
Length Minimizing Curves are Geodesics

Last time we showed that near any point p, there is a neighborhood U so that for any two
points q1, q2 ∈ U , there is a unique normal geodesics γ in U that connects q1 and q2, and moreover,
γ is the only shortest curve connecting q1 and q2. As a consequence, one gets

Proposition 4.23. Let p, q be two points on (M, g). If γ : [0, l] →M is a piecewise smooth curve
that connects p = γ(0) and q = γ(l) and is parameterized by arc-length [so l = Length(γ)], and if
l = d(p, q), then γ is smooth and is a geodesics.
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Proof. First note that by definition of the Riemannian distance function d, there is no piecewise
smooth curve connecting p and q of length less than l.

By compactness of γ([0, l]), there is ε > 0 so that any t1, t2 ∈ [0, l] with |t1− t2| < ε, there is a
unique arc-length parameterized length-minimizing curve γt1,t2 connecting γ(t1) and γ(t2) which
is a normal geodesic. If γt1,t2 6= γ|[t1,t2], then γt1,t2 is strictly shorter than γ|[t1,t2], and we may
replace γ|[t1,t2] by γt1,t2 to get a piecewise smooth curve which is shorter than γ, a contradiction.
So for any t1, t2 ∈ [0, l] with |t1 − t2| < ε, γ|[t1,t2] is smooth and satisfies the geodesic equation. It
follows that γ is smooth and satisfies the geodesic equation on the whole [0, l].

So the shortest curve between any two points on a connected Riemannian manifold must be
a geodesic. Here are two natural subsequent questions:

Question 1: Given p, q ∈ M , does there exist a smooth curve of length d(p, q) between p
and q [which then becomes a shortest geodesic]?

Question 2: Given p, q ∈ M , is the length-minimizing curve the only geodesics connecting
p and q?

By studying very simple examples, it is quite obvious that the answers to both questions are NO.
However, as usual a simple “no” is not a satisfied answer. In the next couple lectures we will
give more in-depth answer to these two questions. For example, under which condition the answer
to Question 1 is yes? For Question 2, how does a geodesic change from length minimizing to
non-minimizing?

Length Minimizing Curves on Compact Riemannian Manifolds

For the remaining of this lecture, we focus on Question 1, or more generally, on conditions
for the existence of various “global shortest geodesics”. So let’s start with a simple counterexample
to Question 1:

Example. Let M = R2 \ {0} be the punctured plane, equipped with standard Euclidean flat
metric. Then there is no smooth curve of length 2 connecting the points (−1, 0) and (1, 0).

One can easily find the issue in this example: there are many curves of length 2+ε connecting
(−1, 0) and (1, 0), but their “limit curve” does not exist as a curve in M because of the puncture.
In fact, this is always the case for those examples that Question 1 has answer “NO”: Given
any connected Riemannian manifold (M, g) and any p, q ∈ M , by definition there exist piecewise
smooth curves γε of length no more than d(p, q) + ε. By using the technique in the proof of
Proposition 4.23, one can even assume these curves to be “piecewise geodesics” [i.e. piecewise
smooth with each piece a geodesic]. But these curves cannot converge to a piecewise smooth curve
in M : If they converge (in the uniform convergence topology) to a piecewise smooth curve in M ,
then by the lower semi-continuity of the length functional [c.f. Exercise 1.1], the limit curve must
has length d(p, q) and thus by Proposition 4.23, must be a shortest geodesic connecting p and q.

Now suppose M is compact. As one can imagine, in this case such a sequence will converge,
and thus give us a YES to Question 1. The key observation is:

Lemma 4.24. Let γi : [0, 1] → M be a family of piecewise smooth curve parameterized with
constant speed [i.e. with |γ̇i(t)| = Length(γi) at all smooth points t of γi], such that Length(γi) < L
for some constant L, then the family {γi} is equicontinuous.

Proof. For any x0 ∈ [0, 1] and any ε > 0, if we take δ = ε

L
, then for |x− x0| < δ,

d(γi(x), γi(x0)) = |x− x0|Length(γi) < ε, ∀i,

and the conclusion follows.

Now we prove

Theorem 4.25. If (M, g) is a compact connected Riemannian manifold, then for any p, q on M ,
there is a geodesic of length d(p, q) connecting p and q.



CHAPTER 4. GEODESICS AND VARIATIONS 90

Proof. Let γi be a sequence of piecewise smooth curves with

γi(0) = p, γi(1) = q, Length(γi) < d(p, q) +
1

i
,

parameterized with “constant speed”. By Lemma 4.24, {γi} is equicontinuous. It is also pointwise
precompact since M is a compact metric space. Applying Arzela-Ascoli theorem we know γi has a
subsequence that converges to a continuous map γ : [0, 1] → M . To get a piecewise smooth curve
out of γ, we fix ε0 < inj(M, g), and fix N such that 1

N
<

ε0
d(p, q) + 1

. Split each γi into N pieces,

γji = γi|[ j
N , j+1

N ]. Then γji converges to γj = γ|[ j
N , j+1

N ]. Denote pj = γ

(
j

N

)
. Then

d(pj , pj+1) ⩽ lim inf
i→∞

Length(γji ) ⩽
d(p, q)

N
< ε0.

Let γ̃ be the piecewise geodesic obtained by connecting each pj to pj+1 by the shortest geodesic
(which exists since ε0 < inj(M, g)). Since by definition p0 = p, pN = q and

Length(γ̃) =

N−1∑
j=0

d(pj , pj+1) ⩽ d(p, q),

we conclude from Proposition 4.23 that γ̃ is the shortest geodesic from p to q (whose length is
d(p, q)).

Length Minimizing Curves in Given Path-homotopy Class

With a little bit more work, one can find geodesics between p and q that are not absolutely
length minimizing, but only “relatively length minimizing”:

Theorem 4.26. Let (M, g) be a compact connected Riemannian manifold, and p, q are two
points in M . Then in each path-homotopy class of curves γ with γ(0) = p, γ(1) = q, there is a
length-minimizing curve and the curve is a geodesic.

Proof. Let l0 be the infimum of length of all piecewise smooth curves in the given path homotopy
class, which is positive (at least d(p, q)) since p 6= q. Again take a sequence of piecewise smooth
curves γi in the given path homotopy class so that Length(γi) < l0+

1

i
. By Arzela-Ascoli theorem

as above, γi has a convergent subsequence whose limit is a continuous curve γ. We take ε0 small
so that each geodesic ball B(p, 2ε0) is strongly convex (as in Whitehead theorem). Again we may

divide each γi into N pieces, and let pj = γ

(
j

N

)
. Then we still have d(pj , pj+1) < ε0. As a

result, γ|[ j
N , j+1

N ] is path-homotopic to the shortest geodesic connecting pj to pj+1. So if we let γ̃
be the piecewise geodesic obtained by connecting each pj to pj+1 by shortest geodesic, then γ̃ is
path homotopic to γ and has shortest length in the given homotopy class. Finally, by Proposition
4.23, each sufficiently small part in γ̃ must be geodesic. So γ̃ is a geodesic.

Remark. It was proved by Serre in 1951 that in any compact Riemannian manifold, there are
infinitely many geodesics joining any pair of points. [Note that for the sphere, the geodesics could
contain a whole great circle which repeat many times.]

Length Minimizing Closed Curves in Given Free Homotopy Class

One may also apply the same argument to the case p = q, i.e. consider closed curves with
base point p. There are two issues:

(1) If the homotopy class is trivial, then “the shortest curve” is a single point and thus is not
interesting.
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(2) In each non-trivial homotopy class of curves with base point p, by the same argument one
gets:

Proposition 4.27. There is a shortest curve γ : [0, 1] → M with γ(0) = γ(1) = p in the given
homotopy class with base point p, and it is a geodesic.

However, in general γ is not smooth at the point p (i.e. γ̇(0) 6= γ̇(1)). Such a curve is called a
geodesic loop with base point p.

Note that although a geodesic loop γ is a closed curve on M , it is not closed if we take an
“upstairs” point of view: the integral curve in S∗M that corresponds to γ is not a closed curve in
S∗M . In applications those geodesics that are “not only closed on M , but also closed on S∗M”
are more important:

Definition 4.28. We say a geodesic γ : [0, 1] → M is a closed geodesic if γ(0) = γ(1) and
γ̇(0) = γ̇(1).

So closed geodesics are projections of closed integral curves in S∗M to M , and they can also
be regarded as smooth maps γ : S1 → M that satisfies the geodesic equation for all t ∈ S1. Here
are some simple examples:

• Any geodesic on Sm is a closed geodesic.

• On the standard cylinder S1 ×R, a geodesic is either a closed geodesic (“horizontal circles”)
or a non-self-intersecting geodesic that “goes to infinity” in both direction. [Similar for the
standard torus S1 × S1].

• For the one-sheet hyperboloid x2 + y2 − z2 = 1, there is a unique closed geodesic (the circle
with z = 0), and many geodesic loops based at points not on the closed geodesic, as well as
many “unbounded geodesics”.

As motivated by the last example, to get a closed geodesic one cannot use curves in the
“homotopy class with base point p” any more. Instead, one should look at the free homotopy class
of closed curves. By adjusting the proofs above, one has

Theorem 4.29. Let (M, g) be a compact connected Riemannian manifold which is not simply
connected. Then in each free homotopy class, there is a length-minimizing curve and the curve is
a geodesic.

Remark. The theorem fails for non-compact connected Riemannian manifold (even if we add
completeness assumption).

Remark. For compact simply-connected Riemannian manifold, one can also prove the existence
of a closed geodesic: It was proved by Birkhoff for Riemannian 2-spheres (with any Riemannian
metric), and later by Lusternik-Fet for any compact simply connected Riemannian manifold. It
was further proved by Gromoll-Meyer in 1971 that for simply connected closed manifolds whose
cohomology ring H∗(M ;Q) is not generated by a single element, there are always infinitely many
closed geodesics.

4.4 Completeness
4.4.1 The Hopf-Rinow Theorem
The Hopf-Rinow Theorem and Consequences

Last time we proved that on any compact Riemannian manifold, any nontrivial path-homotopy
class contains a shortest curve and that curve must be a geodesics. Today we will study geodesics
in a wider class of Riemannian manifolds, namely, complete Riemannian manifolds, and prove the
existence of shortest geodesics in each non-trivial path-homotopy class in such manifolds.

We will first prove the existence of shortest geodesics [i.e. a geodesic of length d(p, q)] between
any two given points p, q on any complete Riemannian manifold. This is the second part of a well-
known theorem proved by Hopf and Rinow in 1931. Recall that a Riemannian manifold (M, g) is
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called geodesically complete if the maximal defining interval of any geodesic on M is R. On the
other hand, any Riemannian (M, g) admits a Riemannian metric structure given by

d(p, q) = inf{L(γ) | γ is a piecewise smooth curve connection p to q},

and thus we can talk about the completeness of d: a metric space is complete if any Cauchy
sequence in it converges.

Now we state Hopf-Rinow theorem, which contains two parts: the first part claims that for
Riemannian manifolds, the two notions of completeness coincide; while the second part claims the
existences of shortest geodesic on such manifolds.

Theorem 4.30 (Hopf-Rinow). Let (M, g) be a connected Riemannian manifold.

(Part I) The following statements are equivalent:

(1) (M,d) is a complete metric space.
(2) (M, g) is geodesically complete.
(3) There exists p ∈M , so that expp is defined for all Xp ∈ TpM .
(4) [Heine-Borel Property] Any bounded closed subset in M is compact.

(Part II) Moreover, each of the previous statements implies

(5) for any p, q ∈M , there exists a geodesic of length d(p, q) connecting p and q.

Definition 4.31. A connected Riemannian manifold (M, g) satisfying any of (1)-(4) is called a
complete Riemannian manifold.

Remark. Property (5) is NOT enough to guarantee that (M, g) is complete. For example, the
open unit ball B1(0) in (Rm, g0) satisfies (5), but is not complete.

Remark. For a general metric space, condition (1) does NOT imply condition (4): any infinite
dimensional Banach or Hilbert space like L2 is a counterexample. So as metric spaces, Riemannian
manifolds are special (and nice) metric spaces.

We list a couple immediate consequences of Hopf-Rinow theorem. Since any compact metric
space is complete, we get another proof of

Corollary 4.32. Any compact Riemannian manifold is geodesically complete.

Since any two points can be connected by a geodesic,

Corollary 4.33. If (M, g) is complete and connected, then for any p ∈ M , the exponential map
expp : TpM →M is surjective.

Since the Heine-Borel property is inherited by closed subsets, we have [warning: although
any closed subspace of a complete metric space is complete, one cannot apply (1) here since “the
induced metric on a submanifold S in the metric space (M,d)” is not the same as “the Riemannian
distance generated by the induced Riemannian metric on S ⊂ (M, g)”]

Corollary 4.34. Any closed submanifold of a complete Riemannian manifold, when endowed with
the induced Riemannian metric, is complete.

Proof of “Hopf-Rinow Theorem, Part II”

We first prove Part II of Hopf-Rinow theorem. More precisely, we prove (2)⇒(5), or equiva-
lently, its local version, namely (3)⇒(5’), where

(5’) for any q ∈M , there exists a geodesic of length d(p, q) connecting p and q.
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Denote r = d(p, q). We have already seen that there exists 0 < δ < r so that the exponential
map expp is a diffeomorphism from Bδ(0) ∈ TpM to B(p, δ) ∈ M . Note that the geodesic sphere
S(p, δ) = expp(Sδ(0)) is compact. Since the distance function is continuous [c.f. Section 1.3], there
exists p0 ∈ S(p, δ) so that

d(p0, q) = inf
p′S(p,δ)

d(p′, q).

Let γ be the normal geodesic from p to p0. By (3), γ is defined over R. Let

A = {s ∈ [δ, γ] | d(γ(s), q) = r − s}.

We will show supA = r, which implies γ(r) = q.
To prove this, we first notice that δ ∈ A, since

r = d(p, q) = inf
p′∈S(p,δ)

(d(p, p′) + d(p′, q)) = δ + inf
p′∈S(p,δ)

d(p′, q) = δ + d(γ(δ), q).

So A is nonempty.
Secondly, it’s easy to see that A is closed, since the function

f(s) = d(γ(s), q)− r + s

is continuous and A = f−1(0) ∩ [δ, r].
Now let s0 = supA. Since A is nonempty and closed, s0 ∈ A. Suppose s0 < r. Then by

repeating the previous argument, we know that there exists 0 < δ′ < r − s0 and p′0 ∈ S(γ(s0), δ
′)

so that
d(p′0, q) = min

p′∈S(γ(s0),δ′)
d(p′, q) = d(γ(s0), q)− δ′.

Since s0 ∈ A, we get
d(p′0, q) = r − s0 − δ′.

So by the triangle inequality,

d(p′0, p) ⩾ d(p, q)− d(p′0, q) = r − (r − s0 − δ′) = s0 + δ′.

On the other hand, the curve γ̃ by connecting p to γ(s0) along γ and then connecting γ(s0) to p′0 by
the “radial” minimal geodesic has length exactly s0+δ′. So γ̃, with the arc-length parametrization,
must be a geodesic. Obviously γ̃ has to coincide with γ. In other words, p′0 = γ(s0 + δ′). As a
consequence,

d(γ(s0 + δ′), q) = r − (s0 + δ′),

i.e. s0 + δ′ ∈ A. This conflicts with the fact that s0 = supA.

Proof of “Hopf-Rinow Theorem, Part I”

Having proved (3)⇒(5’), now we prove Part I of Hopf-Rinow’s theorem by

(4) ⇒ (1) ⇒ (2) ⇒ (3) and (3) + (5′) ⇒ (4).

(4)⇒(1): This is a standard result in general topology: Let pi be any Cauchy sequence, then the
set {pi} is contained in bounded ball B whose closure is compact by (4). It follows that pi has
a subsequence that converges to some p0. But pi is a Cauchy sequence, so the entire sequence
pi → pi.
(1)⇒(2): Let γ be any normal geodesic on M . By the existence and uniqueness theorem, the
maximal defining interval of γ must be an open interval (a, b). If b < ∞, then we can take a
sequence si → b−. In particular, si is a Cauchy sequence in R. But γ is a normal geodesic, so

d(γ(si), γ(sj)) ⩽ |si − sj |.

As a consequence, γ(si) is a Cauchy sequence in (M,d). If follows that there exists a point p ∈M
so that γ(si) → p.
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Since E is open and (p, 0) ∈ E , there exists ε > 0 so that (q, Yq) ∈ E for any q with d(q, p) < ε

and any Yq ∈ TqM with |Yq| < 2ε. So if we take i large enough so that b − si <
ε

2
and thus

d(γ(si), p) <
ε

2
, then γ(t; γsi , εγ̇(si)) is defined for t ∈ [0, 1]. In other words, the geodesic γ1(t) =

γ(t; γ(si), γ̇(si)) is well defined for 0 < t < ε. Since γ1 coincides with γ at si, they must be the
same. In particular, γ can be defined for all t < si +

ε

2
, which exceeds the upper bound b, a

contradiction.
Similarly by considering the “reverse geodesic” one also has a = −∞. So any normal geodesic

on M , and thus any geodesic on M , has defining interval R.
(2)⇒(3): This is obvious. ((M, g) is geodesically complete ⇔ E = TM .)
(3)+(5’)⇒(4): Let K ⊂ M be a bounded closed set. Then there exists a constant C > 0 so that
d(p, k) < C for all k ∈ K. According to (3) and (5’), K ⊂ expp(BC(0)), where BC(0) is the closed
ball of radius C in TpM , which is compact in TpM . Since expp is smooth, expp(BC(0)) is also
compact. Thus K, as a closed subset of a compact set, is compact.

4.4.2 Geodesics and Riemann Covering Map
Lifting to the Riemannian Covering

Next let’s turn to prove the existence of length minimizing geodesics in any path-homotopy
class of curves connecting p to q. The idea is to straightforward: instead of working on piecewise
smooth curves in M connecting given points p and q that lies in a given path-homotopy classes,
we will move to the universal covering π : M̃ → M of M and work on piecewise smooth curves
starting with a fixed p̃ ∈ π−1(p) and ends at the point q̃ ∈ π−1(q) so that any curve connecting p̃
and q̃ projects to a curve in the given path-homotopy classes, and then we can apply the second
part of Hopf-Rinow theorem.

For the argument mentioned above to work, we need a couple ingredients. First, we need to
lift the complete metric g on M to a complete metric on its universal covering M̃ . Recall

• Let M , N be connected smooth manifolds. A smooth map f :M → N is said to be a smooth
covering map if

(1) for any q ∈ N , there is a neighborhood V of q in N and open subsets Uα of M so that
f−1(V ) =

⋃
α
Uα,

(2) for each α, f : Uα → V is a diffeomorphism,
(3) these Uα’s are disjoint.

As is well known, if f :M → N is a covering map, then

– dimM = dimN and f is surjective,
– fix any pα ∈ f−1(q), any path (and path homotopy) starts at q in N admits a unique

lifting to M that starts at pα,
– moreover, if N is simply connected, then f is a global diffeomorphism.

• If (M, gM ) and (N, gN ) are Riemannian manifolds, then a smooth covering map π :M → N
is called a Riemannian covering map if π∗gN = gM . Note:

– given any smooth covering map π : M → N and any Riemannian metric on N , one
may pullback that metric to M to make the covering map a Riemannian covering [c.f.
Exercise 1.3].

– any Riemannian covering map is a local isometry.

• We also need some standard properties of local isometries. Let f : (M, g) → (N,h) be a local
isometry, then
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– M and N have “the same” Riemannian metrics at corresponding points, and thus the
same Levi-Civita connections and the same Riemannian curvature at corresponding
points [c.f. Exercise 2.1].

– in particular, f maps geodesics into geodesics, and if f is a Riemannian covering, then
the lifting of a geodesic is a geodesic.

– for any piecewise smooth curve γ in M , one has |γ̇|γ(t) = |dfγ(t)(γ̇)|f(γ(t)) and thus
L(γ) = L(f(γ)).

Now we prove

Proposition 4.35. Let (M, g) be a complete Riemannian manifold, and π : M̃ →M be a smooth
covering map. Then (M̃, π∗g) is complete.

Proof. For any p̃ ∈ M̃ and any ṽ ∈ Tp̃M̃ , we denote p = π(p̃) and v = dπp̃(ṽ). Then by definition
of completeness, there is a geodesic γ : R → M with γ(0) = p and γ̇(0) = v. By the path-lifting
property for covering space, there is a unique lifting γ̃ : R → M̃ with γ̃(0) = p̃, which is a geodesic
since it is the lifting of a geodesic. Moreover, since π : (M̃, π∗g) → (M, g) is a local isometry and
since π ◦ γ̃ = γ, we get

˙̃γ(0) = (dπp̃)
−1(γ̇(0)) = (dπp̃)

−1(v) = ṽ.

So the geodesic starts at p̃ in the direction ṽ is defined over R.

Length Minimizing Curves in Given Path-homotopy Class

As a consequence, we can extend Theorem 4.26 to complete Riemannian manifolds.

Theorem 4.36. Let (M, g) be a complete connected Riemannian manifold, and p, q are two
points in M . Then in each path-homotopy class of curves γ with γ(0) = p, γ(1) = q, there is a
length-minimizing piecewise smooth curve and it is a geodesic.

Proof. Consider the universal covering π : M̃ → M . Equip M̃ with the covering Riemannian
metric π∗g. Given any path σ : [0, 1] → M connecting p and q in the given homotopy class, and
given any p̃ ∈ π−1(p), there is a unique lifting σ̃ : [0, 1] → M̃ of σ with σ̃(0) = p̃. Since (M̃, π∗g) is
complete, by Hopf-Rinow theorem, there is a minimizing geodesic γ̃ from p̃ to q̃ := σ̃(1). Since π
is a local isometry, the projection γ = π ◦ γ̃ is a geodesic in M with γ(0) = p, γ(1) = q. Since M̃
is simply connected, γ̃ is path-homotopic to σ̃ and thus γ is path-homotopic to σ.

Finally suppose σ1 be any piecewise smooth curve in M from p to q in the given path homotopy
class, then its lifting σ̃1 in M̃ with starting point σ̃1(0) = p̃ must ends at q̃, and thus by our choice
of γ̃,

L(γ) = Length(γ̃) ⩽ Length(σ̃1) = L(σ1).

So γ is the shortest curve in the given path homotopy class.

The Theorem of Ambrose

In Proposition 4.35 we start with a complete Riemannian manifold downstairs and a smooth
covering map [topological information], and end with a complete Riemannian structure upstairs
so that the map is a local isometry [geometric information]. It turns out that theorem has an
“inverse”, i.e. given an upstairs complete Riemannian manifolds and a local isometry f [geometric
information], the downstairs metric must be complete and the map is a covering map [topological
information]:

Theorem 4.37 (Ambrose). Let (M, g) and (N,h) be connected Riemannian manifold, and f :
(M, g) → (N,h) a local isometry. Suppose (M, g) is complete, then f is a smooth covering map,
and (N,h) is complete.

Note that “f : (M, g) → (N,h) a local isometry and (N,h) is complete” is not enough to
guarantee f to be a covering map. We give an immediate consequence of Ambrose’s theorem,
which will be used later in studying structures of Riemannian manifolds of non-positive sectional
curvature:
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Corollary 4.38. Let (M, g) be a connected Riemannian manifold, and p ∈M . If expp : TpM →M
is a local diffeomorphism everywhere, then expp is a covering map.

Proof. Note that the condition implies expp is defined on the whole TpM , and thus by Hopf-Rinow,
(M, g) is complete. Endow TpM with the metric g = (expp)

∗g, then

• expp : (TpM, g) → (M, g) is a local isometry.

• For any v ∈ TpM , the curve γ(t) = tv is a geodesic in (TpM, g) since its image expp(tv) is a
geodesic in (M, g). In other words, exp0 : T0(TpM) → TpM is defined on the whole T0(TpM),
and thus by Hopf-Rinow, (TpM, g) is complete.

So by Ambrose theorem, expp is a covering map.

Proof of Ambrose’s Theorem

We will prove this in four steps.
Step 1 “Lift” geodesics in N to geodesics in M :

Lemma 4.39. Under the conditions of the theorem, given any geodesic γ : [a, b] → N and any
p ∈ f−1(γ(a)), we can “lift” γ to a geodesic γ : [a, b] → M so that γ(t) = f(γ(t)) and γ(a) = p.
Moreover, the lift is unique.

Proof. Since dfp : TpM → Tγ(a)N is a linear isometry, one can find a unique Xp ∈ TpM so that

dfp(Xp) = γ̇(a).

Let γ : [a, b] →M be the geodesic in M with (used completeness here)

γ(a) = p, γ̇(a) = Xp.

Then f ◦γ is a geodesic in N with same initial conditions as γ, and thus γ = f ◦γ. The uniqueness
of lift also follows directly from the fact that dfp : TpM → Tγ(a)N is a linear isometry.

Step 2 (N,h) is complete.
Fix any point p ∈ N which lies in the image of f . For any geodesic γ starting at p, by Lemma

4.39, we can lift γ to a geodesic γ starting at any p ∈ f−1(p). Since (M, g) is complete, γ is a
geodesic defined for all t. It follows that γ = f ◦γ is a geodesic defined for all t. So by Hopf-Rinow
theorem, (N,h) is complete.
Step 3 f is surjective.

Fix any point p ∈ N which lies in the image of f . For any q ∈ N , since (N,h) is complete,
there is minimizing geodesic γ from p to q. By Lemma 4.39, we can lift γ to a geodesic γ starting
at any γ ∈ f−1(p). It follows that q ∈ f (γ) ⊂ Im(f).
Step 4 Verify covering properties.

Step 4.1 Construct V and Uα: Fix any q ∈ N , we may assume f−1(q) = {pα}α∈I . Take δ small
enough so that V = B(q, δ) is a normal geodesic ball. For each α, let

Uα = B(pα, δ) ⊂M.

We note that each point in Uα can be connected to pα through a unique minimizing geodesic of
length less than δ: if there exists p′ ∈ Uα that can be connected to pα by two geodesics γ, γ′ of
lengths less that δ starting at pα, then f(γ) and f(γ′) are geodesic in N from q to f(p′) of lengths
less than δ, and thus we must have f(γ) = f(γ′) =: γ̃ and thus γ̇(0) = (dfpα

)−1( ˙̃γ(0)) = γ̇′(0).
Step 4.2 f−1(V ) =

⋃
α
Uα: For any p ∈ f−1(V ), let γ : [0, 1] → N be the minimal geodesic in V

connecting f(p) to q, and γ its lift starting at p. Then f(γ(1)) = γ(1) = q, so there exists α so
that γ(1) = pα. Note L(γ) = L(γ) < δ, we conclude that p ∈ Uα. So f−1(V ) ⊂

⋃
α
Uα.

Conversely, for any point p ∈ Uα, there is a minimal geodesic γ : [0, 1] → M connecting pα
to p with length < δ. It follows that γ = f ◦ γ is a geodesic starting from q with length < δ. So
f(p) = f(γ(1)) = γ(1) ∈ V , and thus Uα ⊂ f−1(V ).



CHAPTER 4. GEODESICS AND VARIATIONS 97

Step 4.3 f : Uα → V is diffeomorphism: Since local isometry maps geodesics into geodesics, and
geodesics are determined by initial values, we have

expq[dfpα
(Xα)] = f(exppα

(Xα))

for any Xα ∈ TpαM . Moreover, when restricted to balls of radius δ, both expq and exppα
are

diffeomorphisms. Since df is an linear isomorphism which is also a diffeomorphism on the whole
TpαM , we conclude that

f = expq ◦dfpα
◦ exp−1

pα

when restricted to balls of radius δ, so in particular f : Uα → V is a diffeomorphism.
Step 4.4 For α 6= β, Uα ∩ Uβ = ∅: Suppose there exists p ∈ Uα ∩ Uβ and α 6= β. Let γα and
γβ be the minimal geodesic from p to pα and pβ respectively. Then f(γα) and f(γβ) are minimal
geodesics in N , both from f(p) to q. It follows that f(γα) = f(γβ), and both γα and γβ are lifts
of f(γα) from p. By uniqueness of lift, γα = γβ and thus pα = pβ .

4.5 Variations of Length and Energy
Although we defined geodesics as “self-parallel” curves, in the last sections we have seen that

on Riemannian manifolds, geodesics are closely related to “length minimizing” curves:

• (Section 4.2) on any Riemannian manifold, in a small neighborhood of any point, geodesics
are precisely the shortest curves connecting endpoints.

• (Section 4.3 and 4.4) on any complete Riemannian manifold, in each path-homotopy class,
there exists a length minimizing curve and it is a geodesic.

On the other hand, we also know the existence of geodesics which are not length minimizing in the
given path homotopy class [e.g. closed geodesics on Sm]. In what follows we take a closer look at
the relation between geodesics and the length functional.

4.5.1 Geodesics as Critical Points of Energy Functional
The Euler-Lagrange Equation

For any p, q ∈M , consider

Cpq = {γ : [a, b] →M | γ is piecewise smooth and γ(a) = p, γ(b) = q}.

One may ask: what property distinguish geodesics in Cpq from other curves? One of the answers
should be “length-minimizing”, at least locally. Now let’s attack this problem by studying the
length functional directly.

Recall that the length of a piecewise smooth curve γ : [a, b] → (M, g) is

L(γ) = Length(γ) =

∫ b

a

|γ̇(t)|dt.

To find the minimum of such a functional, for simplicity let’s first assume that γ is inside a
coordinate patch, and thus is given by a vector-valued function x(t) = (x1(t), . . . , xm(t)). Consider
a very general question in variational analysis:

Given a smooth function f = f(t, x, ẋ), find all the minimizer of the functional

I(x) =

∫ b

a

f(t, x(t), ẋ(t))dt

in the set of all smooth curves x(t) = (x1(t), . . . , xm(t)) with fixed endpoints x(a) = p, x(b) = q.
Since this “space of smooth curves” is huge (namely, of “infinitely dimensional”), one cannot

apply usual methods in calculus to find the minimizer. Fortunately, there is a new branch of
mathematics called variational calculus that is invented to handle such problems. The idea is:
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convert the one “infinitely dimensional” problem [in which we have infinitely many directions to
move] to infinitely many “one-dimensional problems” [in which we fix one direction to move].
Here is how it works in this example: Since we are studying the functional on curves with fixed
endpoints, we may fix any smooth map y(t) = (y1(t), . . . , ym(t)) with y(a) = y(b) = 0 and consider
the corresponding one-parameter family of curves of the form x(t) + εy(t). So if x = x(t) is a
minimizer of I, then we must have

0 =
d

dε

∣∣∣∣
ε=0

I(x+ εy) =
d

dε

∣∣∣∣
ε=0

∫ b

a

f(t, x+ εy, ẋ+ εẏ)dt

=

∫ b

a

(
∂f

∂xk
(t, x, ẋ)yk +

∂f

∂ẋk
(t, x, ẋ)ẏk

)
dt

=

∫ b

a

(
∂f

∂xk
(t, x, ẋ)− d

dt

∂f

∂ẋk
(t, x, ẋ)

)
ykdt.

As a result, we see that if x is a minimizer (or a critical point) of I, then

∂f

∂xk
(t, x, ẋ) =

d

dt

∂f

∂ẋk
(t, x, ẋ), 1 ⩽ k ⩽ m,

which is known as the Euler-Lagrange equation for the functional I.

Arc Length v.s. Energy

We may apply Euler-Lagrange equation above to the function

f(t, x(t), ẋ(t)) = (〈ẋ(t), ẋ(t)〉x(t))
1
2 = (gij(x(t))ẋ

i(t)ẋj(t))
1
2 .

However, since there is a square root, the computation could be a bit messy. It turn out that there
is a small trick that can simplify the computation a lot: instead of the length functional, we can
work on the energy functional:

E(γ) =
1

2

∫ b

a

|γ̇(t)|2dt.

By the Cauchy-Schwartz inequality, for each piecewise smooth curve γ,

L(γ)2 =

(∫ b

a

|γ̇(t)|dt

)2

⩽
(∫ b

a

12dt

)(∫ b

a

|γ̇(t)|2dt

)
= 2(b− a)E(γ),

with equality holds if and only if |γ̇(t)| ≡ constant. In particular, we see that although the length
functional L(γ) is independent of the choice of parametrizations, the energy functional does depend
on the parametrizations (and on the length of the interval [a, b]): among different parametrizations
of γ on fixed [a, b], E(γ) is minimized on the “constant speed parametrization”. As a consequence
we can prove

Proposition 4.40. A curve γ : [a, b] →M in Cpq minimize the energy functional E(γ) if and only
if it has constant speed and minimize the length functional L(γ).

Proof. Suppose γ : [a, b] → M minimize E(γ) but there exists γ′ ∈ Cpq such that L(γ′) < L(γ),
then for the “constant speed re-parametrization” γ̃ : [a, b] →M of γ′,

E(γ̃) =
1

2(b− a)
L(γ̃)2 =

1

2(b− a)
L(γ′)2 <

1

2(b− a)
L(γ)2 ⩽ E(γ′),

which is a contradiction. So any minimizer of E(γ) must also minimize L(γ).
Conversely, if γ : [a, b] → M has constant speed and minimize L(γ), but there is another

γ′ : [a, b] →M in Cpq with E(γ′) < E(γ), then

L(γ′) ⩽
√
2(b− a)E(γ′) <

√
2(b− a)E(γ) = L(γ),

a contradiction.
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Since any piecewise smooth curve can be reparameterized to have constant speed, to minimize
L(γ), it is enough to minimize E(γ) whose integrand is much simpler. Applying Euler-Lagrange
equation to

f(t, x(t), ẋ(t)) = gij(x(t))ẋ
i(t)ẋj(t)

we get, for 1 ⩽ k ⩽ m,

∂gij
∂xk

ẋiẋj =
d

dt
(gkj ẋ

j) +
d

dt
(gikẋ

i) = 2
∂gkj
∂xi

ẋiẋj + 2gkj ẍ
j ,

which, as we have seen in Section 4.2, is equivalent to the geodesic equation

ẍk + Γk
ij ẋ

iẋj = 0, 1 ⩽ k ⩽ m.

Amazingly enough, by this way we get not only all the geodesics that are length minimizing curves
in Cpq and all the geodesics that are the length minimizing curves in each path homotopy class of
Cpq1, but in fact we get ALL the geodesics connecting p and q:

Theorem 4.41. For a Riemannian manifold (M, g), a curve γ : [a, b] → M in Cpq is a geodesic if
and only if it satisfies the Euler-Lagrange equation of the energy functional E(γ).

This gives another proof of the fact that any length minimizing curve is a geodesic, and also
explains why there exist geodesics that are not length minimizing even in the given path-homotopy
class: those curves are only “critical points” of E which need not be minimizing among all near-by
curves. If one need to find the minimizing geodesics, then as usual one can further calculate the

second order derivative d2

dε2

∣∣∣∣
ε=0

E(x+ εy) in a coordinate system, using which one can show that

geodesics are always length-minimizing locally in a neighborhood.

4.5.2 Formulas for the First and Second Variations
The calculations above are thought-provoking but has the shortcoming that they are performed

in a chart. In what follows we take a global way to calculate the first and second derivatives, and
also study variations which could be more general (without fixing endpoints) or more restrictive
(with geodesic variation).

Variations

For simplicity we start with smooth variations of a smooth curve:

Definition 4.42. Let γ : [a, b] →M be a smooth curve, and ε > 0.

(1) A smooth variation of γ is a smooth map f : [a, b]× (−ε, ε) →M so that

f(t, 0) = γ(t)

for all t ∈ [a, b]. In what follows, we will also denote γs(t) = f(t, s).

(2) A variation f is called proper if for every s ∈ (−ε, ε),

γs(a) = γ(a) and γs(b) = γ(b).

(3) A variation is called a geodesic variation if each γs is a geodesic.

For simplicity, we denote R = [a, b] × (−ε, ε). Let f : R → M be a smooth variation of
γ. Then E = f∗TM is a vector bundle over R, on which we have an induced linear connection
∇̃ = f∗∇ (where ∇ is the Levi-Civita connection on (M, g)). To be rigorous, in what follows we

1Although these curves are not length minimizing in Cpq , they are in fact length minimizing among “nearby
curves”, namely among curves of the form x + εy in the computation above for ε small enough, since these curves
are in the same path-homotopy class.
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will calculate via ∇̃, and refer to the appendix of this section for the definition and properties of
∇̃.

The variation f gives rise to two natural sections of E, namely,

fs(t, s) := (df)t,s

(
∂

∂s

)
∈ Tf(t,s)M = Et,s

and
ft(t, s) := (df)t,s

(
∂

∂t

)
∈ Tf(t,s)M = Et,s,

where ∂

∂s
and ∂

∂t
are the coordinate vector fields on R. Note that by definition,

ft(t0, s0) = γ̇s0(t0).

We are mainly interested in the restriction of the sections fs and ft to s = 0, which are in fact
“vector fields along γ”. Obviously, we have γ̇(t) = ft(t, 0) = (df)t,0

(
∂

∂t

)
.

Definition 4.43. We will call

V (t) := fs(t, 0) = (df)t,0

(
∂

∂s

)
the variation field of the variation f .

Note that if γ is an embedded curve and f is an embedding, then both γ̇(t) and V (t) can
be regarded as vector fields on M along γ in a natural way, and the computations below can be
carried out via ∇ instead of ∇̃.

The First Variation Formula of Energy for Smooth Variations

Now we compute the variation of E along given variation (without fixing endpoints): Let f(t, s)
be a smooth variation of a smooth curve γ : [a, b] →M . By Proposition 4.60 and Proposition 4.62,
the derivative of E(γs) is

d

ds
E(γs) =

1

2

∫ b

a

〈γ̇s(t), γ̇s(t)〉dt =
∫ b

a

〈∇̃∂/∂sft, ft〉dt =
∫ b

a

〈∇̃∂/∂tfs, ft〉dt.

Applying metric compatibility (i.e. Proposition 4.60) again, we get∫ b

a

〈∇̃∂/∂tfs, ft〉dt =
∫ b

a

∂

∂t
〈fs, ft〉dt−

∫ b

a

〈fs, ∇̃∂/∂tft〉dt = 〈fs, ft〉
∣∣∣∣t=b

t=a

−
∫ b

a

〈fs, ∇̃∂/∂tft〉dt.

So we get

Theorem 4.44 (The First Variation of Energy). Given any smooth variation f(t, s) of a smooth
curve γ : [a, b] →M ,

d

ds
E(γs) =

∫ b

a

〈∇̃∂/∂tfs, ft〉dt = 〈fs(t, s), ft(t, s)〉
∣∣∣∣t=b

t=a

−
∫ b

a

〈fs, ∇̃∂/∂tft〉dt.

In particular,

d

ds

∣∣∣∣
s=0

E(γs) = −
∫ b

a

〈V (t),∇γ̇(t)γ̇〉dt− 〈V (a), γ̇(a)〉+ 〈V (b), γ̇(b)〉.

In particular, if f is a proper smooth variation, then

d

ds

∣∣∣∣
s=0

E(γs) = −
∫ b

a

〈V (t),∇γ̇(t)γ̇〉dt.

Again we see that γ is a geodesic (i.e. ∇γ̇ γ̇ = 0) if and only if γ is a critical point of the
energy functional E among all proper variations.
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The First Variation Formula of Length for Smooth Variations

Use the same way, one can calculate the first variation of the length. A trick to simplify the
computation is the following observation:

∂

∂s
|γ̇s(t)| =

∂

∂s
〈ft, ft〉

1
2 =

1

2

1

|ft|
∂

∂s
〈ft, ft〉 =

1

|ft|
〈∇̃∂/∂tfs, ft〉 =

〈
∇̃∂/∂tfs,

ft
|ft|

〉
.

Then following the same computation, one gets

Theorem 4.45 (The First Variation of Length). Let f(t, s) be a smooth variation of a smooth
curve γ. Then

d

ds

∣∣∣∣
s=0

L(γs) = −
∫ b

a

〈
V (t),∇γ̇(t)

γ̇

|γ̇|

〉
dt−

〈
V (a),

γ̇(a)

|γ̇(a)|

〉
+

〈
V (b),

γ̇(b)

|γ̇(b)|

〉
.

As an application we prove

Proposition 4.46. Let S be a closed submanifold of (M, g). Suppose γ is a geodesic from p /∈ S
to q ∈ S with L(γ) = d(p, S). Then γ is perpendicular to S.

Proof. For any v ∈ TqS, take a curve σ : (−ε, ε) → S with σ(0) = q and σ̇(0) = v. Let γs be a
variation of γ with γs(0) = p and γs(l) = σ(s), where l = L(γ). Then V (a) = 0 and V (b) = v, and
by the first variation formula,

0 =
d

ds

∣∣∣∣
s=0

L(γs) = 〈v, γ̇(l)〉,

thus the conclusion follows.

Piecewise Smooth Curve

More generally, one can consider piecewise smooth curves γ : [a, b] → M , i.e. there exists a
subdivision

a = t0 < t1 < t2 < · · · < tk < tk+1 = b

such that γ is smooth on each interval [ti, ti+1]. We shall consider piecewise smooth variations
of γ, which is a continuous map f : [a, b]×(−ε, ε) →M so that f is smooth on each [ti, ti+1]×(−ε, ε)
for each i. Note that this implies

• for each s ∈ (−ε, ε), the curve t 7→ γs(t) = f(t, s) is piecewise smooth,

• for each t ∈ [a, b], the curve s 7→ f(t, s) is smooth (so fs is well-defined at ti’s).

Applying the previous theorems to each [ti, ti+1]× (−ε, ε), we get

Corollary 4.47. Let f be a piecewise smooth variation of curve γ. Then

d

ds

∣∣∣∣
s=0

E(γs) = −
∫ b

a

〈V (t),∇γ̇ γ̇〉dt− 〈V (a), γ̇(a)〉+ 〈V (b), γ̇(b)〉 −
k∑

i=1

〈V (ti), γ̇(t
+
i )− γ̇(t−i )〉

and
d

ds

∣∣∣∣
s=0

L(γs) =−
∫ b

a

〈
V (t),∇γ̇

γ̇(t)

|γ̇|

〉
dt−

〈
V (a),

γ̇(a)

|γ̇(a)|

〉
+

〈
V (b),

γ̇(b)

|γ̇(b)|

〉
−

k∑
i=1

〈
V (ti),

γ̇(t+i )

|γ̇(t+i )|
− γ̇(t−i )

|γ̇(t−i )|

〉
.

The local computations above imply that among smooth curves, geodesics are critical points
of the energy functional. A natural question is: If a curve is piecewise smooth, can it be a critical
point of the energy functional? Of course for γ be a critical point of the energy functional, it must
be a geodesic when restricted to any subinterval where it is smooth, or in other words, it must be
“piecewise geodesic”.
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Corollary 4.48. If a piecewise smooth curve γ is a critical point of the energy functional among
proper variations, then it is C1 and thus a geodesic.

Proof. We can first choose proper variations with variation fields satisfying V (ti) = 0 and deduce
that ∇γ̇ γ̇ = 0 at any smooth point of γ. In particular, the first term in the right hand of the first
variation formula vanishes. As a consequence, we have

k∑
i=1

〈V (ti), γ̇(t
+
i )− γ̇(t−i )〉 = 0

for any variation field V . Then for each i we can consider all variation fields so that V (tj) = 0 for
all j 6= i, and conclude that

〈V (ti), γ̇(t
+
i )− γ̇(t−i ) = 0

for any V (ti) ∈ Tγ(ti). It follows that γ̇(t+i ) = γ̇(t−i ) and thus γ is C1.

Piecewise Smooth Curve

Finally we compute the second variation of energy. As in calculus, the second variation is
mainly used near critical points, i.e.. near geodesics. So we let γ : [a, b] → M be a geodesic, and
f(t, s) be a smooth variation of γ. According to Theorem 4.44, Proposition 4.60 and Proposition
4.62,

d2

ds2
E(γs) =

∫ b

a

〈∇̃∂/∂tfs, ft〉dt

=

∫ b

a

〈∇̃∂/∂s∇̃∂/∂tfs, ft〉dt+
∫ b

a

〈∇̃∂/∂tfs, ∇̃∂/∂sft〉dt

=

∫ b

a

〈
R̃

(
∂

∂s
,
∂

∂t

)
fs, ft

〉
dt+

∫ b

a

〈∇̃∂/∂t∇̃∂/∂sfs, ft〉dt+
∫ b

a

〈∇̃∂/∂tfs, ∇̃∂/∂tfs〉dt

There are two ∇̃∂/∂t in the above formula. We may either apply Proposition 4.60 to the first one
to get

d2

ds2
E(γs)

=

∫ b

a

∂

∂t
〈∇̃∂/∂sfs, ft〉dt+

∫ b

a

〈
R̃

(
∂

∂s
,
∂

∂t

)
fs, ft

〉
− 〈∇̃∂/∂sfs, ∇̃∂/∂tft〉+ 〈∇̃∂/∂tfs, ∇̃∂/∂tfs〉dt

=〈∇̃∂/∂sfs, ft〉
∣∣∣∣(b,s)
(a,s)

+

∫ b

a

〈
R̃

(
∂

∂s
,
∂

∂t

)
fs, ft

〉
− 〈∇̃∂/∂sfs, ∇̃∂/∂tft〉+ 〈∇̃∂/∂tfs, ∇̃∂/∂tfs〉dt

or apply Proposition 4.60 to both to get

d2

ds2
E(γs) =

∫ b

a

∂

∂t
(〈∇̃∂/∂sfs, ft〉+ 〈fs, ∇̃∂/∂tfs〉)dt

+

∫ b

a

(〈
R̃

(
∂

∂s
,
∂

∂t

)
fs, ft

〉
− 〈∇̃∂/∂sfs, ∇̃∂/∂tft〉 − 〈fs, ∇̃∂/∂t∇̃∂/∂tfs〉

)
dt

=(〈∇̃∂/∂sfs, ft〉+ 〈fs, ∇̃∂/∂tfs〉)
∣∣∣∣(b,s)
(a,s)

+

∫ b

a

(〈
R̃

(
∂

∂s
,
∂

∂t

)
fs, ft

〉
− 〈∇̃∂/∂sfs, ∇̃∂/∂tft〉 − 〈fs, ∇̃∂/∂t∇̃∂/∂tfs〉

)
dt.

Note that by Proposition 4.62 (a),〈
R̃

(
∂

∂s
,
∂

∂t

)
fs, ft

〉 ∣∣∣∣
(t,0)

= 〈R(V (t), γ̇(t))V (t), γ̇(t)〉 = 〈V,R(γ̇, V )γ̇〉(t).

So by letting s = 0 in both formula, we get



CHAPTER 4. GEODESICS AND VARIATIONS 103

Theorem 4.49 (The Second Variation of Energy). Let f(t, s) be a smooth variation of a geodesic
γ : [a, b] →M , then

d2

ds2

∣∣∣∣
s=0

E(γs) = 〈∇̃∂/∂sfs, γ̇〉
∣∣∣∣b
a

+

∫ b

a

(〈R(γ̇, V )γ̇, V 〉+ 〈∇γ̇V,∇γ̇V )dt

= (〈∇̃∂/∂sfs, γ̇ + 〈V, ∇̃γ̇V )

∣∣∣∣b
a

−
∫ b

a

〈V,∇γ̇∇γ̇V −R(γ̇, V )γ̇(t)〉dt.

In particular, if the variation is proper, then V (a) = V (b) = 0 and

(∇̃∂/∂sfs)

∣∣∣∣
(a,s)

= ∇V (a)fs(a, s) = 0, (∇̃∂/∂sfs)

∣∣∣∣
(b,s)

= ∇V (b)fs(b, s) = 0

so we get
d2

ds2

∣∣∣∣
s=0

E(γs) =

∫ b

a

(〈R(γ̇, V )γ̇, V 〉+ 〈∇γ̇V,∇γ̇V 〉)dt

=

∫ b

a

〈V (t),−∇γ̇∇γ̇V (t) +R(γ̇, V )γ̇(t)〉dt.

Note that
〈R(γ̇, V )γ̇, V 〉 = −Rm(γ̇, V, γ̇, V ) = −K(γ̇, V )Area(γ̇, V ),

so we see that if (M, g) has non-positive sectional curvature, then for any proper variation of any
geodesics,

d2

ds2

∣∣∣∣
s=0

E(γs) ⩾ 0.

As a result, any geodesic in non-positive sectional curvature space is locally minimizing among
nearby curves.

4.5.3 Appendix: The Induced Connection
The Pullback Bundle

Let M , N be two smooth manifolds, ∇ a connection on M and ϕ : N → M a smooth
map. Then we may pullback the tangent bundle π : TM → M over M to a vector bundle
π′ : E = ϕ∗(TM) → N over N [known as the pullback bundle] , where

E = {(x, v) | x ∈ N, v ∈ TM,ϕ(x) = π(v)} ⊂ N × TM.

In other words, we just set the fiber Ex of π′ : E → N to be the vector space Tφ(x)M . Denote
by ϕ̃ : E → TM the induced bundle map that maps (x, v) ∈ E to v ∈ TM . Then we have the
following commutative diagram

(x, v) v

(x, v) E TM v

x N M π(v)

x ϕ(x)

3 3

∈ φ̃

π′

3
π

∈ φ 3

∈ ∈

In this construction, there are two natural ways to obtain sections on E:
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• For any section V ∈ Γ∞(TM), one can define an assignment

ϕ̃∗V : N → E

x 7→ (x, Vφ(x)).

By this way, any smooth vector field V ∈ Γ∞(TM) gives rise to a smooth section ϕ̃∗V ∈
Γ∞(E) of E.
[Note: if Ei is a local frame of TM near ϕ(x), then ϕ̃∗Ei is local frame of E near x.]

• For any section X ∈ Γ∞(TN), one can define an assignment

dϕ(X) : N → E

x 7→ (x, (dϕ)x(Xx)).

By this way, any smooth vector field X ∈ Γ∞(TN) gives rise to a smooth section dϕ(X) ∈
Γ∞(E) of E.

The two constructions are related as follows: For X ∈ Γ∞(TN), V ∈ Γ∞(TM),

dϕ(X) = ϕ̃∗V ⇔ dϕx(Xx) = Vφ(x) ⇔ X,V are ϕ-related.

In manifold theory, we have seen that if X, V and Y , W are ϕ-related, then [X,Y ] and [V,W ] is
ϕ-related. So we get

Proposition 4.50. If dϕ(X) = ϕ̃∗V , dϕ(Y ) = ϕ̃∗W , then dϕ([X,Y ]) = ϕ̃∗([V,W ]).

To extend this proposition to more general vector fields on N , we let Ei be a local frame of
TM near ϕ(x), then ϕ̃∗Ei is a local frame of E near x.

Proposition 4.51. If X, Y ∈ Γ∞(TN) and dϕ(X) = Xiϕ̃∗Ei, dϕ(Y ) = Y jϕ̃∗Ej , then

dϕ([X,Y ]) = X(Y j)ϕ̃∗Ej − Y (Xi)ϕ̃∗Ei +XiY jϕ̃∗([Ei, Ej ]).

Proof. For any x ∈ N and any f ∈ C∞(M),

Y (ϕ∗f)(x) = (dϕx)(Yx)f = Y j(x)(ϕ̃∗Ej)x(f) = Y j(x)(Ej)φ(x)(f) = (Y jϕ∗(Ejf))(x),

so Y (ϕ∗f) = Y jϕ∗(Ejf) and thus

Y jXx(ϕ
∗(Ejf))−XiYx(ϕ

∗(Eif)) = XiY jϕ∗(EiEjf − EjEif) = XiY jϕ∗([Ei, Ej ]f).

It follows that as vectors in Tφ(x)M acting on f ∈ C∞(M),

(dϕ[X,Y ])φ(x)f = [X,Y ]x(ϕ
∗f)

= Xx(Y ϕ
∗f)− Yx(Xϕ

∗f)

= Xx(Y
jϕ∗(Ejf))− Yx(X

iϕ∗(Eif))

= Xx(Y
j)ϕ∗(Ejf) + Y jXx(ϕ

∗(Ejf))− Yx(X
i)ϕ∗(Eif)−XiYx(ϕ

∗(Eif))

= Xx(Y
j)ϕ∗(Ejf)− Yx(X

i)ϕ∗(Eif) +Xi(x)Y j(x)ϕ∗([Ei, Ej ]f).

So we get, as sections in Γ∞(E),

dϕ([X,Y ]) = X(Y j)ϕ̃∗Ej − Y (Xi)ϕ̃∗Ei +XiY jϕ̃∗([Ei, Ej ]).
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The Induced Connection on the Pullback Bundle

Since each fiber Ex = Tφ(x)M , one may transplant structures on TM to E. For example, if
(M, g) is a Riemannian manifold, then the metric structure on TM gives rise to a metric structure
on the pullback bundle E in the natural way, namely one just endow each fiber Ex = Tφ(x)M with
the inner product gφ(x).

Although it is not that obvious, we may also transplant linear connections on TM to E:

Proposition 4.52. Given any linear connection ∇ on TM , there exists a unique linear connection
∇̃ on E satisfying

∇̃u(ϕ̃
∗V ) = ϕ̃∗(∇(dφ)xuV ) (4.2)

for any x ∈ N , u ∈ TxN and V ∈ Γ∞(TM).

Proof. We first prove the uniqueness. Assume ∇̃ exists. For any x0 ∈ N and any local frame
{Ei}mi=1 around ϕ(x0), {ϕ̃∗Ei}mi=1 is a local frame around x0. Thus for any s ∈ Γ∞(E), we may
write

s(x) = si(x)ϕ̃∗Ei(x)

for x near x0. It follows from Leibniz rule and (4.2) that for any u ∈ TxN ,

∇̃us = u(si)ϕ̃∗Ei(x) + si(x)ϕ̃∗(∇(dφ)xuEi). (4.3)

So ∇̃ is determined by ∇ uniquely.
As for the existence, it is sufficient to show (4.3) is independent of the choice of the local frame

{Ei} [and thus gives rise to a map ∇̃ : Γ∞(TN) × Γ∞(E) → Γ∞(E) via linearity in Γ∞(TN)]
and defines a linear connection on E. Let E′

i = f ji Ej be another frame field around ϕ(x). Write
s = siϕ̃∗E′

i, then si = sj(ϕ∗f ij) and thus

u(si)ϕ̃∗Ei + siϕ̃∗∇(dφ)xuEi = u(sj)(ϕ∗f ij)ϕ̃
∗(Ei) + sju(ϕ∗f ij)ϕ̃

∗(Ei) + sj(ϕ∗f ij)ϕ
∗∇(dφ)xuEi

= u(sj)ϕ̃∗E′
j + sjϕ̃∗(∇(dφ)xuE

′
j).

Thus (4.3) is independent of the choices of the frame field. The verification of linearity and Leibniz’s
rule is straightforward.

Definition 4.53. For any smooth map ϕ : N →M and any linear connection ∇ on M , the unique
linear connection ∇̃ on E = ϕ∗(TM) defined above is called the induced connection of ∇ by ϕ
on E.

To compute ∇̃Xs, one usually fix a local frame Ei of TM near ϕ(x), and expend both dϕ(X)
and s in the induced local frame ϕ̃∗Ei. Then we may rewrite (4.3) as

Lemma 4.54. Fix a local frame Ei of TM near ϕ(x). Suppose X ∈ Γ∞(TN) satisfies dϕ(X) =
Xiϕ̃∗Ei, then for any section s = skϕ̃∗Ek,

∇̃Xs = X(sk)ϕ̃∗Ek +Xiskϕ̃∗Ek +Xiskϕ̃∗(∇Ei
Ek).

To get a better understanding, we point out two extreme cases:

• If ϕ is a diffeomorphism, then E is isomorphic to TN , and ∇̃ is obtained by “transplanting
everything from M to N via ϕ in the obvious way”.

• If ϕ is a constant map: Suppose ϕ(x) ≡ y for all x ∈ N , then E is the trivial bundle N×TyM .
In this case any s ∈ Γ∞(E) can be written as s = si(x)ei, where ei is a basis of TyM , and

∇̃Xs = (Xsi)ei

(which is independent of ∇).
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Basic Properties of the Induced Connection

Let ϕ : N → M be smooth, E = ϕ∗(TM) the pullback bundle, ∇ a linear connection on M ,
and ∇̃ the induced linear connection on E. It is not surprising that the induced connection ∇̃
inherits many nice properties from ∇.

First we study the relation between the curvature tensor

R̃(X,Y )s := ∇̃X∇̃Y s− ∇̃Y ∇̃Xs− ∇̃[X,Y ]s

of the induced connection and the curvature tensor of the original linear connection:

Proposition 4.55. Let ∇ be a linear connection on M , ∇̃ its induced connection on E. Then for
any X,Y ∈ Γ∞(TN) and any s ∈ Γ∞(E), we have

(R̃(X,Y )s)

∣∣∣∣
x

= R((dϕ)xXx, (dϕ)xYx)ϕ̃(s|x), ∀x ∈ N. (4.4)

Proof. For simplicity, we take a local frame Ei of TM near ϕ(x) such that [Ei, Ej ] = 0 [e.g.
take the coordinate vector fields]. We can simplify further by assuming [X,Y ]x = 0 since both
sides of (4.4) depends only on Xx and Yx, again write dϕ(X) = Xiϕ̃∗Ei, dϕ(Y ) = Y jϕ̃∗Ej and
s = skϕ̃∗Ek. Then by Lemma 4.54,

∇̃X∇̃Y s = ∇̃X(Y (sk)ϕ̃∗Ek + Y jskϕ̃∗(∇Ej
Ek))

= X(Y (sk))ϕ̃∗Ek +XiY (sk)ϕ̃∗(∇Ei
Ek)

+X(Y jsk)ϕ̃∗(∇EjEk) +XiY jskϕ̃∗(∇Ei∇EjEk).

Evaluating at the point x, and using the facts [X,Y ]x = 0 (which, together with the fact [Ei, Ej ] = 0
and Proposition 4.51 implies Xx(Y

j) = Yx(X
j)) we get

(R̃(X,Y )s)|x = (∇̃X∇̃Y s− ∇̃Y ∇̃Xs)|x = XiY jskϕ̃∗(∇Ei
∇Ej

Ek −∇Ej
∇Ei

Ek)|x
= R((dϕ)xXx, (dϕ)xYx)ϕ̃(s|x).

Next let’s turn to torsion-freeness. Although it makes no sense to talk about torsion-freeness
for a connection on a general vector bundle, since we can’t exchange X and s in the expression
∇Xs. However, as we have seen, every smooth vector field Y ∈ Γ∞(TN) gives rise to a smooth
section dϕ(Y ) ∈ Γ∞(E), so we could restrict ourselves to such sections and thus talk about
“partial-torsion-freeness” for the induced linear connection:

Proposition 4.56. If ∇ is torsion free, then for any X, Y ∈ Γ∞(TN), we have

∇̃Xdϕ(Y )− ∇̃Y dϕ(X)− dϕ([X,Y ]) = 0.

Proof. Fix a local frame Ei of TM near ϕ(x), then ϕ̃∗Ei is a local frame of E. Write dϕ(X) =
Xiϕ̃∗Ei and dϕ(Y ) = Y iϕ̃∗Ei near x. Then by Lemma 4.54,

∇̃Xdϕ(Y ) = X(Y j)ϕ̃∗Ej +XiY jϕ̃∗(∇Ei
Ej),

which implies

∇̃Xdϕ(Y )− ∇̃Y dϕ(X) = X(Y j)ϕ̃∗Ej +XiY jϕ̃∗(∇Ei
Ej)− Y (Xi)ϕ̃∗Ei −XiY jϕ̃∗(∇Ej

Ei)

= X(Y j)ϕ̃∗Ej − Y (Xi)ϕ̃∗Ei +XiY jϕ̃∗([Ei, Ej ]).

Now the conclusion follows from Proposition 4.51.

Finally the metric compatibility. As we have mentioned, any Riemannian metric on M induces
a metric structure on the pullback bundle E.



CHAPTER 4. GEODESICS AND VARIATIONS 107

Proposition 4.57. If g is a Riemannian metric on M , and ∇ is compatible with g, then the
induced connection ∇̃ is compatible with the induced metric on E, i.e.

X〈s1, s2〉 = 〈∇̃Xs1, s2〉+ 〈s1, ∇̃Xss〉

for any X ∈ Γ∞(TN) and any s1, s2 ∈ Γ∞(E).

Proof. It is enough to prove this property at a point x. Take a local orthonormal frame Ei of TM
around ϕ(x). Write sj = sijEi for j = 1, 2 and denote u = Xx, then

〈∇̃us1, s2〉+ 〈s1, ∇̃us2〉 = u(si1)s
j
2(x)δij + si1(x)s

j
2(x)〈∇(dφ)xuEi, Ej〉

+ si1(x)u(s
j
2)δij + si1(x)s

j
2(x)〈Ei,∇(dφ)xuEj〉

=

m∑
i=1

u(si1s
i
2) = u〈s1, s2〉.

The Use of the Induced Connection

Why should we study the induced connection? Because it provides us the correct language to
perform and explain computations when we are handling vector fields associated to maps. Here
are two applications. Let M be a smooth manifold with a linear connection ∇.

(1) Let γ : [a, b] → M be a smooth curve. We defined the concept of geodesic via ∇γ̇ γ̇ = 0.
However, in this definition we vaguely assumed that γ is an embedded curve, otherwise γ̇
need not be “a vector field along γ”. On the other hand, from the differential equations
of a geodesic, obviously we allow geodesics to be non-embedded curves (like the constant
geodesics or geodesics with self-intersections). The correct way is to explain the expression
∇γ̇ γ̇ via the induced connection in the case γ : [a, b] → M is not an embedding. We will
use d

dt
to represent the canonical coordinate vector field on [a, b] ⊂ R. We first extend the

concept of parallel vector fields to sections of γ∗(TM) which are not necessary vector fields
on M :

Definition 4.58. Let γ : [a, b] →M be a smooth curve.

(a) We say X : [a, b] → TM is a smooth vector field along γ if X is smooth and X(t) ∈ Tγ(t)M
for all t. In other words, if X is a smooth section of E = γ∗(TM).

(b) Let X be a smooth vector field along γ. We say X is parallel along γ if

∇̃d/dtγ̃
∗X = 0, ∀t.

Note that γ̇ is always a smooth vector field along γ. So we may define

Definition 4.59. We say a smooth map γ : [a, b] → M is a geodesic if γ̇ is parallel along γ in
the sense of Definition 4.58, i.e.

∇̃d/dtγ̃
∗γ̇ = 0, ∀t.

Of course if γ is an embedded curve, then these definitions reduce to the old definitions that we
are familiar with.

Applying Proposition 4.57 to this setting, we get

Proposition 4.60. If ∇ is a metric-compatible linear connection, then for any smooth vector
fields V , W along γ,

d

dt
〈V,W 〉 = 〈∇̃d/dtV,W 〉+ 〈V, ∇̃d/dtW 〉.
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(2) Now we turn to variations of a curve. Let

f(t, s) : R = [a, b]× (−ε, ε) →M

be a smooth map which is a variation of a smooth curve γ. Then

fs(t, s) = dft,s

(
∂

∂s

)
∈ Tf(t,s)M = Et,s

and
ft(t, s) = dft,s

(
∂

∂t

)
∈ Tf(t,s)M = Et,s

are sections of the induced bundle E = f∗TM over R. By definition we have f(t, 0) = γ(t)
and

ft(t, 0) = γ̇.

Definition 4.61. We will call
V (t) = fs(t, 0)

the variation field of f along γ. [It is a section on γ̃∗(TM).]

Applying Proposition 4.55, Proposition 4.56 to this setting, we get

Proposition 4.62. Let f(t, s) be any smooth variation. Then

(a) for any (t0, s0), (
R̃

(
∂

∂t
,
∂

∂s
ft

)) ∣∣∣∣
(t0,s0)

= R(ft(t0, s0), fs(t0, s0))ft(t0, s0).

In particular, (
R̃

(
∂

∂t
,
∂

∂s
ft

)) ∣∣∣∣
(t,0)

= R(γ̇(t), V (t))γ̇(t).

(b) If ∇ is torsion free, then
∇̃∂/∂sft = ∇̃∂/∂tfs.

In what follows we will mainly use our old notations ∇, in the understanding that if one
expression makes no sense, one should explain it in the language of induced connection ∇̃.



Chapter 5

Jacobi Fields

5.1 Jacobi Fields
As we have seen, in the second variational formula the curvature term appears. As a result,

the formula will play a crucial role in studying the relation between curvature and topology of
Riemannian manifolds. Usually the first step will be: start with a geodesic, and take a special
variation (e.g. a geodesic variation, sometimes with one endpoint fixed). Thus the variation field
of a geodesic variation will be very important for the remaining of this course.

5.1.1 Definition of the Jacobi Field
The Jacobi Field

Let γ be a geodesic in (M, g). Suppose f : [a, b] × (−ε, ε) → M is a geodesic variation of γ,
i.e. each curve

γs = f(·, s)

is a geodesic in M . Then for any s,

∇̃∂/∂tft = ∇̃∂/∂tγ̇s = 0.

As a consequence,

∇̃∂/∂t∇̃∂/∂tfs = ∇̃∂/∂t∇̃∂/∂sft = ∇̃∂/∂t∇̃∂/∂sft − ∇̃∂/∂s∇̃∂/∂tft = R̃

(
∂

∂t
,
∂

∂s

)
ft.

Taking s = 0, we see that the variation field V of any geodesic variation satisfies

∇γ̇∇γ̇V = R(γ̇, V )γ̇. (5.1)

Definition 5.1. Let X be a smooth vector field X along a geodesic γ. We call X a Jacobi field
along γ if the equation (5.1) holds.

Remark. Let γ be a geodesic. There are two trivial Jacobi fields along γ:

• Obviously X = γ̇ is a Jacobi field. It is the variation field of f(t, s) = γ(t+ s).

• X = tγ̇ is a Jacobi field since

∇γ̇∇γ̇(tγ̇) = ∇γ̇(γ̇ + t∇γ̇ γ̇) = 0

and R(γ̇, tγ̇)γ̇ = 0. It is the variation field of f(t, s) = γ(t+ st).

• But X = t2γ̇ is NOT a Jacobi field since

∇γ̇∇γ̇(t
2γ̇) = ∇γ̇(2tγ̇) = 2γ̇ 6= 0.

109
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It is not amazing that t2γ̇ is no longer a Jacobi field along γ:

Lemma 5.2. Let X be a Jacobi field along γ, then f(t) = 〈X, γ̇〉 is a linear function.

Proof. According to the Jacobi field equation,

f ′′(t) =
d2

dt2
〈X, γ̇〉 = 〈∇γ̇∇γ̇X, γ̇〉 = 〈R(γ̇, X)γ̇, γ̇〉 = 0.

It follows that 〈X, γ̇〉 is a linear function along γ.

Existence and Uniqueness of Jacobi Field

So the variation field of any geodesic variation is a Jacobi fields. As a result, the second
variation formula for a geodesic variation is very simple. We will show that conversely, any Jacobi
field on γ can be realized as the variation field of some geodesic variation of γ. Before we prove it,
we need some basic properties of Jacobi fields.

Let’s take a closer look of the equation for Jacobi fields. Since it is a differential equation,
it is enough to study the equation in a coordinate chart. Although one may work on a general
frame, to simply the computation one may use a special frame that are parallel along γ [so that
the covariant derivatives of the frame are as simple as possible]. So we start with an orthonormal
basis {e1, . . . , em} of TpM , with e1 = γ̇(a), where p = γ(a). Let

ei(t) := the parallel transport of ei along γ, 1 ⩽ i ⩽ m.

According to Proposition 2.20,

〈ei(t), ej(t)〉γ(t) = 〈ei, ej〉γ(a) = δij .

In other words, we get an orthonormal frame {e1(t), . . . , em(t)} along γ with e1(t) = γ̇(t), and this
frame is parallel along γ, i.e.

∇γ̇(t)ek(t) = 0, 1 ⩽ k ⩽ m.
Let X be a Jacobi field along γ, then with respect to this orthonormal frame we can write X =
Xi(t)ei(t), and we get

∇γ̇X = Ẋi(t)ei(t) and ∇γ̇∇γ̇X = Ẍi(t)ei(t).

It follows that the Jacobi field equation becomes

Ẍi(t)ei(t)−Xi(t)Rj
1i1ej(t) = 0.

So we arrived at a system of second order homogeneous ODEs,

Ẍi(t)−Xj(t)Ri
1j1 = 0, 1 ⩽ i ⩽ m,

Using the basic theory for second order homogeneous ODEs, we get

Theorem 5.3. Let γ : [a, b] →M be a geodesic, then for any Xγ(a), Yγ(a) ∈ Tγ(a)M , there exists
a unique Jacobi field X along γ so that

X(a) = Xγ(a) and ∇γ̇(a)X = Yγ(a).

Moreover, the set of Jacobi fields along γ is a linear space of dimension 2m (which is canonically
isomorphic to Tγ(a)M ⊕ Tγ(a)M).

The following consequence is fundamental:

Corollary 5.4. If X(t) is a Jacobi field along γ, and X is not identically zero, then the zeroes of
X are discrete.

Proof. If X has a sequence of zeroes that converges to t0, then X1(t) = · · · = xm(t) = 0 for a
sequence of points tk converging to γ(t0). It follows that Xi(t0) = 0 and Ẋi(t0) = 0 for all i, i.e.
X(t0) = 0, ∇γ̇(t0)X = 0. By uniqueness, X ≡ 0.
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Jacobi Fields as Variational Fields of Geodesic Variation

Now we prove that each Jacobi field X along a geodesic γ can be realized as the variation
field of a geodesic variation of γ (So the space of all the Jacobi fields along γ describes all possible
ways that γ can vary in “the space of all geodesics” infinitesimally):

Theorem 5.5. A vector field X along a geodesic γ is a Jacobi field if and only if X is the variation
field of some geodesic variation of γ.

Proof. We have seen that the variation field of any geodesic variation of γ is a Jacobi field. Now we
suppose X is a Jacobi field along γ and construct the desired geodesic variation. For simplicity we
parameterize γ as γ : [0, 1] → M , so γ(t) = expγ(0)(tγ̇(0)) is defined for 0 ⩽ t ⩽ 1. It follows that
for any (p, Yp) in a small neighborhood of (γ(0), γ̇(0)), the exponential map expp(tYp) is defined
for 0 ⩽ t ⩽ 1.

Let ξ : (−ε, ε) →M be the geodesic with initial conditions

ξ(0) = γ(0), ξ̇(0) = Xγ(0).

Let T (s), W (s) be parallel vector fields along ξ with

T (0) = γ̇(0) and W (0) = ∇γ̇(0)X.

Define f : [0, 1] → (−ε, ε) →M by

f(t, s) = expξ(s)(t(T (s) + sW (s))).

As we mentioned above, for ε small enough, f is well-defined. Moreover, f(t, 0) = γ(t), so f is a
geodesic variation of γ. Let V be the variation field of f . Since both V and X are Jacobi fields
along γ, to show V = X, it is enough to show

V (0) = Xγ(0) and ∇γ̇(0)V = ∇γ̇(0)X.

The first one follows from

V (0) = fs(0, 0) =
d

ds

∣∣∣∣
s=0

f(0, s) =
d

ds

∣∣∣∣
s=0

ξ(s) = Xγ(0).

For the second one, we start with the fact ∇̃∂/∂tfs = ∇̃∂/∂sft. Evaluate the left hand side at (0, 0)
we get

(∇̃∂/∂tfs)0,0 = (∇̃∂/∂tfs(t, 0))

∣∣∣∣
t=0

= ∇γ̇(0)V,

and evaluate the right hand side at (0, 0) and use the fact

ft(0, s) = (d expξ(s))0
d

dt

∣∣∣∣
t=0

(t(T (s) + sW (s))) = T (s) + sW (s)

we get

(∇̃∂/∂sft)0,0 = (∇̃∂/∂sft(0, s))

∣∣∣∣
s=0

= ∇Xγ(0)
(T (s) + sW (s)) =W (0) = ∇γ̇(0)X.

So we get ∇γ̇(0)V = ∇γ̇(0)X and thus completes the proof.

Note that given any Jacobi field V along a geodesic γ, there exist many geodesic variations
of γ whose variation fields are V [analogue: given any vector v at a point p, there exist many
curves whose tangent vector at p is v]. In the proof above we give an explicit formula for one such
geodesic variations, namely,

f(t, s) = expξ(s)(t(T (s) + sW (s))), (5.2)

where ξ is a geodesic with ξ(0) = γ(0) and γ̇(0) = V (0), and T , W are parallel vector fields along
ξ with T (0) = γ̇(0) and W (0) = ∇γ̇(0)V .
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5.1.2 Jacobi Fields with Special Conditions
5.1.3 Normal Jacobi Fields

The obviously Jacobi fields γ̇, tγ̇ [and their linear combinations] along γ are both tangent
to γ and are not so interesting in applications. Very often we need to rule out them and mainly
consider normal Jacobi fields.

Definition 5.6. A Jacobi field along γ is called a normal Jacobi field if it is perpendicular to
γ̇ along γ.

It turns out that for any Jacobi field, the tangential components must be a linear combination
of γ̇ and tγ̇:

Proposition 5.7. For any Jacobi field X along γ, there exists c1, d1 ∈ R so that

X⊥ = X − c1tγ̇ − d1γ̇

is a normal Jacobi field along γ.

Proof. By Lemma 5.2, 〈X, γ̇〉 is a linear function along γ, i.e.

〈X, γ̇〉 = c1t+ d1

for some constant c1, d1 ∈ R. Now we let

X⊥ = X − c1tγ̇ − d1γ̇

with c1 =
c1
|γ̇|2

, d1 =
d1
|γ̇|2

. Then it is a Jacobi field along γ since it is a linear combination of
Jacobi fields along γ, and it is normal since

〈X⊥, γ̇〉 = c1t+ d1 − c1t|γ̇2| − d2|γ̇|2 = 0.

Note that if X⊥ is a normal Jacobi field along γ, then

〈∇γ̇X
⊥, γ̇〉 = d

dt
〈X⊥, γ̇〉 − 〈X⊥,∇γ̇ γ̇〉 = 0

and thus ∇γ̇X
⊥ ⊥ γ̇. It follows

Corollary 5.8. A Jacobi field X along γ is normal if and only if

〈X(a), γ̇(a)〉 = 〈∇γ̇(a)X, γ̇(a)〉 = 0.

In particular, the set of normal Jacobi fields form a linear space of dimension 2m− 2.

Proof. With X = X⊥ + c1tγ̇ + d1γ̇, we have

〈X(a), γ̇(a)〉 = (c1a+ d1)|γ̇|2,
〈∇γ̇(a)X, γ̇(a)〉 = 〈∇γ̇(a)(c

1tγ̇ + d1γ̇), γ̇(a)〉 = c1|γ̇|2.

The conclusion follows.

Corollary 5.9. Let X be a Jacobi field so that

〈X(t1), γ̇(t1)〉 = 〈X(t2), γ̇(t2)〉 = 0

for two distinct numbers t1, t2. Then X is a normal Jacobi field.

Proof. This follows from Lemma 5.2, i.e. 〈X, γ̇〉 is a linear function along γ, and the fact that a
linear function has no more than one zero unless it is identically zero.
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Normal Jacobi Fields on Spaces with Constant Sectional Curvature

Let (M, g) be a Riemannian manifold with constant sectional curvature k, i.e.

R(X,Y )Z = −k(〈X,Z〉Y − 〈Y, Z〉X).

Let γ be a normal geodesic in M , and X a normal Jacobi field along γ. Then

R(γ̇, X)γ̇ = −k(〈γ̇, γ̇〉X − 〈X, γ̇〉γ̇) = −kX.

So the equation for a normal Jacobi field X along γ becomes

∇γ̇∇γ̇X + kX = 0.

Again we take an orthonormal frame {ei(t)} along γ so that

• e1(t) = γ̇(t),

• each ei(t) is parallel along γ,

as we did in the proof of Theorem 5.3, and write

X =

m∑
i=2

Xi(t)ei(t),

then the equation for the coefficient Xi(t) becomes

Ẍi(t) + kXi(t) = 0, 2 ⩽ i ⩽ m.

The solution to this equation is

Xi(t) =


ci
sin(

√
kt)√
k

+ di cos(
√
kt), if k > 0,

cit+ di, if k = 0,

ci
sinh(−

√
kt)√

−k
+ di cosh(

√
−kt), if k < 0,

where ci, di are constants, and

cosh(t) =
et + e−t

2
, sinh(t) =

et − e−t

2

are the hyperbolic cosine and hyperbolic sin functions. Sometimes people denote

snk(t) =



sin(
√
kt)√
k

, k > 0

t, k = 0

sinh(
√
−kt)√

−k
, k < 0

and cnk(t) = sn′
k(t) =


cos(

√
kt), k > 0

1, k = 0

cosh(
√
−kt), k < 0

so that we can write Xi(t) = cisnk(t) + dicnk(t).

Jacobi Fields with V (0) = 0

For simplicity, let a = 0 for the defining interval [a, b] of γ. In many applications we need
geodesic variations that fix one end, i.e. with γs(0) = γ(0) for all s. Of course the Jacobi field for
such geodesic variations satisfies V (0) = 0. Conversely, if V is a Jacobi field along γ with V (0) = 0,
then in (5.2) we may take

ξ(s) ≡ γ(0), T (s) ≡ γ̇(0), W (s) ≡ ∇γ̇(0)V

and get an explicit geodesic variation with one end fixed, whose variation field is V :
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Proposition 5.10. If V is a Jacobi field along geodesic γ with V (0) = 0, then

f(t, s) = expγ(0)(t(γ̇(0) + s∇γ̇(0)V )).

is a geodesic variation of γ with γs(0) = γ(0) and whose variation field is V .

In particular, by calculating the variation field of the above variation via its formula, we get

Corollary 5.11. If V is a Jacobi field along geodesic γ with V (0) = 0, then

V (t) = fs(t, 0) = (d expγ(0))tγ̇(0)(t∇γ̇V ).

Taylor’s Expansion of the Jacobi Field with V (0) = 0

Now let V , W be Jacobi fields along a geodesic γ with

V (0) = 0, ∇γ̇(0)V = Xp ∈ TpM and W (0) = 0, ∇γ̇(0)V = Yp ∈ TpM.

According to Corollary 5.11, we have

V (t) = (d expp)tγ̇(0)(tXp) and W (t) = (d expp)tγ̇(0)(tYp).

Let f(t) = 〈V (t),W (t)〉. Then we have

f(0) = 〈V (0),W (0)〉 = 0,

f ′(0) = 〈∇γ̇(0)V,W (0)〉+ 〈V (0),∇γ̇(0)W 〉 = 0,

f ′′(0) = 〈∇γ̇(0)∇γ̇V,W (0)〉+ 2〈∇γ̇(0)V,∇γ̇(0)W 〉+ 〈V (0),∇γ̇(0)∇γ̇W 〉 = 2〈Xp, Yp〉.

To compute more derivatives, we note that in view of V (0) = 0,

∇γ̇(0)∇γ̇V = R(γ̇(0), V (0))γ̇(0) = 0,

and similarly ∇γ̇(0)∇γ̇W = 0. So [We abbreviate the kth composition ∇γ̇ · · ·∇γ̇ to ∇(k)
γ̇ ]

f ′′′(0) =

3∑
l=0

(
3
l

)
〈∇(3−l)

γ̇ V,∇(l)
γ̇ W 〉(0) = 0,

f ′′′′(0) =

4∑
l=0

(
4
l

)
〈∇(4−l)

γ̇ V,∇γ̇W 〉(0) = 4〈∇(3)
γ̇ V,∇γ̇W 〉(0) + 4〈∇γ̇V,∇(3)

γ̇ W 〉(0).

To calculate the third order derivative, we note that if we take the (k − 2)th covariant derivative
of the Jacobi field equation for V , then

∇(k)
γ̇ V −

k−2∑
l=0

(
k − 2
l

)
(∇(k−2−l)

γ̇ R)(γ̇,∇(l)
γ̇ V )γ̇ = 0,

where we used the facts

∇W (R(X,Y )Z) = (∇WR)(X,Y )Z +R(∇WX,Y )Z +R(X,∇WY )Z +R(X,Y )∇WZ

and ∇γ̇ γ̇ = 0. Taking k = 3, we get

〈V (t),W (t)〉 = 〈Xp, Yp〉t2 −
1

3
Rm(γ̇(0), Xp, γ̇(0), Yp)t

4 +O(t5).

In particular, if we take W = V and assume |Xp| = 1, then

|V (t)|2 = t2 − 1

3
Rm(γ̇(0), Xp, γ̇(0), Xp)t

4 +O(t5).
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5.2 Immediate Applications of Jacobi Field to Curvature
We have studied Jacobi fields along a geodesic γ, which control all possible geodesic variations

of γ. Now we give some immediate applications.

5.2.1 Geometric Interpretations of Various Curvatures
Taylor’s Expansion of Metric Tensor in Riemannian Normal Coordinates

Recall that if V , W are Jacobi fields along a geodesic γ with

V (0) = 0, ∇γ̇(0)V = Xp ∈ TpM and W (0) = 0, ∇γ̇(0)V = Yp ∈ TpM,

then the function f(t) = 〈V (t),W (t)〉 has the Taylor’s expansion

f(t) = 〈Xp, Yp〉t2 −
1

3
Rm(γ̇(0), Xp, γ̇(0), Yp)t

4 +O(t5).

For the first application, we calculate the next term in the Taylor’s expansion of any Riemannian
metric tensor in any Riemannian normal coordinate system. Recall that with any Riemannian
normal coordinate system centered at p,

gij(p) = δij and ∂kgij(p) = 0.

We now prove that the next term encodes the curvature information:

Theorem 5.12. With respect to Riemannian normal coordinates near p, the functions gij ’s admit
the following Taylor expansion at x = 0,

gij(x) = δij −
1

3
Rikjl(p)x

kxl +O(|x3|). (5.3)

Proof. Let (U ;x1, . . . , xm) be a Riemannian normal coordinate system near p. Fix xi’s and let γ
be the geodesic starting at p in the direction Xp = xi∂i,

γ(t) = (tx1, . . . , txm), 0 ⩽ t ⩽ ε.

For each 1 ⩽ i ⩽ m, consider a geodesic variation

fi(t, s) = (tx1, . . . , t(xi + s), . . . , txm).

Its variation field Vi = t∂i is thus a Jacobi field along γ, which satisfies

Vi(0) = 0, ∇γ̇(0)Vi = ∂i.

So if we let
h(t) = t2gij(tx

1, . . . , txm) = 〈Vi(t), Vj(t)〉,
then

gij(tx
1, . . . , txm) =

1

t2
〈Vi(t), Vj(t)〉

=
1

t2

(
δijt

2 − 1

3
Rm(Xp, ∂i, Xp, ∂j)t

4 +O(t5)

)
= δij −

1

3
Rm(∂i, Xp, ∂j , Xp)t

2 +O(t3)

= δij −
1

3
Rm(∂i, ∂k, ∂j , ∂l)(tx

k)(txl) +O(t3).

This proves the theorem.

Remark. One can continue to calculate ∇(k)
γ̇(0)Vi’s and get a full expansion of gij in Riemannian

normal coordinates. For example, the next two terms are

1

6
Riklj;rx

kxlxr +

(
1

20
Riklj;rs +

2

45
Rm

kilRrjsm

)
xkxlxrxs.
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Taking derivative of (5.3), we get

∂rgij = −1

3
Rirjlx

l − 1

3
Rikjrx

k +O(|x|2).

Taking derivative again and evaluate at p, we get

∂s∂rgij(0) = −1

3
Rirjs(p)−

1

3
Risjr(p).

As a consequence, we get Riemann’s original definition of the curvature tensor:

Corollary 5.13. With respect to Riemannian normal coordinates, one has

Rijkl(p) =
1

2
(∂i∂lgjk + ∂j∂kgil − ∂i∂kgjl − ∂j∂lgik)(0).

Proof. The right hand side equals

1

6
(Rjlik +Rjilk +Rikjl +Rijkl −Rjkil −Rjikl −Riljk −Rijlk)(p),

which equals Rijkl(p) by using symmetries of the Riemann curvature tensor.

Geometric Meaning of Sectional Curvature

Now we are ready to give geometric interpretations of curvatures. We start with sectional
curvature:

Theorem 5.14. Let Πp ⊂ TpM be a 2-dimensional plane. Denote by C0
r the circle of radius r in

Πp centered at p, and Cr = expp(C
0
r ). Let Lr be the length of Cr. Then

lim
r→0

2πr − Lr

r3
=
π

3
K(Πp).

Proof. Take an orthonormal basis {e1, . . . , em} of TpM so that Πp is spanned by e1, e2, and consider
the normal coordinate system with respect to {ei}. Then for r small, the circle Cr has equation

Cr : x1(t) = r cos t, x2(t) = r sin t, xk(t) = 0 (k ⩾ 3).

It follows that

|Ċr(t)|2 = gij(Cr(t))ẋ
i(t)ẋj(t)

=

(
1− 1

3
R1212x

2x2
)
ẋ1ẋ1 +

(
1− 1

3
R2121x

1x1
)
ẋ2ẋ2 − 2

1

3
R1221x

1x2ẋ1ẋ2 +O(r5)

= r2 − r4

3
K(Πp) +O(r5).

So

Lr = Length(Cr) =

∫ 2π

0

|Ċr|dt = r

∫ 2π

0

√
1− r2

3
K(Πp) +O(r3)dt

= 2πr − π

3
K(Π3)r

3 +O(r4).

This implies the theorem.

So the sectional curvature measures the derivation of the length of small geodesic circles
centered at p to the standard circles of the same radius in Euclidean plane.
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Geometric Meaning of Ricci Curvature

With the Taylor’s expansion of gij at hand, it is easy to get the Taylor’s expansion of det(gij):
According to Theorem 5.12 we get

(gij) = I +

(
−1

3
Rikjl(p)x

kxl +O(|x3|)
)

which implies1

log(gij) =

(
−1

3
Rikjl(p)x

kxl +O(|x3|)
)

and thus
det(gij) = det(elog(gij)) = etr(log(gij)) = e−

1
3Rckl(p)x

kxl+O(|x|3)

= 1− 1

3
Rckl(p)x

kxl +O(|x|3).

As an immediate consequence, we get the Taylor’s expansion for the volume element:

Corollary 5.15. In Riemannian normal coordinates centered at p, one has√
det(gij) = 1− 1

6
Rckl(p)x

kxl +O(|x|3).

In particular, we can prove that the Ricci curvature measures the change of the volume element
in the given direction:

Corollary 5.16. Let up ∈ SpM be a unit tangent vector at p, and let γ(t) be the geodesic starting
at p with γ̇(0) = up. Then √

det(gij(γ(t))) = 1− Ric(up)

6
t2 +O(t3)

Proof. Take an orthonormal basis of TpM with e1 = up. With respect to the associated Riemannian
normal coordinates, the geodesic γ(t) = expp(tup) is given by

γ : x1(t) = t, x2 = · · · = xm = 0.

It follows √
det(gij(γ(t))) = 1− 1

6
Rc11(p)t

2 +O(t3) = 1− 1

6
Ric(up)t

2 +O(t3).

Geometric Meaning of Scalar Curvature

Finally we study the scalar curvature S. We have

Proposition 5.17. For r small enough,

Vol(B(p, r)) = ωmr
m

(
1− S(p)

6(m+ 2)
r2 +O(|r3|)

)
,

where ωm is the volume of the unit ball in Rm.

Proof. By definition

Vol(B(p, r)) =

∫
Br(0)

√
det(gij)dx

1 · · · dxm

=

∫
Br(0)

(
1− 1

6
Rckl(p)x

kxl
)
dx1 · · · dxm +O(r3)

= ωmr
m − Rckl(p)

6

∫
Br(0)

xkxldx1 · · · dxm +O(r3).

1Here we use log(I +A) = A+O(|A|2) and eA = 1 +A+O(|A|2) for matrix A.
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An elementary computation shows∫
Br(0)

xkxldx1 · · · dxm =
ωm

m+ 2
rm+2δkl

and the conclusion follows.

So the scalar curvature measures the derivation of the volume of a geodesic ball to the standard
Euclidean ball with the same radius.

Corollary 5.18. The surface area of geodesic sphere S(p, r) is

Area(S(p, r)) = mωmr
m−1 − S(p)

6
ωmr

m+1 +O(rm+2).

5.2.2 Cartan’s Local Isometry Theorem
Cartan’s Local Isometry Theorem

In view of Theorem 5.12, one may anticipate that “curvature determines the Riemannian
metric”. Although this is not true in the most general sense, there are many theorems supporting
this philosophy. In what follows we prove a theorem of Cartan in this direction. More precisely,
let (M, g) and (M̃, g̃) be two Riemannian manifolds, p ∈ M and p̃ ∈ M̃ . Let B(p, r) and B(p̃, r)
be normal neighborhoods of p and p̃ respectively. Given a smooth map φ : B(p, r) → B(p̃, r), one
may ask: under what condition will φ be an isometry? Of course if φ is an isometry, then

• L = dφp : (TpM, gp) → (Tp̃M̃, g̃p̃) is a linear isometry,

• “the curvature tensor at corresponding points are the same”.

Cartan’s theorem claims that the converse is true.
We need more explanation for the second condition above. How to compare the curvature

tensor at q and ϕ(q)? We need to identify the tangent spaces TqM and Tϕ(q)M̃ first. How? We
already have the map L which identifies TpM with Tp̃M̃ . For q 6= p we simply parallel transport
vectors in TqM and in Tϕ(q)M̃ along geodesics to get vectors in TpM and in Tϕ(q)M̃ respectively,
and then apply the map L.

Now we start to state Cartan’s theorem. Suppose

L : (TpM, gp) → (Tp̃M̃, g̃p̃)

is a linear isometry. Then one may define a map

φ = expp̃ ◦L ◦ (expp)−1 : B(p, r) → B(p̃, r).

For any q ∈ B(p, r), we let γ = γq : [0, 1] → M be the unique geodesic in B(p, r) with γ(0) = p,
γ(1) = q, and let γ̃ = φ◦γ. Note that γ̃ is the unique geodesic in B(p̃, r) ⊂ M̃ with γ̃(0) = p̃ = φ(p),
γ̃(1) = q̃ = φ(q) and ˙̃γ = L(γ̇(0)). Define

Lq = P γ̃ ◦ L ◦ (P γ)−1 : TqM → Tϕ(q)M̃,

Theorem 5.19 (Cartan’s Local Isometry Theorem). If for any q ∈ B(p, r) and any u, v, w ∈ TqM ,
one has

Lq(R(u, v)w) = R̃(Lq(u), Lq(v))Lq(w),

then φ is an isometry, and dφq = Lq for all q ∈ B(p, r).

Note that for constant curvature spaces, the condition holds trivially. So we get

Corollary 5.20. If both (M, g) and (M̃, g̃) has constant sectional curvature k, then for any p ∈M

and p̃ ∈ M̃ , one can find a neighborhood U 3 p and Ũ 3 p̃ so that (U, g) and (Ũ , g̃) are isometric.

which implies Riemann’s theorem for constant sectional curvature spaces, namely, Theorem
3.42.
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Proof of Cartan’s Local Isometry Theorem

We first prove |dφq(v)| = |v| for any v ∈ TqM . By using polarization this implies that dφq
preserves inner products. Since φ is already a diffeomorphism, we conclude that φ is an isometry.

The idea to prove |dφq(v)| = |v| is: realize both v and dφq(v) as Jacobi field vector at
endpoints, and compare the length of two Jacobi fields at each point. We first construct a Jacobi
field V along γ with V (0) = 0, V (1) = v. By Corollary 5.11, if V is such a Jacobi field, then

V (t) = (d expp)tγ̇(0)(t∇γ̇(0)V ),

which implies v = (d expp)γ̇(0)(∇γ̇(0)V ). As a result, V is the unique Jacobi field with V (0) = 0

and ∇γ̇(0)V = (d expp)
−1
tγ̇(0)(v).

Next we construct the Jacobi field Ṽ along γ̃ with Ṽ (0) = 0 and Ṽ (1) = dφq(v). In fact, we
may simply take Ṽ to be the Jacobi field along γ̃ with Ṽ (0) = 0 and Ṽ ˙̃γ(0)V = L(∇γ̇(0)V ). Since
expp(γ̇(0)) = γ(1) = q, it follows

dφq(v) = (d expp̃)L(γ̇(0)) ◦ L ◦ (d exp−1
p )q(v)

= (d expp̃)L(γ̇(0)) ◦ L ◦ (d expp)−1
γ̇(0)(v)

= (d expp̃) ˙̃γ(0)(L(∇γ̇(0)V )) = Ṽ (1),

where the last equality follows from Corollary 5.11.
To prove |V (1)| = |Ṽ (1)|, we apply a standard trick: Let e1(t) = γ̇(t), e2(t), . . ., em(t) be an

orthonormal frame that is parallel along γ. Let V (t) = V i(t)ei(t), then

|V (1)|2 =
∑

(V i(1))2.

Moreover, V i(t) is the solution to the Jacobi equation

V̈ i(t)− 〈R(γ̇, ek)γ̇, ei〉V k = 0,

with initial conditions V i(0) = 0 and ∇γ̇(0)V = V̇ i(0)ei(0).
Similarly, we let ẽ1(t) = ˙̃γ(t), ẽ2(t), . . ., ẽm(t) be the parallel orthonormal frame along γ̃ with

ẽi(0) = L(ei(0)). Then Lγ(t)(ej(t)) = ẽj(t) for all j, and thus

〈R̃( ˙̃γ, ẽk) ˙̃γ, ẽi〉 = 〈R(γ̇, ek)γ̇, ei〉.

As a result, if Ṽ = Ṽ iẽj(t), then Ṽ i’s satisfy exactly the same equations and the same initial
conditions as V i’s, and thus Ṽ i = V i for all 1 ⩽ i ⩽ m. It follows

|Ṽ (1)|2 =
∑

(Ṽ i(1))2 =
∑

(V i(1))2 = |V (1)|2.

Finally, the fact Ṽ = V iẽi that we just proved also implies

(dφq)(v) = Ṽ (1) = V i(1)ẽi(1) = V iLq(ei(1)) = Lq(V (1)) = Lq(v)

and thus the proof is completed.

5.3 Conjugate Point and Applications
5.3.1 Conjugate Points
The Index Form

We want to understand the mechanism for geodesics to fail to be length minimizing among
nearby curves with the same endpoints. So we go back to the second variation formula for a proper
variation f(t, s) = γs(t) of a geodesic γ : [a, b] →M with variation field X,

d2

ds2

∣∣∣∣
s=0

E(γs) =

∫ b

a

(〈R(γ̇, X)γ̇, X〉+ 〈∇γ̇X,∇γ̇X〉)dt.
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If the second variation is positive, then γ is length minimizing among these γs’s for s small. Since
any vector field can be realized as a variation field [see Exercise Sheet 3], we are led to study the
quadratic form

I(X,X) :=

∫ b

a

(〈R(γ̇, X)γ̇, X〉+ 〈∇γ̇X,∇γ̇X〉)dt.

for any vector field X along γ, and thus are led to study its polarization

I(X,X) :=

∫ b

a

(〈R(γ̇, X)γ̇, X〉+ 〈∇γ̇X,∇γ̇X〉)dt

=

∫ b

a

〈R(γ̇, X)γ̇ −∇γ̇∇γ̇X,Y 〉dt+ 〈∇γ̇X,Y 〉
∣∣∣∣b
a

.

In many applications one need to consider a variation whose variation field is only continuous
and piecewise smooth. So in this most general case, the index form I = Iγ of the geodesic γ is a
symmetric bilinear form defined on

V = Vγ = {X is a continuous piecewise smooth vector field along γ}

by the formula

I(X,Y ) =

∫ b

a

(〈R(γ̇, X)γ̇, Y 〉+ 〈∇γ̇X,∇γ̇Y 〉)dt

=

∫ b

a

〈R(γ̇, X)γ̇ −∇γ̇∇γ̇X,Y 〉dt+ 〈∇γ̇X,Y 〉
∣∣∣∣b
a

−
k∑

j=1

〈∇γ̇(t+j )X −∇γ̇(t−j )X,Y 〉,
(5.4)

where a < t1 < · · · < tk < b are those points where X is not smooth, and ∇γ̇(t+j )X means
lim
t→t+j

∇γ̇(t)X.

Index Form v.s. Jacobi Fields

Now we relate the index form I with Jacobi fields along γ : [a, b] →M . Denote

V0 = V0
γ := {X ∈ V | X(a) = 0, X(b) = 0}.

We have

Proposition 5.21. Let V ∈ V . Then V is a Jacobi field along γ if and only if for any X ∈ V0,
I(V,X) = 0.

Proof. (⇒) According to (5.4), if X ∈ V0 and V is a Jacobi field (which has to be smooth) along
γ, then I(V,X) = 0.
(⇐) Conversely assume V ∈ V satisfies I(V,X) = 0 for all X ∈ V0, and

a = t0 < t1 < · · · < tk < tk+1 = b

is a subdivision of [a, b] so that V is smooth on each [tj , tj+1].

• First take a smooth function f : [a, b] → R with f(ti) = 0 for all i and f(t) > 0 for all
t /∈ {t0, t1, . . . , tk+1}, and define

X = f(t)(R(γ̇, V )γ̇ −∇γ̇∇γ̇V ).

Then X ∈ V0 and so

0 = I(V,X) =

∫ b

a

f(t)|R(γ̇, V )γ̇ −∇γ̇∇γ̇V |2dt.

It follows that V is a Jacobi field on each (tj , tj+1).



CHAPTER 5. JACOBI FIELDS 121

• Next let’s choose any X ′ ∈ V0 with

X ′(ti) = ∇γ̇(t+i )V −∇γ̇(t−i )V.

Then

0 = I(V,X ′) = −
k∑

i=1

|∇γ̇(t+i )V −∇γ̇(t−i )V |2.

It follows that V is of class C1 at each ti.

By uniqueness, V is smooth. So V is a Jacobi field.

Conjugate Points

In particular, if there is nonzero Jacobi field V along γ with V (t1) = V (t2) = 0, then
Iγ(V, V ) = 0, where γ = γ|[t1,t2], and thus Iγ is not positive definite. As a result, γ may fail
to be length minimizing for the variation with variation field V .

Definition 5.22. Let (M, g) be a Riemannian manifold, γ : [a, b] → M a geodesic, and t1 6= t2 ∈
[a, b]. If there exists a Jacobi field V along γ which is not identically zero, such that V (t1) =
V (t2) = 0, then we say γ(t2) is conjugate to γ(t1) along γ.

Note that according to Corollary 5.9, any Jacobi field V along γ satisfying V (t1) = 0 and
V (t2) = 0 (where t1 6= t2) must be a normal Jacobi field. So if q = γ(t2) is a conjugate point of
p = γ(t1) along γ, then

Jγ,t1,t2 = {V | V is a Jacobi field along γ with V (t1) = V (t2) = 0}

is a vector subspace of the space J⊥
γ of normal Jacobi fields along γ.

Definition 5.23. If q = γ(t2) is a conjugate point of p = γ(t1) along γ, we call

nγ,t1(t2) := dimJγ,t1,t2

the multiplicity of the conjugate point q to p along γ.

By definition, if q is conjugate to p along a geodesic γ, then p is conjugate to q along the
geodesic −γ, with the same multiplicity. We have

Lemma 5.24. Suppose dimM = m, then nγ,t1(t2) ⩽ m− 1.

Proof. As we have seen in Section 5.1, a Jacobi field V is uniquely determined by V (t1) and ∇γ̇(t1)V .
Moreover, V is normal implies ∇γ̇(t1)V ∈ (γ̇(t1))

⊥. So Jγ,t1,t2 is isomorphic to a subspace of

{(0, v) | v ∈ (γ̇(t1))
⊥} ⊂ {(u, v) | u, v ∈ Tγ(t1)M}

and the conclusion follows.

Example. Consider the round sphere (Sm, ground) whose sectional curvature is 1. Let γ : [0, l] →
M be a normal geodesic starting from any p. Then in Section 5.1 we have seen that any normal
Jacobi field along γ with V (0) = 0 must be of the form

V (t) =

m∑
i=2

ci sin(t)ei(t),

where {ei(t)} is a parallel orthonormal frame along γ, with e1(t) = γ̇(t). It follows

• if γ has length less than π, then there is no conjugate point of p,

• if the length of γ is between π and 2π, then the antipodal point γ(π) = −p is the only
conjugate point to the north pole along any geodesic starting at p, and its multiplicity equals
m− 1.
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We may also repeat the same argument for (Rm, g0) and (Hm, ghyperbolic), and arrive at the
conclusion that there is no conjugate point at all. In fact the same result holds for any Riemannian
manifold whose sectional curvatures are non-positive:

Proposition 5.25. Let (M, g) be a Riemannian manifold whose sectional curvature is non-positive.
Then any p ∈M has no conjugate point along any geodesic.

Proof. Let γ be any geodesic from γ(0) = p and V any nonzero normal Jacobi field along γ with
V (0) = 0. Let f(t) = 〈V (t), V (t)〉. Then

f ′(t) = 2〈∇γ̇(t)V, V 〉

and thus, in view of R(γ̇, V, γ̇, V ) = −K(γ̇, V )|γ̇|2|V |2 ⩾ 0,

f ′′(t) = 2〈∇γ̇∇γ̇V, V 〉+ 2|∇γ̇V |2 = 2R(γ̇, V, γ̇, V ) + 2|∇γ̇V |2 ⩾ 0.

Since f(0) = 0, f ′(0) = 0 and f ′′(0) > 0, we conclude f(t) > 0 for t > 0. In other words, V has no
other zeroes along γ. So p has no conjugate point along γ.

Remark. In the proof we also get f ′′(t) ⩾ −K(t)|γ̇|2f(t), where K(t) = K(γ̇(t), V (t)), from which
one may derive better lower bounds of f .

5.3.2 Conjugate Points via Critical Points of the Exponential Map
Conjugate Points v.s. the Exponential Map

It turns out that conjugate points are exactly those points where the exponential map fails to
be diffeomorphism. In fact, suppose γ : [0, l] → M is a geodesic, and V is a Jacobi field along γ
with V (0) = 0, then by Corollary 5.11,

V (t) = (d expp)tγ̇(0)(t∇γ̇(0)V ).

It follows
q = γ(t0) is conjugate to p = γ(0)

⇐⇒ there is a nonzero Jacobi field V along γ so that V (0) = 0 and V (t0) = 0
(∗)⇐=⇒ ∇γ̇(0)V 6= 0 and 0 = V (t0) = (d expp)t0γ̇(0)(t0∇γ̇(0)V )

⇐⇒ ker(d expp)t0γ̇(0) 6= 0
Moreover, (∗) also implies that Jγ,p,q is isomorphic to ker(d expp)t0γ̇(0). So we get the following

useful characterization of conjugate point:

Theorem 5.26. Let γ : [0, l] →M be a geodesic. Then q = γ(t0) is a conjugate point of p = γ(0)
if and only if expp is singular at t0γ̇(0). Moreover, the multiplicity

nγ,p(q) = dimker(d expp)t0γ̇(0).

The Cartan-Hadamard Theorem

As an immediate application, we prove

Theorem 5.27 (Cartan-Hadamard). Let (M, g) be a complete Riemannian manifold with non-
positive sectional curvature, then

(1) for any p ∈M , the exponential map expp : TpM →M is a covering map.

(2) if M is also simply connected, then expp is a diffeomorphism.

Proof. According to Proposition 5.25 and Theorem 5.26,

expp : TpM →M

is a local diffeomorphism everywhere. So (1) follows from Corollary 4.38. If M is simply connected,
then any covering map to M must be a homeomorphism. Since expp is also a local diffeomorphism,
it must be diffeomorphism.
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Definition 5.28. A complete simply-connected Riemannian manifold with non-positive curvature
is called a Cartan-Hadamard manifold, or an Hadamard manifold.

Remark. Let (M, g) be a complete Riemannian manifold. We say p ∈ M is a pole of (M, g) if
expp : TpM → M is non-singular everywhere, i.e. p has no conjugate point along any geodesic.
Repeating the proof of Cartan-Hadamard theorem word by word, we can prove

Theorem 5.29. If (M, g) has a pole p, then expp : TpM →M is a smooth covering.

The Killing-Hopf Theorem

As another application we prove

Theorem 5.30 (Killing-Hopf). Let (M, g) be a complete Riemannian manifold of constant sec-
tional curvature k, then the Riemannian universal cover of (M, g) is

(a)
(
Sm, 1kground

)
if k > 0,

(b) (Rm, g0) if k = 0,

(c)
(
Hm,− 1

kghyperbolic
)

if k < 0.

Proof. It is enough to work on the Riemannian universal covering of (M, g) directly, i.e. prove that
if (M, g) is also simply connected, then (M, g) is isometric to one of these model spaces above. It
is also enough to prove the theorem for k = 0,±1.
Case 1: k = −1 or k = 0 Write (Sm, g) = (Hm, ghyperbolic) for k = −1, and (Sm, g) = (Rm, g0) for
k = 0. Choose any point p̃ ∈ Sm and fix any linear isometry

L : (Tp̃Sm, gp̃) → (TpM, gp)

and consider
F = expp ◦L ◦ (expp̃)−1 : (Sm, g) → (M, g).

By Cartan’s local isometry theorem, F is a local isometry. By Cartan-Hadamard theorem, expp :
TpM →M is a diffeomorphism. So F is a diffeomorphism, and thus an isometry.
Case 2: k = 1 Again we start with a point p̃ ∈ Sm and fix any linear isometry

L : (Tp̃S
m, gp̃) → (TpM, gp).

Since
expp̃ : Bπ(0) ⊂ Tp̃S

m → Sm \ {−p̃}

is a diffeomorphism, by Cartan’s local isometry theorem the map

F1 = expp ◦L ◦ (expp̃)−1 : (Sm \ {−p̃}, ground) → (M, g)

is a local isometry. Similarly we start with q̃ 6= ±p̃ and get a local isometry

F2 = expF1(q̃) ◦(dF1)q̃ ◦ (expq̃)−1 : (Sm \ {−q̃}, ground) → (M, g).

Note that by construction,

F2(q̃) = expF1(q̃) ◦(dF1)q̃ ◦ (expq̃)−1(q) = expF1(q̃) ◦(dF1)q̃(0) = expF1(q̃)(0) = F1(q̃)

and
(dF2)q̃ = (d expF1(q̃))0 ◦ (dF1)q̃ ◦ (d expq̃)−1

0 = (dF1)q̃.

So by Lemma 5.31 below, we have F1 = F2 on Sm \ {−p̃,−q̃}. So we may glue F1 and F2 to get a
local isometry

F : (Sm, ground) → (M, g).

Finally by Ambrose theorem, F is a covering map and thus a diffeomorphism. So F is the desired
isometry.
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It remains to prove

Lemma 5.31. Let M be connected. If fi : (M, g) → (M̃, g̃) (i = 1, 2) are two local isometries,
and if there exists p ∈M with

f1(p0) = f2(p0) and (df1)p0
= (df2)p0

,

then f1 = f2.

Proof. Consider the subset

A = {p ∈M | f1(p) = f2(p) and (df1)p = (df2)p}

of M , and apply the standard connectedness argument.

• By assumption p0 ∈ A, so A is non-empty.

• Obviously A is closed.

• Take any p ∈ A and consider normal ball B(p, r) so that both f1 and f2 are isometries on
B(p, r). The fact p ∈ A implies that both f1 and f2 map the “radial geodesics” in B(p, r)
to the “radial geodesics” in B(f(p), r), which implies f1 = f2 on B(p, r), and as a result,
df1 = df2 on B(p, r). So B(p, r) ⊂ A, i.e. A is also open.

Since M is connected, we conclude A =M .

Note that in the proof of Theorem 5.30, the first step is “start with any p ∈ M and p̃ in the
model space” and “fix any linear isometry L”. So we may fix on orthonormal basis of TpM and an
orthonormal basis at Tp̃Sk and take L to be the linear isometry that maps the first basis to the
second basis. As a result, the isometry we get has such L as its differential at p. On the other
hand, according to Lemma 5.31, such an isometry is unique. So we get

Proposition 5.32. Let (M, g), (M̃, g̃) be two simply connected Riemannian manifolds of constant
sectional curvature k. Then for any p ∈ M , p̃ ∈ M̃„ any orthonormal basis {e1, . . . , em} of TpM ,
and any orthonormal basis {e′1, . . . , e′m} of Tp̃M̃ , there is a unique isometry ϕ : (M, g) → (M̃, g̃)
such that

ϕ(p) = p̃ and (dϕ)p(ei) = ẽi (1 ⩽ i ⩽ m).

5.4 The Index Form
5.4.1 Length Minimizing Through Index Form
Index Form as Hessian

Last times we defined the index form I = Iγ of the geodesic γ : [0, l] →M ,

I(X,Y ) =

∫ b

a

(〈R(γ̇, X)γ̇, Y 〉+ 〈∇γ̇X,∇γ̇Y 〉)dt

defined on

V = Vγ = {V is a continuous piecewise smooth vector field along γ}.

If 0 < t1 < · · · < tk < l are those points where V is not smooth, then

I(X,Y ) =

∫ b

a

〈R(γ̇, X)γ̇ −∇γ̇∇γ̇X,Y 〉dt+ 〈∇γ̇X,Y 〉
∣∣∣∣b
a

−
k∑

j=1

〈∇γ̇(t
+
j )X −∇γ̇(t−j )X,Y 〉 (5.5)

Recall that geodesics γ with γ(0) = p and γl = q are precisely the critical points of the energy
functional defined on the space C0,l

p,q of “piecewise smooth curves with fixed endpoints parameterized
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on [0, l]”. The index form I = Iγ originates from the second variation, namely for a proper variation
γs(t) of γ,

d2

ds2

∣∣∣∣
s=0

E(γs) =

∫ l

0

(〈R(γ̇, X)γ̇, X〉+ 〈∇γ̇X,∇γ̇X〉)dt = I(X,X),

where X ∈ V0 is the variation field of γs. So what about I(X,Y )? It is also second variation of
the energy functional E or the length functional L, but with respect to “mixed directions”: Let
γr,s(t) be a two-parameter variation of γ = γ0,0 with fixed endpoints. Denote the variation fields
corresponding to the two parameter directions by X and Y . Obviously X, Y ∈ V0. Then as in
Exercise Sheet 3, one can prove

∂2

∂r∂s

∣∣∣∣
r=s=0

E(γr,s) = I(X,Y ).

So the index form I of γ, restricted the subspace V0, can be regarded as the Hessian of the
energy/length functional defined on C0,l

p,q at the critical point γ.
Recall from calculus: at a critical point p of a multi-variable smooth function f ,

• if Hessp(f) is positive definite, then p is an isolated local minimum,

• if Hessp(f)(v, v) < 0 for some v, then p cannot be a local minimum,

• if Hessp(f) is positive semi-definite but not positive definite, we can’t draw a conclusion on
the behavior of f near p.

It turns out that the same phenomena happens for the energy/length functional:
Theorem 5.33. Let γ : [0, l] →M be a geodesic from p = γ(0) to q = γ(l). Then

(1) The index form I is positive definite on V0 ⇐⇒ p has no conjugate point along γ.

• Moreover in this case γ is an “isolated” length minimizing among nearby curves: there
exists ε > 0 so that for any piecewise smooth curve γ : [0, l] →M from p to q satisfying
dist(γ(t), γ(t)) < ε, we have L(γ) ⩾ L(γ), with equality hold if and only if γ is a
re-parametrization of γ.

(2) There exists X ∈ V0 with I(X,X) < 0 ⇐⇒ there exists t < l such that q = γ(t) is conjugate
to p along γ.

• Moreover in this case γ is not length minimizing among nearby curves: there is a
proper variation of γ so that L(γs) < L(γ) for 0 < |s| < ε.

(3) The index form I is positive semi-definite but not positive definite on V0 ⇐⇒ q is the first
conjugate point of p along γ.

Remark. Note that we only claim that γ is minimizing among nearby curves. It is possible that
there exists other shorter geodesics from p to q. For example, for the cylinders there is no conjugate
point (since the sectional curvature is 0), but there are infinitely many geodesics between any given
two points: each is minimizing among “nearby curves”, but only one of them is minimizing among
all curves.

As a corollary of part (1), we get the following important property:
Corollary 5.34. Suppose p = γ(0) has no conjugate point along γ : [0, l] → M . If V is a Jacobi
field along γ, and X ∈ V satisfies X(0) = V (0), X(l) = V (l), then

I(V, V ) ⩽ I(X,X),

with equality holds if and only if X = V .
Proof. Since X is a Jacobi field and X(0) = V (0), X(l) = V (l), by the equation (5.5),

I(V, V ) = I(V,X).

It follows from part (1) of Theorem 5.33 that
0 ⩽ I(V −X,V −X) = I(V, V )− 2I(V,X) + I(X,X) = −I(V, V ) + I(X,X),

with equality holds if and only if V −X = 0.
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Proof of Theorem 5.33, Part (1)

We need the following lemma which is essentially Theorem 4.19:

Lemma 5.35. Suppose Ep = E ∩ TpM contains a line segment [0, l]Xp. Let ϕ : [0, l] → Ep be a
piecewise smooth curve with ϕ(0) = 0, ϕ(l) = lXp. Then for

γ(t) := expp(tXp) (0 ⩽ t ⩽ l) and γ(t) := expp(ϕ(t)) (0 ⩽ t ⩽ l),

we have L(γ) ⩾ L(γ). Moreover, if expp is non-singular along [0, l]Xp, then the equality L(γ) =
L(γ) holds if and only if γ is a re-parametrization of γ.

Proof. Without loss of generality, we may assume ϕ(t) 6= 0 for all t ∈ (0, l). Write ϕ(t) = r(t)e(t),
where r(t) = |ϕ(t)| and e(t) ∈ SpM has unit length. Then

ϕ̇(t) = ṙ(t)e(t) + r(t)ė(t),

and e(t) ⊥ ė(t). According to Gauss lemma,

|γ̇(t)| = |(d expp)φ(t)ϕ̇(t)| ⩾ |(d expp)φ(t)(ṙ(t)e(t))| = |ṙ(t)|.

Therefore,

L(γ) ⩾
∫ l

0

|ṙ(t)|dt ⩾ |r(l)− r(0)| = ||ϕ(l)| − |ϕ(0)|| = l|Xp| = L(γ).

If expp is non-singular along [0, l]Xp, then for ε small enough expp is non-singular in the
ε-neighborhood of [0, l]Xp. Now suppose the equality holds, then we have

(d expp)φ(t)ė(t) = 0,

thus ė(t) = 0 for all t. It follows that e(t) is a constant unit vector, i.e. ϕ(t) = r(t)e for some
e ∈ SpM . Obviously e = Xp/|Xp| is the direction vector of Xp. Moreover, ṙ cannot change sign.

So γ = expp

(
r(t)

|Xp|
Xp

)
is a re-parametrization of γ.

Remark. There is no conflict with Theorem 5.33 (2). Suppose γ contains a conjugate point of p.
Since the exponential map expp is not even a local diffeomorphism at a conjugate point of p, it is
possible that a curve that is close to γ cannot be realized as the image of a curve in TpM with the
same endpoints under the exponential map.

Now we prove the “moreover” and ⇐ part in (1) of Theorem 5.33.
(1) Moreover Suppose p has no conjugate point along γ. Find a subdivision

0 = t0 < t1 < · · · < tk < tk+1 = l

and open neighborhoods Vi, 1 ⩽ i ⩽ k, of the line segment [ti, ti+1]γ̇(0) in TpM so that expp is a
diffeomorphism on each Vi. Denote Ui = expp(Vi). According to our assumption on γ, for ε small
enough, γ([ti, ti+1]) ⊂ Ui. Now define

ϕ(t) = (expp |Vi
)−1(γ(t)), ti−1 ⩽ t ⩽ ti.

Then ϕ(t) is a piecewise smooth curve in TpM connecting 0 to lγ̇(0) with expp(ϕ(t)) = γ(t). So
the conclusion follows from Lemma 5.35.
(1) ⇐= According to the part (1) Moreover that we just proved, if p = γ(0) has no conjugate

point along γ, then for any X ∈ V0, I(X,X) ⩾ 0. (Otherwise one can construct a variation with
L(γs) < L(γ).) If I is not positive definite on V0, then I(Y, Y ) = 0 for some Y ∈ V0. It follows
that for any Z ∈ V0 and any λ ∈ R,

0 ⩽ I(Y − λZ, Y − λZ) = −2λI(Y, Z) + λ2I(Z,Z).

As a consequence, I(Y, Z) = 0 for any Z ∈ V0. In other words, Y is a Jacobi field. Since q = γ(l)
is not a conjugate point of p, and Y (0) = 0, Y (l) = 0, we must have Y ≡ 0. So I is positive
definition on V0.



CHAPTER 5. JACOBI FIELDS 127

Proof of Theorem 5.33, Part (2) and (3)

Lemma 5.36. Suppose q = γ(t0) is NOT conjugate to p = γ(0) along a geodesic γ : [0, l] → M .
Then for any Xp ∈ TpM and Xq ∈ TqM , there exists a unique Jacobi field V along γ so that
V (0) = Xp and V (t0) = Xp.

Proof. Let Jγ be the space of all Jacobi fields along γ. Define a mapping

Θ : Jγ → TpM × TqM,

V 7→ Θ(V ) = (V (0), V (t0)).

Since q is not a conjugate point of p, Θ is injective. But Θ is linear, and dimJγ = dim(TpM ×
TqM) = 2m are of same dimension, so Θ is an linear isomorphism.

Now we prove part (2) and (3) of Theorem 5.33.
(2) Moreover and (2) ⇐= Let X be a nonzero Jacobi field along γ with X(0) = 0, X(t) = 0.

Note that ∇γ̇(t)X 6= 0, otherwise X will be identically zero. Let Z be a smooth vector field along
γ with

Z(0) = 0, Z(l) = 0, Z(t) = −∇γ̇(t)X.

Denote γ1 = γ|[0,t], γ2 = γ|[t,l], Z1 = Z|[0,t] and Z2 = Z|[t,l]. For any η > 0 we put

Yη(t) :=

{
Y 1
η = X(t) + ηZ1(t), for 0 ⩽ t ⩽ t,
Y 2
η = ηZ2(t), for t ⩽ t ⩽ l.

Then
Iγ1(Y 1

η , Y
1
η ) = −η|∇γ̇(t)X|2 + η2Iγ1(Z1, Z1)

and thus
Iγ(Yη, Yη) = −η|∇γ̇(t)X|2 + η2Iγ1(Z1, Z1) + η2Iγ2(Z2, Z2) < 0

for η small enough. This proves the theorem.
(3) ⇐= Fix any c ∈ (0, l). For any X ∈ V0, we may write X = Xi(t)ei(t), where {ei} are

orthonormal and parallel along γ with e1 = γ̇. Let

Xc(t) = Xi

(
lt

c

)
ei(t), 0 ⩽ t ⩽ c.

Then Xc is a vector field along γc := γ|[0,c] with Xc(0) = 0, Xc(c) = 0. Since p has no conjugate
point along γ|[0,c], we get from (1) that I(Xc, Xc) ⩾ 0. It follows that I(X,X) = lim

c→a
I(Xc, Xc) ⩾

0. So I is positively semi-definite on V0.
Obviously I is not positively definite on V0, since if X is a nonzero Jacobi field along γ with

X(a) = 0, X(b) = 0, then we have I(X,X) = 0.
(1) =⇒ This follows from (2) (⇐=) and (3) (⇐=).

(2) =⇒ This follows from (1) (⇐=) and (3) (⇐=).

(3) =⇒ This follows from (1) (⇐=) and (2) (⇐=).

5.4.2 Morse Index Theorem
Morse Index of a Geodesic

Let’s continue our “finite dimension manifold” v.s. “infinite dimension space C0,l
p,q” analogue

a bit further. For a finite dimensional manifold M , there is a remarkable theory, known as Morse
theory, that relates the topology of M to the behavior of critical points of a Morse function [the
existence is guaranteed by Sard’s theorem]:

Suppose f ∈ C∞(M) is a Morse function, i.e. all critical points of f are non-degenerate [i.e.
the Hessian Hessp(f) at any critical point p of f is non-singular], then M has the homotopy type
of a CW-complex whose λ-cells are in one-to-one correspondence with critical points of index λ of
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f [the index of a critical point p is the number of negative eigenvalues of Hessp(f)]. For example,
if a compact manifold M admits a Morse function with only two critical points, then they have to
be maximum and minimum, so their indexes have to be m and 0. In this case one can prove that
M is homeomorphic to Sm.
What is the analogue in our setting? We already have

• critical points ↭ geodesics γ : [0, l] →M .

• Hessian at the critical point ↭ the index form I of γ defined on V0.

So “γ is a non-degenerate critical point” should be translated to “the index form I of γ defined on
V0 has trivial null space”. On the other hand, we have seen last time I(V,W ) = 0 for all W ∈ V0

if and only if V is Jacobi field. So

the index form I of γ defined on V0 has trivial null space
⇐⇒ there is no Jacobi field V along γ with V (0) = V (l) = 0

⇐⇒ q = γ(l) is not a conjugate point of p = γ(0) along γ.

So we get

• non-degenerate critical point ↭ geodesics γ : [0, l] →M so that q = γ(l) is not a conjugate
point of p = γ(0) along γ,

• the index of a non-degenerate critical point ↭ the dimension of the maximal subspace of
V0 on which I is negative definite.

By the explanations above, we are naturally led to study

Definition 5.37. Let (M, g) be a Riemannian manifold, and γ : [0, l] → M a geodesic. We will
call

ind(γ) = maxdim{A ⊂ V0 | I|A is negatively definite}

the index of γ, and call

N(γ) = dim{X ∈ V0 | I(X,X) = 0 for all Y ∈ V0}

the nullity of γ.

Remark. The geometric meanings of N(γ) and ind(γ) are clear:

(1) The nullity N(γ) equals the multiplicity of q = γ(l) as a conjugate point of p = γ(0). In
particular, N(γ) = 0 if q = γ(l) is not conjugate to p along γ.

(2) The index ind(γ) is “the number of independent directions” towards which γ can be deformed
to shorter curves with the same endpoints.

Morse Index Theorem

It turns out that there is a well-developed infinite dimensional Morse theory:
As in the finite dimensional case one can show that there exists p, q so that all geodesics

connecting p and q are non-degenerate in the above sense. Again Cpq = C0,l
p,q has the homotopy

type of a CW-complex whose λ-cells are in one-to-one correspondence with geodesics of index λ.
This also gives the topological information of M , since Cpq is homotopy equivalent to Cpp, and
πk+1(M) ∼= πk(Cpp). As an application we can explain Serre’s result we mentioned in the remark
on Page 90: By using algebraic topology, Serre proved Hi(Cpq,R) 6= 0 for infinitely many i, which
implies that for any k, there exists a geodesic whose index is great than k. By Morse index theorem
below, there must be infinitely many geodesics connecting p and q.

So it is important to study the index of a geodesic. In what follows we will denote by γt the
geodesic γ|[0,t], so that the corresponding index and nullity are ind(γt) and N(γt). The following
theorem is fundamental in the direction:
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Theorem 5.38 (Morse Index Theorem). For any geodesic γ : [0, l] →M , we have

ind(γ) =
∑

0<t<l

N(γt) <∞.

As a consequence, we get a quantitative version of Theorem 5.33 (2) “moreover”,

Corollary 5.39. For any geodesic γ : [0, l] → M , γ(0) has only finitely many conjugate points
along γ. If we denote these conjugate points (except possibly γ(b)) by γ(t1), . . . , γ(tk) (a < t1 <
· · · < tk < b), then

ind(γ) =

k∑
j=1

nγ,0(tj).

Proof of Morse Index Theorem

To prove the theorem, the first step is to reduce the infinite dimension space V0 to a finite
dimensional subspace T1, so that the index and nullity of I|V0 is the same as I|T1 . As a consequence,
ind(γ) is finite.

To construct T1, let’s recall that near any point one can find a strongly convex neighborhood
U , so that any two points in U can be connected by a unique minimal geodesic which is contained
in U . Now we use finitely many such strongly convex neighborhoods U0, U1, . . . , Uk to cover γ, and
take 0 = t0 < t1 < · · · < tk < tk+1 = l so that γ([tj , tj+1]) ⊂ Uj . Define

T1 = {X ∈ V0 | X is a Jacobi field along each γ|[tj ,tj+1]}.

Note that γ|[tj ,tj+1] contains no pair of conjugate points since expp is non-singular on Uj for all
q ∈ Uj . By Lemma 5.36, ifX ∈ T1, thenX(tj) andX(tj+1) determineX|[tj ,tj+1]. As a consequence,
the map

Φ : T1 → Tγ(t1)M ⊕ · · · ⊕ Tγ(tk)M,

Φ(X) = (X(t1), . . . , X(tk))

is a linear isomorphism. In particular,

dim T1 = mk >∞.

Next define
T2 = {X ∈ V0 | X(t1) = 0, . . . , X(tk) = 0}.

Then

• Obviously T1 ∩ T2 = {0}. On the other hand, for any X ∈ V0, if we let V =
Φ−1(X1(t1), . . . , X(tk)) ∈ T1, then X − V ∈ T2. So V0 = T1 ⊕ T2.

• By formula (5.5), for any X ∈ T1, Y ∈ T2 we have I(X,Y ) = 0.

• By Corollary 5.34, for any Y ∈ T2 we have I(Y, Y ) =
∑
Iγi(Y |γi

, Y |γi
) > 0. Thus I|T2

is
positive definite.

As a result, we get

ind(γ) = maxdim{A ⊂ T1 | I|A is negatively definite} (5.6)

and thus ind(γ) ⩽ dim T1 < +∞.
To get the precise formula of ind(γ) in the theorem, we need the following lemmas which

reveals the continuity property of the index ind(γt):

Lemma 5.40. ind(γt) is non-decreasing in t.

Proof. Let 0 < t < s. For any X ∈ V0
γt , we can extend X to X ′ ∈ V0

γs by zero extension. Since
Iγ

t

(X,X) = Iγ
s

(X ′, X ′), the conclusion follows.
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Lemma 5.41. ind(γt) = ind(γt−ε) for ε small enough.

Proof. Suppose t ∈ (tj , tj+1), where tj is a subdivision of (0, l) as above. Then by (5.6),

ind(γt) = {A ⊂ T γt

1 | I|A is negatively definite},

where T γt

1 is the set of piecewise smooth vector fields in V0
γt which are Jacobi fields on each

(ti, ti+1). Under the isomorphism Φt : T γt

1 → Tγ(t1)M ⊕ · · · ⊕ Tγ(tk)M the restriction of I on T γt

1

becomes a bilinear form It defined on Tγ(t1)M ⊕ · · · ⊕ Tγ(tk)M . It depends smoothly on t since for
~X, ~Y ∈ Tγ(t1)M ⊕ · · · ⊕ Tγ(tk)M , by (5.5),

It( ~X, ~Y ) =
∑
i<j

Iγi(Xi, Y j) + I γ̃t(Xt, Y t) = 〈∇γ̇(t+j )X
t, Y 〉+ terms independent of t,

where γi = γ|[ti,ti+1] and Xi = (Φt)−1( ~X)|[ti,ti+1] for i < j, while γ̃t = γ|[tj ,t] and Xt =

(Φt)−1( ~X)|[tj ,t]. So if It is negative definite on a subspace, so is It−ε for ε small, i.e. ind(γt−ε) ⩾
ind(γt). The conclusion follows from Lemma 5.40.

Lemma 5.42. ind(γt+ε) = ind(γt) +N(γt) for ε small enough.

Proof. As in the proof of Lemma 5.41, we identify the restriction of I on T γt

1 with the bilinear
form It defined on Tγ(t1)M ⊕ · · · ⊕ Tγ(tk)M which depends smoothly on t. Then It is positive
definite on a subspace of dimension mk − ind(γt)−N(γt). It follows that It+ε is positive definite
on this subspace for ε small enough. This implies

ind(γt+ε) ⩽ mk − (mk − ind(γt)−N(γt)) = ind(γt) +N(γt).

On the other hand, we have

• By the same continuity arugument, It+ε is negative definite on the space where It is negative
definite.

• It+ε is negative definite on the null space of It: If 0 6= ~X is in the null space of It, then
(Φt)−1( ~X) is a Jacobi field along γt and Xtj 6= 0 (since there is no Jacobi field that vanishes
at both tj and t). So if we denote by X̃t the zero extension of Xt to [tj , t + ε], then by
Corollary 5.34,

I γ̃t+ε(Xt+ε, Xt+ε) < I γ̃t+ε(X̃t, X̃t) = I γ̃t(Xt, Xt)

and thus It+ε( ~X, ~X) < It( ~X, ~X) = 0.

So we get ind(γt+ε) ⩾ ind(γt) +N(γt) which finishes the proof.

Proof of Morse Index Theorem. According to the previous lemmas, we have

• ind(γt) is a non-decreasing and left-continuous step function.

• For t small, ind(γt) = 0 (because γt is a minimal geodesic for t small).

• If γ(t) is not a conjugate point of γ(0), then ind(γτ ) is constant for τ ∈ (t− ε, t+ ε).

• If γ(t) is a conjugate point of γ(0), then ind(γτ ) is a step function in (t − ε, t + ε) with a
“jump from right” of size N(γt) at τ = t.

The theorem follows from these facts.
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5.5 Cut Locus
5.5.1 The Conjugate and Cut Locus
The Conjugate Locus

Let (M, g) be a complete Riemannian manifold.

Definition 5.43. For any p ∈M , we call

C̃on(p) = {v ∈ TpM | (d expp)v is singular}

the conjugate locus of p in TpM , and call

Con(p) = {q ∈M | q is a conjugate point of p along some geodesic}

the conjugate locus of p in M .

Obviously C̃on(p) is a closed subset in TxM . We first prove

Lemma 5.44. The conjugate locus C̃on(p) and Con(p) are measure zero sets in TpM and M
respectively.

Proof. By Morse index theorem, for each v ∈ SpM , the set {tv | t > 0} ∩ C̃on(p) is discrete. So
the conclusion follows.

As we have seen last time, the first conjugate point in each direction is important: a geodesic
γ starting from p is locally length minimizing if the endpoint is before the first conjugate point,
and is not locally length minimizing if the endpoint is after the first conjugate point. We define
k : SpM → R ∪ {+∞} to be the function

k(v) = inf{t > 0 | tv ∈ C̃on(p)},

and we set k(v) = +∞ if there is no conjugate point in the direction v.

Proposition 5.45. The function k is continuous.

Proof. Suppose vi ∈ SpM and vi → v. We want to prove k(vi) → k(v).
We need an observation:
Continuity Observation: Suppose vi ∈ SpM and vi → v. Fix l and denote

γi = exp(tvi) and γ(t) = exp(tv) (0 ⩽ t ⩽ l),

By the smooth dependence of geodesics on initial values, γi converges uniformly to γ. By using
parallel transport [first from γi(t) to γi(0) = p along γi, then from p = γ(0) to γ(t) along γ] one
can identify each Tγ(t)M . As a result, we get an identification Ψi : V0

γi
→ V0

γ . Furthermore, for
any X ∈ V0

γ , again by smooth dependence, Iγi(Ψ−1
i (X),Ψ−1

i (X)) → Iγ(X,X).
Case 1: k(v) = c < +∞ We want to prove k(vi) → k(v) = c.

• Take l = c + ε. Then ind(γ) ⩾ 1, i.e. Iγ(X,X) > 0 for some X ∈ V0
γ . By continuity

observation above, Iγi(Ψ−1
i (X),Ψ−1

i (X)) < 0 for i large enough. So ind(γi) ⩾ 1 and thus
k(vi) ⩽ l + ε for i large enough.

• Take l = c−ε. Since V0
γ is infinite dimensional, we can’t conclude that Iγi is positive definite

directly from the fact Iγ is positive definite. However, from the proof of Morse index theorem,
the maximal negative definite space of Iγ can be taken to be a subspace in

T γ
1 = {X ∈ V0

γ | X is Jacobi on each [ti, ti+1]},

or any other direct sum complement of

T γ
2 = {V ∈ V0

γ | X(t1) = · · · = X(tk) = 0},
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where 0 = t0 < t1 < · · · < tk < tk+1 = l are chosen so that γ([tj , tj+1]) ⊂ Uj , and
U0, U1, . . . , Uk are strongly convex open subsets that cover γ. Since γi converges to γ uni-
formly, we have γi([tj , tj+1]) ⊂ Uj for i large enough. We may use the same partition for all
γi. Now we have Ψi(T γi

2 ) = T γ
2 , and thus

V0
γi

= Ψ−1
i (V0

γ) = Ψ−1(T γ
1 ⊕ T γ

2 ) = (Ψi)
−1(T γ

1 )⊕ T γi

2 ,

so ind(γi) also equals the maximal dimension of subspace in (Ψi)
−1(T γ

1 ) on which Iγi is
negative definite. Now suppose Iγi(Xi, Xi) < 0 for Ψi(Xi) ∈ T γ

1 which can be taken so that
sup |Xi| = 1, then we may take a convergent subsequence of Ψi(Xi) ∈ T γ

1 and conclude the
existence of X 6= 0 with Iγ(X,X) ⩽ 0, which contradicts with the fact Iγ is positive definite.
So we get k(vi) ⩾ l − ε for i large enough.

Case 2: k(v) = +∞ Suppose to the contrary that k(vi) has a bounded subsequence. Without
less of generality, suppose k(vi) ⩽ c for all i. Take l = c. By the same argument above we get a
contradiction.

As a consequence, we get

Corollary 5.46. The set of first conjugate points of p in TpM is closed.

Proof. If tivi are first conjugate points of p and tivi → v, then

k(v/|v|) = lim
i→∞

k(vi) = lim
i→∞

ti = |v|.

So v is the first conjugate point of p in the direction v/|v|.

The Cut Locus

Let γ be the normal geodesic in (M, g) with γ(0) = p and γ̇(0) = v. Suppose (M, g) is
complete so that γ can be defined on R. Let’s concentrate for t > 0, which corresponds to the part
of the geodesic in the direction v. For t small γ|[0,t] is length minimizing between γ(0) and γ(t).
For general t, it may happen that either γ|[0,t] is length minimizing between γ(0) and γ(t) for all
t > 0, or there exists t0 such that γ|[0,t] is no longer length minimizing between γ(0) and γ(t) for
all t > t0.

Definition 5.47. Let (M, g) be a complete Riemannian manifold, p ∈M a point, and γ : [0,∞) →
M a normal geodesic with γ(0) = p. If

t0 := sup{t | γ([0, t]) is a minimizing geodesic} < +∞

then we will call γ(t0) the cut point of p along γ.

• The cut locus of p in M is defined to be the set Cut(p) of all cut points of p along all
geodesics that start from p.

• The cut locus of p in TpM is defined to be the set C̃ut(p) of all vectors v ∈ TpM so that
expp(v) is a cut point.

Remark. If M is compact, then Cut(p) 6= ∅ for all p.

Example. On Rm and Hm (endowed with the canonical metrics), there exists only one normal
minimizing geodesic joining any two given points. So Cut(p) = ∅ for all p.

Example. For Sm with the round metric, Cut(p) = {p} for any p ∈ M , where p = −p is the
antipodal point of p. Note that p is also the first conjugate point of p.

Example. For the cylinder S1 × R endowed with the canonical metric, if p = (eiθ0 , z0), then
Cut(p) = {(ei(θ0+π), z) | z ∈ R} is the vertical line “opposite to p”. Note that p has no conjugate
points at all.



CHAPTER 5. JACOBI FIELDS 133

By definition we have

Lemma 5.48. For any q /∈ Cut(p), there exists a unique minimizing geodesic joining p to q.

Proof. If there exist two minimizing geodesics γ, σ of length l joining p to q, then γ is minimizing
between p and q, and is no longer minimizing after q:

The curve γ defined by connecting σ with γ|[l,l+ε] is a piecewise smooth but not smooth curve
connecting p to γ(l + ε) whose length is l + ε. But according to the first variation formula, any
piecewise smooth but not smooth curve is not a minimizing curve [c.f. Corollary 4.48]. We conclude
that γ|[0,l+ε] is also not a minimizing curve, since it has the same length as γ.
So q ∈ Cut(p).

Cut Points v.s. First Conjugate Points

The following theorem relates cut points with first conjugate points:

Theorem 5.49. Suppose γ(t0) is the cut point of p = γ(0) along a normal geodesic γ, then at
least one of the following assertion holds:

(1) γ(t0) is the first conjugate point of p along γ.

(2) γ(t0) is the first point along γ so that there exists another normal geodesic σ 6= γ from p to
γ(t0) with length L(σ) = t0 = L(γ|[0,t0]).

Proof. Take a decreasing sequence ti → t+0 . Let σi be a normal minimizing geodesic connecting p
to γ(ti). Then by definition of cut point, si := L(σi) < ti. Note that {σ̇i(0)} is sequence in the
unit sphere SpM . By passing to a subsequence, we may assume σ̇i(0) → Xp ∈ SpM . Let σ be
the normal geodesic with σ(0) = p, σ̇(0) = Xp. Then by continuity, σ is a minimizing geodesic
connecting p to γ(t0), thus L(σ) = t0.
Case 1: Xp = γ̇(0). Since si < ti, we have siσ̇i(0) 6= tiγ̇(0). But

expp(siσ̇(0)) = σi(si) = γ(ti) = expp(tiγ̇(0)),

so expp is not a local diffeomorphism near t0γ̇(0). So γ(t0) is a conjugate point of p. Obviously it
is the first conjugate point, otherwise γ([0, t0]) is not minimizing.
Case 2: Xp 6= γ̇(0). Then σ is a geodesic that is different from γ. We have

t0 = L(γ|[0,t0]) ⩽ L(σ) = lim
i→∞

L(σi) ⩽ lim
i→∞

ti = t0.

So L(σ) = t0. To show that γ(t0) is the first point along γ with this property, we argue by
contradiction. If there exists a t < t0 and a normal geodesic σ connecting p to γ(t) so that
L(σ) = t, then by the argument in the proof of Lemma 5.48, γ|[0,t0] is not a minimizing curve.
This contradicts with the definition of cut point.

Corollary 5.50. If q ∈ Cut(p), then p ∈ Cut(q).

Proof. If q is the cut point of p along γ, then γ is minimizing between p and q. It follows that
the “opposite geodesic” −γ is also minimizing between q and p. Moreover, by the theorem above,
either q is the first conjugate point of p along γ, or there exists a different normal geodesic σ joint
p to q which has length L(σ) = dist(p, q). In both cases −γ is no longer minimizing after p. So
p ∈ Cut(q).

Remark. One can show that the function f : SM → R ∪ {∞} defined by

f(p,Xp) =

{
t0, if γp,Xp(t0) is the cut point of p along γ,
+∞, if p has no cut point along γp,Xp .

is a continuous function. It follows that Cut(p) is a closed subset in M . It has measure zero since
there is at most one cut point in each direction in M . Note that by definition f ⩽ k.
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5.5.2 The Distance Function
Smoothness of Distance Function

Now let’s fix p ∈M and consider the distance function

dp :M → R,
dp(q) = dist(p, q).

As we have already seen, dp is a continuous function. However, it is not hard to see that dp /∈
C∞(M). In fact, dp is never smooth at p.

Example. Consider (S2, gS2). Let p = −p be the antipodal point of p. Then for q near p,
dp(q) = π − dp(q). It follows that dp is also not smooth at p.

Theorem 5.51. The function dp is smooth on M \ Cut(p) ∪ {p}. Moreover, for each q ∈ M \
Cut(p)∪{p}, if we let γq be the unique normal minimizing geodesic from p to q, then the gradient
of dp at q is

(∇dp)(q) = γ̇q(dp(q)).

Proof. For each q ∈M \Cut(p) ∪ {p}, let γq be the unique normal minimizing geodesic from p to
q and denote Xq = γ̇q(0) ∈ SpM . Let

A = {L(γq)Xq | q ∈M \ Cut(p) ∪ {p}}.

Then A ⊂ TpM \ {0} is an open set and

expp : A→M \ Cut(p) ∪ {p}

is smooth. Moreover, at each vector in A, expp is non-singular and thus a local diffeomorphism.
Since expp is globally one-to-one on A, it is a diffeomorphism from A to M \ Cut(p) ∪ {p}. It
follows that

exp−1
p :M \ Cut(p) ∪ {p} → A ⊂ TpM \ {0}

is smooth. Thus dp(q) = | exp−1
p (q)| is smooth on M \ Cut(p) ∪ {p}.

To calculate its gradient at q, we choose any Xq ∈ TqM and let σ(s) be a smooth curve in
M \ Cut(p) ∪ {p} tangent to Xq at q = σ(0). Now we consider the variation of γq so that γqs be
the unique minimizing geodesic from p to σ(s). Observe that the variation field vector [which is
a Jacobi field] of this variation at the point q is exactly Xq. So according to the first variation
formula,

Xq(dp) =
d

ds

∣∣∣∣
s=0

dp(σ(s)) =
d

ds

∣∣∣∣
s=0

L(γqs ) = 〈Xq, γ̇
q(dp(q))〉.

It follows that (∇dp)(q) = γ̇q(dp(q)).

Remark. One can show that if there exists two minimizing geodesic from p to q, then dp is not
differentiable at q.

Hessian of the Distance Function

By using the second variation formula one can calculate the Hessian of dp on M \Cut(p)∪{p}.
Recall that the Hessian of a smooth function f is

(∇2f)q(Xq, Yq) = (XqY f −∇Xq
Y )f = ∇Xq

(〈∇f, Y 〉)− 〈∇f,∇Xq
Y 〉

= 〈∇Xq
∇f, Y 〉.

Now let γs : [0, l] → M be geodesic variation of γ by minimizing geodesics with γs(0) = p [so its
variation field X is a normal Jacobi field along γ with X(0) = 0]. Then

(∇2dp)q(Xq, Yq) = 〈(∇X∇dp)q, Yq〉 = 〈∇X(q)γ̇
q, Yq〉 = 〈∇γ̇q(l)X,Yq〉, ∀Yq ∈ TqM.

So we proved



CHAPTER 5. JACOBI FIELDS 135

Proposition 5.52. Suppose q /∈ Cut(p)∪{p}. Let γ : [0, l] →M be the unique length minimizing
normal geodesic connecting p to q, and let X be a normal Jacobi field along γ with X(0) = 0.
Denote Xq = X(l). Then for any Yq ∈ TqM ,

(∇2dp)q(Xq, Yq) = 〈∇γ̇(l)X,Yq〉.

Here are two special cases that will be quite useful later:

Corollary 5.53. Suppose q /∈ Cut(p) ∪ {p}, and γ : [0, l] → M the unique length minimizing
normal geodesic connecting p to q.

(1) For any Yq ∈ TqM , (∇2dp)q(γ̇(l), Yq) = 〈∇γ̇(l)γ̇, Yq〉 = 0.

(2) For any normal Jacobi field X along γ with X(0) = 0,

(∇2dp)q(Xq, Xq) = 〈∇γ̇(q)X,Xq〉 = I(X,X).

Note that the “singularity” of dp at the point p is not too bad: one can always remove the
singularity at p by considering the function d2p instead. So it is reasonable to study (∇2d2p)p.
In general, for any smooth function f ∈ C∞(M) and Xp ∈ TpM , if we let γ be the geodesic
γ(t) = expp(tXp), then “the second order derivative of f along γ” is

d2

dt2
f ◦ γ(t) = d

dt

d

dt
(f ◦ γ) = d

dt
〈∇f, γ̇〉 = 〈∇γ̇∇f, γ̇〉 = (∇2f)γ(t)(γ̇, γ̇).

So we get

Lemma 5.54. (f ◦ γ)′′(t) = (∇2f)γ(t)(γ̇, γ̇).

On the other hand, if Xp is a normal vector, i.e. γ is a normal geodesic, then for t small
enough we have d2p(γ(t)) = t2. So we get, for Xp ∈ SpM ,

(∇2d2p)p(Xp, Xp) = 2g(Xp, Xp)

and thus by polarization, we get

Proposition 5.55. The Hessian of d2p at p is

(∇2d2p)p = 2g.



Chapter 6

Comparison Theorems

6.1 Theorems on Curvature v.s. Topology
6.1.1 Complete Riemannian Manifolds with Non-positive Curvature
A Hessian Comparison for d2p

Let (M, g) be a Cartan-Hadamard manifold, i.e. a complete simply-connected Riemannian
manifold with non-positive curvature. We have seen that there is no conjugate point for such
manifolds, and by Cartan-Hadamard theorem, expp : TpM →M is diffeomorphism. In particular,
between any pair of points there is a unique geodesic [which has to be minimizing], and there is
no cut point for Cartan-Hadamard manifolds.

We first prove that d2p is strictly convex on Cartan-Hadamard manifolds:

Proposition 6.1. For any p in a Cartan-Hadamard manifold (M, g), ∇2d2p ⩾ 2g. Moreover, if the
sectional curvature is negative, then ∇2d2p > 2g at any q 6= p.

Proof. Let γ be a normal geodesic with γ(0) = p. For any v ∈ TqM , where q = γ(l),

(∇2d2p)q(γ̇(l), v) = 〈∇γ̇(l)∇d2p, v〉 = 〈∇γ̇(l)(2tγ̇), v〉 = 2〈γ̇(l), v〉.

It remains to prove that for v ⊥ γ̇(l), one has (∇2d2p)q(v, v) ⩾ 2〈v, v〉.
Let V be the normal Jacobi field along γ with V (0) = 0, V (l) = v. Then

(∇2d2p)γ(t)(V, V ) = 〈∇V (t)∇d2p, V 〉 = 〈∇V (t)(2tγ̇), V 〉 = 2t〈∇V (t)(γ̇), V 〉 = 2t〈∇γ̇(t)V, V 〉.

Denote f(t) =
〈∇γ̇(t)V, V (t)〉
〈V (t), V (t)〉

. Then lim
t→0+

f(t) = +∞, since V (t) = t∇γ̇(0)V +O(t2). By definition
we have

f ′(t) =
〈∇γ̇(t)∇γ̇(t)V, V 〉+ 〈∇γ̇(t)V,∇γ̇(t)V 〉

〈V, V 〉
− 2

〈∇γ̇(t)V, V 〉2

〈V, V 〉2
⩾ −f2(t),

where we used the fact 〈∇γ̇(t)∇γ̇(t)V, V 〉 = 〈R(γ̇, V )γ̇, V 〉 = −K(γ̇, V )|γ̇ ∧ V |2 ⩾ 0 and Cauchy-
Schwartz inequality 〈∇γ̇(t)V,∇γ̇(t)V 〉〈V, V 〉 ⩾ 〈∇γ̇(t)V, V 〉2. It follows

t ⩾
∫ t

0

−f ′(τ)
f2(τ)

dτ =

∫ t

0

(
1

f(τ)

)′

dτ =
1

f(t)
− lim

τ→0+

1

f(τ)
=

1

f(t)
,

So we get tf(t) ⩾ 1 for all t, and the first conclusion follows.
For the second conclusion, one just notice f ′(t) > −f2(t) for t > 0.

The Fundamental Group of Riemannian Manifolds with K ⩽ 0

As a first application, we prove

136
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Theorem 6.2 (Cartan). Let (M, g) be a Cartan-Hadamard manifold, and ϕ :M →M an isometry
with ϕn = Id for some n. Then ϕ admits a fixed point.

Proof. Fix p ∈M and consider the function

g :M → R,
q 7→ g(q) = d2(q, p) + d2(q, ϕ(p)) + · · ·+ d2(q, ϕn−1(p)).

Then g is strictly convex and g(q) → +∞ as d(q, p) → +∞. So g admits a unique minimum at
some point p̃. Since g(ϕ(q)) = g(q) we conclude ϕ(p̃) = p̃.

As a corollary we get

Corollary 6.3. Let (M, g) be a complete Riemannian manifold with non-positive sectional cur-
vature. Then π1(M) is torsion free [i.e. no nontrivial finite order element].

Proof. If π1(M) admits a finite order element τ , then the corresponding Deck transformation
fτ : M̃ → M̃ is of finite order, and thus by Cartan’s theorem above, fτ admits a fixed point. This
implies fτ = Id and τ = e.

As an immediate consequence, we see

Corollary 6.4. For any compact manifold M , RPm×M admits no metric of non-positive sectional
curvature.

A Weak Cosine Law for Cartan-Hadamard Manifolds

As a second application of the convexity of d2p, we prove the following weak cosine law for
Cartan-Hadamard manifolds.

Proposition 6.5. Let (M, g) be Cartan-Hadamard manifold. Consider the geodesic triangle with
vertices p1, p2, p3 ∈ M . Let a, b, c be the lengths of sides and A, B, C be the corresponding
opposite angles. Then

(1) a2 + b2 − 2ab cosC ⩽ c2.

(2) A+B + C ⩽ π.

Further more, if the sectional curvature is negative, then these inequalities are strict.

Proof. Let γ be a normal geodesic from p3 to p1, and let f(t) = d2(p2, γ(t)). Then

f(0) = d2(p2, p3) = a2

and
f ′(0) = 2d(p2, p3)〈∇dp2

, γ̇(0)〉 = −2a cosC.

By Lemma 5.54, f ′′(τ) = (∇2d2p)γ(t)(γ̇(t), γ̇(t)). By Proposition 6.1, f ′′(τ) ⩾ 2 for all τ . Thus we
get

c2 = f(b) ⩾ f(0) + f ′(0)b+ b2 = a2 + b2 − 2ab cosC.

To prove (2), one may compare the triangle in the plane with sides a, b, c [which satisfies the
triangle inequality since they are distances of three points in a Riemannian manifold]. Denote the
angles by A′, B′, C ′. Then by the cosine law in R2 we get

A ⩽ A′, B ⩽ B′, C ⩽ C ′,

which implies A+B + C ⩽ π.
Finally if the sectional curvature is negative, then by Proposition 6.1, f ′′(τ) > 2 for τ 6= 0 and

the conclusion follows.
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Preissman’s Theorem

What if M is not simply connected? We have just seen that if M admits a non-positive
sectional curvature metric, then π1(M) is torsion free. It turns out that if M admits a negative
sectional curvature metric, then any nontrivial abelian subgroup of π1(M) is an infinite cyclic
group generated by one element:

Theorem 6.6 (Preissman). Let (M, g) be a compact Riemannian manifold with negative sectional
curvature, and let {1} 6= H ⊂ π1(M) be a nontrivial abelian subgroup of the fundamental group.
Then H ∼= Z.

Remark. The theorem was strengthened by Byers to: under the same assumption, any nontrivial
solvable subgroup of π1(M) is infinite cyclic.

Example. For any closed surface Mg of genus g ⩽ 2, there is Riemannian metric of constant
negative sectional curvature. The fundamental group of Mg is

〈a1, b1, . . . , ag, bg | a1b1a−1
1 b−1

1 · · · a1b1a−1
1 b−1

1 = e〉,

Which is not abelian, but all its abelian subgroups are isomorphic to Z.

As an immediate consequence, we see

Corollary 6.7. Suppose m ⩾ 2. For any compact manifold M , Tm ×M admits no metric of
negative sectional curvature.

Remark. It was first proved by Gao and Yau in 1986 that any compact manifold of dimension 3
admits a metric with negative Ricci curvature. Then in 1994, Lohkamp proved that any manifold
of dimension at least 3 admits a complete Riemannian metric of negative Ricci curvature. So there
is no topological constraint for a manifold of dimension ⩾ 3 to admit Riemannian metrics with
negative Ricci curvature.

The idea of proof is as follows: Realize Deck transformations associated with all α ∈ H as “a
discrete family of translations along a fixed geodesic”. As a result, a nontrivial discrete subgroups
of H corresponds to a nontrivial subgroup of R, which is isomorphic to Z.

Translations in Cartan-Hadamard Manifolds

So we need to introduce the concept of translation.

Definition 6.8. Let (M, g) be a complete simply-connected Riemannian manifold, and γ : R →M
a geodesic. An isometry f : (M, g) → (M, g) is called a translation along γ if f has no fixed
point, and f(im(γ)) = im(γ).

Let (M, g) be any complete Riemannian manifold and π : M̃ →M be the universal covering.
We endow with M̃ the pull back metric g̃ = π∗g. Recall that for each element α ∈ π1(M), one can
define a deck transformation fα : M̃ → M̃ : for each p̃ ∈ M̃ , there is a loop γ based at p = π(p̃)
whose homotopy class is α. Let γ̃ be the lift of γ with starting point p̃. Define fα(p̃) be the
endpoint of γ̃.
One can prove that

• fα is well-defined,

• fα is an isometry,

• fβ ◦ fα = fβα for all α, β ∈ π1M ,

• fα has no fixed point if α 6= e.

Now suppose e 6= α ∈ π1(M), and let γ be a minimizing closed geodesic in the homotopy class
α. Let γ̃ be a lift of γ to M̃ . Then by definition γ̃ is a geodesic in (M̃, g̃), and fα(im(γ̃)) = im(γ̃).
So we get
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Lemma 6.9. fα : (M̃, g̃) → (M̃, g̃) is a translation along γ̃ for any e 6= α ∈ π1(M).

As a consequence of this lemma, we prove

Corollary 6.10. Suppose (M, g) has negative sectional curvature, then any translation f : M̃ →
M̃ fixed only one geodesic1.

Proof. Suppose there are two geodesics γ̃1 and γ̃2 in M̃ such that f(γ̃i) = γ̃i. First we claim
that γ̃1 ∩ γ̃2 = ∅. Otherwise either γ̃1 ∩ γ̃2 = {p̃} for some p̃, which implies f(p̃) = p̃ which is
a contradiction (since f has no fixed point), or there are at least two points in γ̃1 ∩ γ̃2, which
contradicts with Cartan-Hadamard theorem.

Now choose p̃i ∈ γ̃i, and let γ̃3 and γ̃5 be the minimizing geodesic connecting p̃1, p̃2 and
connecting f(p̃1), p̃2 respectively. Let γ̃4 = f(γ̃3) be the minimizing geodesic connecting f(p̃1), p̃2
respectively. Let γ̃4 = f(γ̃3) be the minimizing geodesic connecting f(p̃1), f(p̃2). Since f is an
isometry, the “corresponding angles” at p̃1 and at p̃2 are the same, similarly for p̃2. As a result,
the angles of the two geodesic triangle p̃1p̃2f(p̃1) and p̃2f(p̃1)f(p̃2) add up to at least 2π, which
contradicts with Proposition 6.5.

Proof of Preissman’s Theorem

As above we denote by M̃ the universal covering of M , and fα the deck transformation
described above associated to α ∈ π1(M).

First fix α ∈ H and let γ̃ be the geodesic that is invariant under fα. Then for any β ∈ H, one
has fβα = fαβ since H is abelian. So

fβ(im(γ̃)) = fβ(fα(im(γ̃))) = fα(fβ(im(γ̃))).

By the Corollary 6.10, one must have

fβ(im(γ̃)) = im(γ̃), ∀β ∈ H.

As a consequence, γ̃ is invariant under all fα’s for α ∈ H.
Now we denote p̃0 = γ̃(0). Since γ̃ is invariant under fβ , for each β ∈ H, there is a unique

tβ ∈ R so that
γ̃(tβ) = fβ(p̃0).

Note that this implies
γ̃(tβ + t) = fβ(γ̃(t))

for any t, since as t varies, both sides are geodesics with the same initial condition.
Now we define a map

ϕ : H → R,
ϕ(β) = tβ .

Claim 6.11. ϕ is a group homomorphism: For any β1, β2 ∈ H,

γ̃(tβ1 + tβ2) = fβ1 ◦ fβ2(p̃0) = fβ1β2(p̃0) = γ̃β1β2 .

So we have ϕ(β1β2) = tβ1β2
= tβ1

+ tβ2
.

Claim 6.12. ϕ is injective: Suppose ϕ(β) = 0, then p̃0 = γ̃(0) = fβ(p̃0). So β = e ∈ π1(M).

Claim 6.13. The image of ϕ is not dense in R. Pick a strongly convex geodesic ball U = Br(p)
centered at p = π(p̃0) so that π−1(U) =

⋃
δ

Uδ, where each Uδ is diffeomorphic to U under the

covering map π : M̃ → M and are disjoint. Denote U0 be the one so that p̃0 ∈ U0. Then for each
β 6= e, fβ(p̃0) /∈ U0. So

|tβ | = d(p̃0, fβ(p̃0)) ⩾ r
for any β 6= e.

As a consequence of the first two claims, H is an additive subgroup of R. But we know that
any additive subgroup of R is either dense or infinite cyclic. So the theorem is proved.

1Here different parametrizations will be viewed as the same
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6.1.2 Complete Riemannian Manifolds with Positive Curvature
Now let’s turn to Riemannian manifolds with positive curvature.

Synge’s Theorem

Another application of the second variation formula to Riemannian manifolds with positive
curvature is

Theorem 6.14 (Synge). Let (M, g) be a compact Riemannian manifold with positive sectional
curvature.

(1) If M is even dimensional and orientable, then M is simply connected.

(2) If M is odd dimensional, then M is orientable.

Since RPm admits a positive sectional curvature metric, given the fact “π1(RPm) ∼= Z2 for
m ⩾ 2”, we conclude that “RPm is orientable if and only if m is odd”.

Corollary 6.15. If (M, g) is a compact even dimensional Riemannian manifold of positive sectional
curvature, and M is not orientable, then π1(M) ∼= Z2.

Proof. Let M be the orientable double covering of M , endowed with the induced pull-back metric.
Then M is orientable and satisfies all the conditions in Synge theorem. It follows that M is simply
connected and thus π1(M) ∼= Z2.

As a consequence, RP2 ×RP2 admits no metric of postive sectional curvature since π1(RP2 ×
RP2) ∼= (Z2)

2. We remark that it is still unknown whether S2 × S2 admits a positive sectional
curvature metric: this is the well-known Hopf conjecture.

Remark. In the odd dimensional case we cannot say too much of its fundamental group. For
example, for each k there is a lens space S3/Zk that has constant sectional curvature 1 and
fundamental group Zk.

Proof of Synge’s Theorem

We first prove

Lemma 6.16. Let (M, g) be an orientable Riemannian manifold, and γ : [a, b] →M be a smooth
map loop, i.e. γ(a) = γ(b) := p. Then the parallel transport P γ

a,b : TpM → TpM has determinant
1.

Proof. In Section 2.2 we have seen P γ
a,b ∈ O(TpM). It remains to show detP γ

a,b > 0. For
this purpose we take a positive m-form ω on M , and let {ei} be a positive basis of TpM , i.e.
ω(e1, . . . , em) > 0. Let ej(t) = P γ

a,t(ej) be the parallel transport of {ei} along γ. Then

ω(e1(t), . . . , em(t)) 6= 0

for all t. It follows that ω(e1(t), . . . , em(t)) 6= 0. But

ω(e1(b), . . . , em(b)) = (detP γ
a,b)ω(e1, . . . , em),

so we must have detP γ
a,b > 0.

Proof of Synge’s Theorem. (1) Suppose M is not simply connected. Then there exists a nontrivial
closed geodesic γ : [0, 1] → M which is length minimizing in its free homotopy class. Since the
parallel transport P γ

0,1 ∈ SO(TpM) and satisfies

P γ
0,1(γ̇(0)) = γ̇(0),

we can find Xp ∈ Ep = (γ̇(0))⊥ such that

P γ
0,1(Xp) = Xp.
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(Here, we used the condition that dimM is even, so that dimE is odd!)
Now let X(t) be the parallel vector field along γ with X(0) = Xp. Then

X(1) = P γ
0,1(Xp) = Xp.

Thus for the variation γs of γ whose variation field is X, we have
d2

ds2

∣∣∣∣
s=0

E(γs) =

∫ 1

0

〈R(γ̇, X)γ̇ −∇γ̇∇γ̇X,X〉dt =
∫ 1

0

R(γ̇, X, γ̇,X)dt < 0.

This contradicts with the fact γ is minimizing in its homotopy class.
(2) Suppose M is not orientable, then there is a smooth loop γ : [0, 1] → M and a frame

{e1(t), . . . , em(t)} so that e1(1) ∧ · · · ∧ em(1) = −e1(0) ∧ · · · ∧ em(0). On the other hand, we
write ẽi(t) = P γ

0,t(ei(0)), then there is a nonzero function f(t) so that ẽ1(t) ∧ · · · ∧ ẽm(t) =
f(t)e1(t)∧ · · · ∧ em(t). So we must have det(P γ

0,1) = −1 since m is odd. By continuity, any smooth
loop in the same homotopy class satisfies det(P γ

0,1) = −1. Let γ be the minimizing geodesic in this
class. Since P γ

0,1(γ̇(0)) = γ̇(0), we see

detP γ
0,1

∣∣∣∣
E

= −1,

where E = (γ̇)⊥ is the orthogonal complement of γ̇(0) in TpM . Since E is even dimensional,
complex eigenvalues appear in conjugate pairs and −1 appear by odd times. So again we conclude
that there exists Xp ∈ E so that P γ

0,1(Xp) = Xp. Now repeat the variation argument above we
conclude that γ is not minimizing in its homotopy class, a contradiction.

Bonnet-Myers Theorem

What about Ricci curvature?
Theorem 6.17 (Bonnet-Myers). Let (M, g) be a complete connected Riemannian manifold. Sup-
pose there is a constant κ > 0 such that

Ric(Xp) ⩾ (m− 1)κ, ∀Xp ∈ SM.

Then M is compact, and its diameter is bounded by

diam(M) := sup
p,q∈M

dist(p, q) ⩽ π√
κ
.

Remark. (1) One cannot weaken the condition on Ricci curvature to Ric > 0 or even K > 0. For
example, consider the paraboloid

{(x, y, z) ∈ R3 | z = x2 + y2}.

It is a surface of revolution with K > 0, which is not compact.
(2) The estimate is optimal in the following sense: Let M be the standard sphere of radius

1√
κ

, then it has Ricci curvature (m− 1)κ and diameter π√
κ

. (Note: the diameter here is not the

standard diameter as a subset in Rm.)
(3) We will prove the following result of S. Y. Cheng later: If (M, g) satisfies the conditions of

the Bonnet-Myers theorem and diam(M) =
π√
κ

, then (M, g) is isometric to the standard sphere

of radius 1√
κ

.

Corollary 6.18. Let (M, g) be a complete Riemannian manifold whose Ricci curvature is bounded
below by a positive number. Then π1(M) is finite.
Proof. Let M̃ be the universal covering of M , endowed with the pullback metric g̃ = π∗g. Then
(M̃, g̃) is also a complete Riemannian manifold whose Ricci curvature is bounded below by a
positive number. By Bonnet-Myers theorem, M̃ is compact. As a consequence, π : M̃ → M has
to be a finite covering. So π1(M) is finite.

In particular, we see that if M , N are compact, π1(M) is infinite, then M × N admits no
Riemannian metric of positive Ricci curvature.
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Proof of Bonnet-Myers Theorem

Proof. For any p, q ∈M , let γ : [0, 1] →M be a minimizing geodesic joining p to q. It’s enough to
show L(γ) ⩽ π√

κ
(which implies compactness of M by Hopf-Rinow theorem).

By contradiction, suppose that L(γ) = l >
π√
κ

. Let {ei(t)} be parallel vector fields along γ

which form an orthonormal basis at each point γ(t) and so that e1 =
γ̇(t)

l
. For j = 2, . . . ,m, we

define
Vj(t) = sin(πt)ej(t).

Then Vj(0) = Vj(1) = 0, and ∇γ̇∇γ̇Vj = −π2 sin(πt)ej(t). Thus

I(Vj , Vj) =

∫ 1

0

〈R(γ̇, Vj)γ̇ −∇γ̇∇γ̇Vj , Vj〉dt =
∫ 1

0

sin2(πt)(π2 + l2R(e1, ej , e1, ej))dt.

Summing over 2 ⩽ j ⩽ m− 1, we get
m∑
j=2

I(Vj , Vj) =

∫ 1

0

sin2(πt)((m− 1)π2 − l2Ric(e1))dt < 0.

So there exists some j ⩾ 2 so that I(Vj , Vj) < 0. It follows that there exists q = γ(t0) with
0 < t0 < 1 which is conjugate to p along γ. In particular, γ is not length minimizing. A
contradiction.

6.2 Rauch Comparison Theorem
Now we begin to study the so-called comparison theorems. As we have seen last time, a

comparison on curvature tensor will induce a comparison on Jacobi fields, which would further
give a comparison of geometry (triangles for the Cartan-Hadamard manifolds) or analysis (Hessian
of d2p for the Cartan-Hadamard manifolds), or restrict the possible behavior of geodesics (as in the
proof of Synge’s theorem and Bonnet-Myers theorem). In all these cases we finally arrive at some
restrictions on global geometry/topology of the manifold. In the next couple sections we develop
such ideas more systematically.

6.2.1 The Index Comparison
Basic Index Comparison Lemma

In the proof of Synge’s Theorem and Bonnet-Myers Theorem, we used parallel vector fields
to construct variations of a given geodesic. The advantage of parallel vector fields is that inner
products (and thus lengths, angles) are preserved along geodesic. Another class of vector fields that
are widely used in constructing variations are Jacobi fields, which are variation fields of geodesic
variations. Usually one start with two geodesics on two manifolds whose curvatures are pointwise
comparable, then compare two Jacobi fields with same initial value on these geodesics.

So our basic setting for comparison is the following:

• Let (M, g) and (M̃, g̃) be Riemannian manifolds of dimension m.

• Let γ : [0, a] →M and γ̃ : [0, a] → M̃ be normal geodesics with γ(0) = p and γ̃(0) = p̃.

• For each t ∈ [0, a], let

K−(t) = min{K(Πγ(t)) | Πγ(t) ⊂ Tγ(t)M, dimΠγ(t) = 2 and γ̇(t) ∈ Πγ(t)},

K̃+(t) = max{K̃(Π̃γ̃(t)) | Π̃γ(t) ⊂ Tγ̃(t)M̃, dim Π̃γ̃ = 2 and ˙̃γ(t) ∈ Π̃γ̃(t)}.

• We say two vectors Xc ∈ Tγ(c)M and X̃c ∈ Tγ̃(c)M̃ are roughly the same if

|Xc| = |X̃c| and 〈Xc, γ̇(c)〉 = 〈X̃c, ˙̃γ(c)〉.
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Now let X, X̃ be Jacobi fields along γ and γ̃ respectively, with X(0) = 0 and X̃(0) = 0. To
compare X and X̃, we usually assume either

“X(a) and X̃(a) are roughly the same”,

or
“∇γ̇(0)X and ∇̃ ˙̃γ(0)X̃ are roughly the same”.

The following lemma is quite obvious whose proof is left as an exercise:

Lemma 6.19. Let X, X̃ be Jacobi fields along γ and γ̃ with X(0) = X̃(0) = 0, and write

X = cγ̇ + dtγ̇ +X⊥, X̃ = c̃ ˙̃γ + d̃t ˙̃γ + X̃⊥.

Suppose either “X(a) and X̃(a) are roughly the same”, or “∇γ̇(0)X and ∇̃ ˙̃γX̃ are roughly the
same”, then c = c̃ and d = d̃.

As a result, to compare two Jacobi fields whose initial or boundary values are roughly the
same, it is enough to compare their “normal components”.

Now we prove the basic index comparison theorem:

Theorem 6.20. Let X, X̃ be Jacobi fields along γ, γ̃ such that X(0) = 0, X̃(0) = 0, and suppose
X(a) and X̃(a) are roughly the same. Assume further that

(1) γ has no conjugate points on [0, a].

(2) K̃+(t) ⩽ K−(t) holds for all t ∈ [0, a].

then
I(X,X) ⩽ I(X̃, X̃).

Moreover, if K+(t) < K−(t) for some t < a, then I(X,X) < I(X̃, X̃).

Proof. By Lemma 6.19 we may assume X, X̃ are normal. Let {e1(t), . . . , em(t)} and
{ẽ1(t), . . . , ẽm(t)} be orthonormal frames that are parallel along γ and γ̃, such that

e1(t) = γ̇(t), ẽ1(t) = ˙̃γ(t), and e2(a) = X(a)/α, ẽ2(a) = X̃(a)/α,

where α = |X(a)| = |X̃(a)| 6= 0 since γ has no conjugate point. If we denote

X(t) = Xi(t)ei(t), X̃(t) = X̃i(t)ẽi(t)

respectively, then obviously we have

• Xi(0) = X̃i(0) = 0 for all i,

• X2(a) = X̃2(a) = α and Xi(a) = X̃i(a) = 0 for all i 6= 2,

• X1(t) = X̃1(t) = 0 for all t ∈ [0, a] (since both X and X̃ are normal).

As in the proof of Bonnet-Myers theorem we transplant M̃ to γ by defining

Y (t) = X̃i(t)ei(t).

Then Y (0) = 0, Y (a) = X(a). Since X is a Jacobi field,

I(X,X) ⩽ I(Y, Y ).
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On the other hand,

I(Y, Y ) =

∫ a

0

(|∇γ̇Y |2 + 〈R(γ̇, Y )γ̇, Y 〉)dt

=

∫ a

0

(∑
(
˙̃
Xi(t))2 −

∑
(X̃i(t))2K(γ̇, Y )

)
dt

⩽
∫ a

0

(∑
(
˙̃
Xi(t))2 −

∑
(
˙̃
Xi(t))2K−(t)

)
dt

⩽
∫ a

0

(∑
(
˙̃
Xi(t))2 −

∑
(
˙̃
Xi(t))2K+(t)

)
dt

⩽
∫ a

0

(
|∇̃ ˙̃γX̃|2 + 〈R̃( ˙̃γ, X̃) ˙̃γ, X̃〉

)
dt

= I(X̃, X̃).

It follows that I(X,X) ⩽ I(X̃, X̃).
Finally if K+(t) < K−(t) for some t < a, then the second inequality above is strict, and thus

I(X,X) < I(X̃, X̃).

Local Hessian Comparison

As a consequence of the basic index comparison theorem, we prove

Theorem 6.21 (Local Hessian Comparison). Let (M, g), (M̃, g̃) be complete Riemannian mani-
folds, γ : [0, a] →M and γ̃ : [0, a] → M̃ be minimizing normal geodesics in M and M̃ respectively,
so that

K̃+(t) ⩽ K−(t) holds for all t ∈ [0, a].

Fix 0 < b < a and write q = γ(b), q̃ = γ̃(b). Suppose Xq ∈ TqM and X̃q̃ ∈ Tq̃M̃ are roughly the
same. Then

∇2dp(Xq, Xq) ⩽ ∇̃2d̃p̃(X̃q̃, X̃q̃).

Moreover, the equality holds if and only if K̃+(t) = K−(t) for all t ∈ [0, b].

Proof. Since γ and γ̃ are length minimizing, and b < a, we see q /∈ Cut(p) and q̃ /∈ Cut(p̃). Let X
be the Jacobi field with X(0) = 0, X(b) = Xq, then as we have seen in Section 5.5,

(∇2dp)q(Xq, Xq) = 〈∇γ̇(q)X,Xq〉 = I(X,X).

Now the conclusion follows from the index comparison theorem above.

Since ∆ = tr∇2, by taking trace we get, under the same assumptions,

∆dp(q) ⩽ ∆̃d̃p̃(q̃).

6.2.2 Rauch’s Jacobi Field Comparison Theorem
Rauch Comparison Theorem

Now we state and prove Rauch’s comparison theorem, which relates the sectional curvature of
a Riemannian manifold to the length of Jacobi fields (and thus the rates at which geodesics spread
apart).

Theorem 6.22 (Rauch Comparison Theorem). Let X, X̃ be Jacobi fields along γ, γ̃ with X(0) =

X̃(0) = 0, such that ∇γ̇(0)X and ∇̃γ̇(0)X̃ are roughly the same. Assume

(1) γ has no conjugate points on [0, a].

(2) K̃+(t) ⩽ K−(t) holds for all t ∈ [0, a].
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Then γ̃ has no conjugate points on [0, a], and for all t ∈ [0, a],

|X(t)| ⩽ |X̃(t)|.

Moreover, if there is 0 < t0 < t such that K+(t0) < K−(t0), then |X(t)| < |X̃(t)|.

Proof. Again by Lemma 6.19 we may assume X, X̃ are normal. We denote

u(t) = |X(t)|2, ũ(t) = |X̃(t)|2.

Then ũ(t)/u(t) is well-defined. Moreover, since

X(t) = t∇γ̇(0)X +O(t2),

we have

lim
t→0

ũ(t)

u(t)
= lim

t→0

t2|∇ ˙̃γ(0)X̃|2 +O(t3)

t2|∇γ̇(0)X|2 +O(t3)
=

|∇ ˙̃γ(0)X̃|2

|∇γ̇(0)X|2
= 1.

Therefore, to prove |X| ⩽ |X̃|, it is enough to prove d

dt

ũ(t)

u(t)
⩾ 0, or equivalently,

˙̃u(t)u(t)− ũ(t)u̇(t) ⩾ 0.

Since γ has no conjugate point, u(t) > 0 for all t ∈ (0, a]. Let c ⩽ a be the greatest number
so that ũ(t) > 0 on (0, c). For any b ∈ (0, c), we define

Xb(t) =
X(t)

|X(b)|
, X̃b(t) =

X̃(t)

|X̃(b)|
.

Applying Theorem 6.20 to Xb, X̃b on [0, b] we get

〈∇γ̇(b)Xb, Xb(b)〉 = I(Xb, Xb) ⩽ I(X̃b, X̃b) = 〈∇̃ ˙̃γ(b)X̃b, X̃b(b)〉,

i.e.
1

2

u̇(b)

u(b)
=

〈∇γ̇(b)X,X(b)〉
〈X(b), X(b)〉

⩽
〈∇̃ ˙̃γ(b)X̃, X̃(b)〉

〈X̃(b), X̃(b)〉
=

1

2

˙̃u(b)

ũ(b)
.

So for any t ∈ (0, c), we have u̇(t)

u(t)
⩽

˙̃u(t)

ũ(t)
. This is exactly what we need.

To summary, we proved that |X(t)| ⩽ |X̃(t)| for t ∈ (0, c). If c < a, then

|X̃(c)| ⩾ |X(c)| > 0,

contradicting with the choice of c. So we must have c = a. In particular, γ̃ has no conjugate points
on [0, a].

Finally if there is 0 < t0 < t such that K+(t0) < K−(t0), then

I(Xt0 , Xt0) < I(X̃t0 , X̃t0),

and thus the inequality for t is strict. This completes the proof.

Although Rauch comparison theorem is stated for two general manifolds whose sectional cur-
vatures are comparable, in most applications one of the two manifolds is a model space that has
constant sectional curvature, and the second one is the manifold under study whose curvature is
bounded either from below or from above.

For example, according to the explicit formula for Jacobi fields on spheres, the distance between
any two consecutive conjugate points of the sphere with sectional curvature κ is π/

√
κ. As a result

we get
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Corollary 6.23. Suppose the sectional curvature of (M, g) satisfies

0 ⩽ C1 ⩽ K ⩽ C2,

where C1, C2 are constants. Let γ be any geodesic in M . Then the distance D between any two
consecutive conjugate points of γ satisfies

π√
C2

⩽ D ⩽ π√
C1

.

One should compare this with Sturm comparison theorem in ODE.

Rauch Comparison Theorem: Second Form

Since any Jacobi field X along γ with X(0) = 0 can be written explicitly as

X(t) = t(d expp)tγ̇(0)(∇γ̇(0)X),

one can rewrite Rauch comparison theorem above as

Theorem 6.24 (Rauch Comparison Theorem: Second Form). Let γ, γ̃ be geodesics with p = γ(0),
p̃ = γ̃(0), and suppose Xp ∈ TpM , X̃p̃ ∈ Tp̃M̃ are roughly the same. Assume also

(1) γ has no conjugate points on [0, a],

(2) K̃+(t) ⩽ K−(t) holds for all t ∈ [0, a].

Then
|(d expp)tγ̇(0)Xp| ⩽ |(d expp̃)t ˙̃γ(0)X̃p|.

Moreover, the equality is strict for t if there exists 0 < t0 < t with K+(t0) < K−(t0).

Note that for any Riemannian manifold (M, g) and any point p ∈ M , (TpM, gp) is a Rie-
mannian manifold that has constant sectional curvature 0. Applying Theorem 6.24 to (M, g) and
(TpM, gp) we get

Corollary 6.25. Let (M, g) be a complete Riemannian manifold with sectional curvature K ⩽ 0.
Then for any p ∈M , any Xp ∈ TpM and Yp ∈ TpM = TXp

(TpM),

|(d expp)Xp(Yp)| ⩾ |Yp|.

In particular, for any curve γ in TpM , one has

L(γ) ⩽ L(expp ◦γ).

Moreover, the equality is strict if K < 0.

Note that by using this corollary one can give another proof of Proposition 6.5 (the weak
cosine law for Cartan-Hadamard manifolds) in Section 6.1.

6.3 The Global Hessian and Toponogov Comparison
Last section we proved various local comparison theorems that holds away from cut locus. In

this section we turn to global comparison that holds on M .
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6.3.1 The Hessian Comparison Theorem: Global Form
Hessian of Distance for Mm

κ

Let Mm
κ be a space form, i.e. a complete connected Riemannian manifold with constant

sectional curvature κ. Let γ : [0, l] →Mm
κ be a normal geodesic in Mm

κ from p to q /∈ Cut(p)∪{p},
then for any Xq ∈ (γ̇)⊥, the Jacobi field V along γ with V (0) = 0 and V (l) = Xq is

V (t) =
snκ(t)

snκ(l)
Xq(t),

where Xq(t) is the parallel vector field along γ with Xq(l) = Xq, and we used

snκ(t) =



sin(
√
κt)√
κ

, κ > 0

t, κ = 0

sinh(
√
−κt)√

−κ
, κ < 0

and cnκ(t) = sn′
κ(t) =


cos(

√
κt), κ > 0,

1, κ = 0,

cosh(
√
−κt), κ < 0.

As a result, for any Yq ∈ TqM ,

(∇2dp)q(Xq, Yq) = 〈∇γ̇(l)V, Yq〉 =
cnκ(l)

snκ(l)
〈Xq, Yq〉.

So the Hessian of dp at the point q, with respect to an orthonormal basis e1(l) =
γ̇(l), e2(l), . . . , em(l), is

(∇2dp)q =



0 0 · · · 0

0
cnκ(l)

snκ(l)
· · · 0

...
... . . . ...

0 0 · · · cnκ(l)

snκ(l)


.

The Hessian matrix is almost a constant matrix, with the only exception that there is a zero
for the top-left entry. We will carefully choose a function f so that ∇2(f ◦dp) is a constant matrix.
For this purpose we calculate, for any Xq, Yq ∈ TqM ,

∇2(f ◦ dp)(Xq, Yq) = 〈∇Xq
∇(f ◦ dp), Yq〉 = 〈∇Xq

(f ′(dp)∇dp), Yq〉
= f ′(dp)〈∇Xq

∇dp, Yq〉+ f ′′(dp)〈∇dp, Xq〉〈∇dp, Yq〉
= f ′(dp)∇2dp(Xq, Yq) + f ′′(dp)〈γ̇(l), Xq〉〈γ̇(l), Yq〉,

where γ is the minimizing geodesic from p to q. As a result, for ∇2(f ◦ fp) to be a constant matrix
under the given basis, we should choose f so that

f ′(t)
cnκ(t)

snκ(t)
= f ′′(t).

So the simplest solution is to take f to satisfy f ′ = snκ(t), i.e. take f to be

mdκ(r) =

∫ r

0

snκ(t)dt =



1− cos(
√
κr)

κ
, if κ > 0,

r2

2
, if κ = 0,

1− cosh(
√
−κr)

κ
, if κ < 0.

It follows
∇2(mdκ ◦ dp)q = cnκ(l)Id.
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The Cosine Law in Mm
κ

It is easy to check cnκ = 1−κmdκ(r). So if we let ϕ(t) = mdκ ◦dp ◦γ(t), where γ is a geodesic
in Mm

κ away from Cut(p) ∪ {p}, then

ϕ′′(t) = cnκ ◦ dp ◦ γ(t) = 1− κmdκ(dp ◦ γ(t)) = 1− κϕ(t).

As an application, we may derive the cosine law in Mm
κ . Consider a geodesic triangle ∆ABC

in Mm
κ with side lengths a, b, c and angles A, B, C, where for κ > 0 we assume a, b, c < π/

√
κ.

Let γ1 : [0, a] → Mm
κ be the normal geodesic with γ1(0) = B, γ1(a) = C and let γ2 : [0, b] → Mm

κ

be the normal geodesic with γ2(0) = C, γ2(b) = A.
Now take p = B and γ = γ2, i.e. consider ϕ(t) = mdκ ◦ dB ◦ γ2(t). Then

ϕ(0) = mdκ(a), ϕ(b) = mdκ(c)

and
ϕ′ = snκ(a)〈γ̇1(a), γ̇2(0)〉 = −snκ(a) cosC.

So if κ = 0, we get

ϕ(t) =
a2

2
− a cosCt+

1

2
t2

and thus ϕ(b) = mdκ(c) becomes c2 = a2 + b2 − 2ab cosC.
For κ 6= 0, we get

ϕ(t) =
1

κ
+ c1snκ(t) + c2cnκ(t).

The initial conditions ϕ(0) = mdκ(a) and ϕ′(0) = −snκ(a) cosC implies c1 = −snκ(a) cosC,
c2 = − 1

κ
cnκ(a). So the equation ϕ(b) = mdκ(c) becomes the following cosine law in Mm

κ ,

cnκ(c) = cnκ(a)cnκ(b) + κsnκ(a)snκ(b) cosC.

As a direct corollary, we get

Corollary 6.26. In Mm
κ , take an angle α with side lengths l1 and l2 fixed. Let f(α) be the

distance between the end points. Then f(α) is increasing in α.

Compare in the Barrier Sense

It turns out that the Hessian and Laplacian comparison theorems holds globally on the whole
of M in several weak sense: in the barrier sense, in the viscosity sense and in the distribution
sense2. Here we only discuss the first one, since the condition is often easier to check. The notion
of barrier sense was first introduced by Calabi in 1958:

Definition 6.27. Let f be a continuous function defined on (M, g).

(1) If g ∈ C2(U) is defined in a neighborhood U of p, and

f(p) = g(p), and f(q) ⩽ g(q), ∀q ∈ U,

then we call g an upper barrier function of f at p.

(2) If for any ε > 0, there is an upper barrier function gε of f at p, such that ∆gε(p) ⩽ c + ε,
then we say

∆f(p) ⩽ c in the barrier sense.

(3) If for any normal geodesic σ with σ(0) = q, one has (f ◦σ)′′(0) ⩽ c in the barrier sense, then
we say

(∇2f)(q) ⩽ c · Id in the barrier sense.
2It can be proven that if ∆f ⩽ g holds in the barrier sense, then it also holds in the viscosity sense and in the

distribution sense.
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Example. Note that by taking M = (a, b), we get a definition of “f ′′(t0) ⩽ c in the barrier sense”
for continuous function f : (a, b) → R. For example, consider f(x) = −|x|. Then g = 0 is a upper
barrier function of f at x = 0. As a result, f ′′(0) ⩽ 0 in the barrier sense.

As observed by Calabi, one can easily construct upper barrier functions for the distance
function:

Example. If γ is a minimizing geodesic from p to q, then for 0 < η < d(p, q), the function
rη(x) = η + d(x, γ(η)) is an upper barrier function for dp at q.

The proof of the following lemma will be left as an exercise.

Lemma 6.28. Let f : (a, b) → R be continuous.

(1) If f is C2, then f ′′(t0) ⩽ c in the barrier sense if and only if f ′′(t0) ⩽ c in the usual sense.

(2) If f takes its minimum at t0, and f ′′(t0) ⩽ c in the barrier sense, then c ⩾ 0.

(3) If f ′′ ⩽ 0 in the barrier sense, then f is concave.

We also mention the following Hopf strong maximal principle without proof.

Theorem 6.29 (Hopf-Calabi Strong Maximum Principle). Let Ω ⊂ M be a connected open set.
Suppose ∆f ⩽ 0 in M in the barrier sense, and f has an interior minimum, then f is constant on
Ω.

The Global Hessian Comparison Theorem

Now we are ready to state and prove

Theorem 6.30 (The Global Hessian Comparison Theorem). Let (M, g) be a Riemannian manifold
with sectional curvature K ⩾ κ. Then for any p ∈M ,

∇2(mdκ ◦ dp) ⩽ cnk ◦ dp · Id in the barrier sense.

Proof. According to the (local) Hessian comparison theorem that we proved last time, the theorem
holds at smooth points q of dp. We first prove the conclusion at the point p: For any normal
geodesic σ with σ(0) = p, we have

mdκ ◦ dp ◦ σ(t) = mdκ(|t|) = mdκ(t).

Thus (mdκ ◦ dp ◦ σ)′′(0) = md′′κ(0) = cnκ(0).
It remains to prove the conclusion for a non-smooth point q 6= p of dp. So we let γ : [0, l] →M

be a minimizing normal geodesic from p to q, and let σ be a normal geodesic with σ(0) = q. Note
that by Bonnet-Myers theorem, l ⩽ π√

κ
if κ > 0.

For 0 < η < d(p, q) small, the function

rη(x) = η + d(x, γ(η))

is an upper barrier function of dp at q. Apply Hessian comparison to rη we get

(mdκ ◦ rη ◦ σ)′′(0) = md′κ(l)(rη ◦ σ)′′(0) +md′′κ(l)〈γ̇(l), σ̇(0)〉2

= snκ(l)(∇2dγ(η))q(σ̇(0), σ̇(0)) + cnκ(l)〈γ̇(l), σ̇(0)〉2

⩽ snκ(l)
cnκ(l − η)

snκ(l − η)
|σ̇⊥(0)|2 + cnκ(l)〈γ̇(l), σ̇(0)〉2

=
snκ(l)cnκ(l − η)− cnκ(l)snκ(l − η)

snκ(l − η)
|σ̇⊥(0)|2 + cnκ(l)(|σ̇⊥(0)|2 + 〈γ̇(l), σ̇(0)〉2)

=
snκ(η)

snκ(l − η)
|σ̇⊥(0)|2 + cnκ(l).
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So if κ ⩽ 0 or if l < π√
κ

when κ > 0, given any ε > 0, for η is small enough, we have

(mdκ ◦ rη ◦ σ)′′(0) ⩽ cnκ(l) + ε,

which implies
∇2(mdκ ◦ dp) ⩽ cnκ ◦ dp in the barrier sense.

For κ > 0 and l =
π√
κ

, we will prove (M, g) is isomorphic to Sm
κ , in which case we may take σ

such that σ̇(0) = γ̇(l), and the desired conclusion follows.

6.3.2 The Toponogov Comparison Theorem
The purpose of this section is to prove a very useful global comparison theorem, due to

Toponogov in 1959. It quantifies the assertion (c.f. Problem Sheet 4) that a pair of geodesics
emanating from a point p spread apart more slowly in a region of high curvature than they would
in a region of low curvature.

Geodesic Triangles and Hinges

Definition 6.31. Let (M, g) be complete.

(1) A geodesic triangle ∆ABC consists of three points A, B, C in M (which are called the
vertices) and three minimizing normal geodesics (which are called the sides) γAB , γBC ,
γCA joining each two of them.
If only two sides, say γAB and γAC , are minimizing, while the third is a normal geodesic
[which need not be minimizing] that satisfies the triangle inequality

L(γBC) ⩽ L(γAB) + L(γAC),

then we will call ∆ABC a generalized geodesic triangle.

(2) A geodesic hinge ∠BAC consists of a point A in M (which is again called the vertex) and
two minimizing normal geodesics γAB , γAC (called the sides) emanating from A, with end
points B and C in M .
If one side is minimizing, while the other side is normal geodesic [which need not be mini-
mizing], we call ∠BAC a generalized geodesic hinge.

In what follows when we say hinge or triangle, we always mean generalized geodesic hinge or
generalized geodesic triangle.

Remark. In the definition of generalized geodesic hinge, we required that at least one curve
is minimizing. Otherwise the Toponogov comparison theorem below may fail: If one take two
geodesics of length π√

κ
in Mκ+ε, then the other endpoints of the comparing hinge in Mκ will meet.

Lemma 6.32. Let (M, g) be a complete Riemannian manifold of dimension m whose sectional
curvature K ⩾ κ. Then

(1) Let ∠BAC be a generalized geodesic hinge in M . If κ > 0 we further assume that all the
sides of ∠ABC have lengths no more than π√

κ
. Then there is a generalized geodesic hinge

∠B̃ÃC̃ in Mm
κ with same angle and the same corresponding side lengths. [We will call it a

comparing hinge.]

(2) Let ∆ABC be a generalized geodesic triangle in M . If κ > 0 we further assume that all
the sides of ∆ABC have lengths no more than π√

κ
. Then there is a triangle ∆ÃB̃C̃ in Mm

κ

whose corresponding sides have the same length as ∆ABC. [We will call it a comparing
triangle.]
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Toponogov Comparison Theorem

Now we state and prove Toponogov Comparison Theorem, in which we can actually compare
the distance functions instead of only comparing their Hessian.

Theorem 6.33 (Toponogov Comparison Theorem). Let (M, g) be a complete Riemannian mani-
fold with sectional curvature K ⩾ κ. Then

(1) (Hinge Version) Let ∠BAC be a generalized geodesic hinge in M and ∠B̃ÃC̃ a comparing
hinge in Mm

κ .3 If κ > 0 we further assume that the sides of ∠BAC have lengths no more
than π√

κ
. Then dist(B,C) ⩽ dist(B̃, C̃).

(2) (Triangle Version) Let ∆ABC be a generalized geodesic triangle in M and ∆ÃB̃C̃ a
comparing triangle in Mm

κ . If κ > 0 we further assume that all the sides of ∆ABC have
lengths no more than π√

κ
. Then the angles in ∆ABC opposites to the minimizing geodesics

are greater than the corresponding angles in ∆ÃB̃C̃.

Proof. We first observe that according to the cosine law in M2
κ , for any hinge with sides γ1, γ2 and

angle α, the function
f(α) = d(γ0(l0), γ1(l1))

is increasing for α ∈ (0, π). So the Hinge version implies the triangle version.
To prove the Hinge version, we need

Lemma 6.34. Let f : [0, l] → R be a continuous function that is differentiable at t = 0, with
f(0) = 0 and f ′(0) ⩽ 0, where l ⩽ π√

κ
if κ > 0. Moreover, assume

f ′′(t) + κf(t) ⩽ in the barrier sense,

then f(t) ⩽ 0 for all t ∈ [0, l].

Proof of Lemma 6.34. Let fε(t) = f(t) − εsnκ(t), then fε(0) = 0 and f ′ε(0) ⩽ −ε < 0. So fε < 0
for t > 0 small enough. In what follows we prove fε ⩽ 0 for all t ∈ [0, l]. Letting ε→ 0 we get the
desired conclusion.

By contradiction we let t0 be the smallest positive root of fε.
Case 1: κ ⩽ 0. Suppose fε

∣∣∣∣
[0,t0]

takes its minimum at t1. Then we get,

f ′′ε (t1) + κfε(t1) = f ′′(t1) + κf(t1)− ε(sn′′
κ(t1) + κsnκ(t1)) ⩽ 0

in the barrier sense. By Lemma 6.28 (2), we get −κfε(t1) ⩾ 0, i.e. fε(t1) ⩾ 0, a contradiction.
Case 2: κ > 0. We may assume t0 < l, otherwise we are done. Take δ > 0 small so that[
−δ, π√

κ+ δ
− δ

]
⊃ [0, t0]. Let φ(t) = − sin(

√
κ+ δ(t + δ)), so that φ′′(t) + (K + δ)φ = 0.

Suppose fε
φ

∣∣∣∣
[0,t0]

takes its maximum at t1. Let gε,ε′ be an upper barrier function of fε at t1, i.e.

gε,ε′(t1) = fε(t1), gε,ε′(t) ⩾ fε(t) near t1,

and such that
g′′ε,ε′(t1) ⩽ (−κ)fε(t1) + ε′.

Then t1 is a maximum for gε,ε
′

φ
since φ < 0. It follows

(
gε,ε′

φ

)′

(t) =
g′ε,ε′(t)φ(t)− gε,ε′(t)φ

′(t)

φ2(t)

3Obviously can replace Mm
κ by M2

κ.
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equals 0 at t1, and thus

0 ⩾
(
gε,ε′

φ

)′′

(t1) =
g′′ε,ε′(t1)φ(t1)− gε,ε′(t1)φ

′′(t1)

φ2(t1)

=
g′′ε,ε′(t1) + (K + δ)gε,ε′(t1)

φ(t1)
⩾ ε′ + δgε,ε′(t1)

φ(t1)
.

Letting ε′ → 0 we get fε(t1) = gε,ε′(t1) ⩾ 0, a contradiction.

For simplicity we denote γ0 = γAB , γ1 = γAC and denote l0 = L(γ0), l1 = L(γ1), α = ∠BAC.
Assume γ0 is minimizing. For ε > 0 small, let

ρε(t) = d(γ0(l0 − ε), γ1(t)), t ∈ [0, l1].

Then ρε is smooth for t > 0 small enough, ρε(0) = l0 − ε and

ρ′ε(0) = 〈−γ̇0(0), γ̇1(0)〉 = − cosα.

By the global Hessian comparison theorem,

(mdκ ◦ ρε)′′(t) ⩽ cnκ ◦ ρ(t) = 1− κmdκ ◦ ρ(t), in the barrier sense.

We may perform the same computation in M2
κ to conclude that for ρ̃ε(t) = dγ̃0(l0−ε)(γ̃1(t)), one

has ρ̃ε(0) = l0 − ε, ρ̃′ε(0) = − cosα and

(mdκ ◦ ρ̃ε)′′(t) = 1− κmdκ ◦ ρ̃(t).

So if we let f(t) = mdκ ◦ ρε −mdκ ◦ ρ̃ε, then

f ′′(t) + κf(t) ⩽ 0 in the barrier sense,

and f(0) = 0, f ′(0) = snκ(ρε(0))ρ
′
ε(0) − snκ(ρ̃

′
ε(0))ρ̃

′
ε(0) = 0. By Lemma 6.34, we have f(t) ⩽ 0

for all t ∈ [0, l1]. It follows that ρε(t) ⩽ ρ̃ε(t) for all t ∈ [0, l1]. Letting ε → 0 we get the desired
conclusion.

Application to Fundamental Group

As an application, we prove

Theorem 6.35 (Gromov). Let (M, g) be a complete Riemannian manifold with sectional curvature
K ⩾ 0. Then π1(M) is generated by no more than

C(m) =
Vol(Sm−1)

Vol(Sm−1(π/6))

generators, where Sm−1(π/6) is a geodesic ball of radius π/6 in Sm−1.

Proof. We will consider π1(M) as the group of Deck transformations on the universal covering M̃ .
Fix p̃ ∈ M̃ and choose inductively a generating set of π1(M) as follows:

• We first choose e 6= g1 ∈ π1(M) so that

d(p̃, g1 · p̃) ⩽ d(p̃, g · p̃), ∀g ∈ π1(M) \ {e}.

• Suppose g1, . . . , gk−1 are chosen. We then choose gk /∈ 〈g1, . . . , gk−1〉 so that

d(p̃, gk · p̃) ⩽ d(p̃, g · p̃), ∀g ∈ π1(M) \ 〈g1, . . . , gk−1〉.
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Let γ̃k be a minimizing geodesic in (M̃, g̃) from p̃ to gk · p̃. We claim that the angle between
any two such geodesics is at least π

3
. Then the conclusion follows.

We prove that claim by contradiction. Suppose the angle between γ̃k and γ̃k+l is less than π

3
.

For simplicity we denote l̃k = d(p̃, gk · p̃). Then according to the Toponogov comparison theorem,

d(gk+l · p̃, gk · p̃)2 < l2k + l2k+1 − lklk+1 ⩽ l2k+1.

This implies
d(p̃, g−1

k+lgk · p̃) = d(gk+1 · p̃, gk · p̃) < lk+l = d(p̃, gk+l · p̃),

which contradicts with the choice of gk+l.

Remark. By the same way one can prove the following theorem of Gromov:

Theorem 6.36 (Gromov). For k negative, there is a constant C = C(m, k,D) so that for any
complete Riemannian manifold (M, g) with K ⩾ k and diag(M, g) ⩽ D, the fundamental group
π1(M) is generated by no more than C(m, k,D) generators.

Note that a bound on diameter is needed. To see this one can look at the example of surface
of genus g.



Chapter 7

Volume Comparison and
Applications

7.1 The Laplacian and Volume Comparison
In this section we discuss comparison under Ricci curvature condition. We first prove the

Laplacian comparison theorem, which can be viewed as an averaged version of the Hessian com-
parison (under slightly stronger condition). Then we prove the very useful Bishop-Gromov volume
comparison theorem, which can be viewed as an “integrated” version of the Laplacian comparison
theorem.

7.1.1 The Laplacian Comparison Theorem
Recall that if (M, g), (M̃, g̃) are complete Riemannian manifolds, γ : [0, a] → M and γ̃ :

[0, a] → M̃ are minimizing normal geodesics with

K̃+(t) ⩽ K−(t) holds for all t ∈ [0, a].

and if Xq ∈ TqM and X̃q̃ ∈ Tq̃M̃ are roughly the same, where q = γ(b), q̃ = γ̃(b) and 0 < b < a,
then we have

∇2dp(Xq, Xq) ⩽ ∇̃2d̃p̃(X̃q̃, X̃q̃).

Moreover, the equality holds if and only if K̃+(t) = K−(t) for all t ∈ [0, b].
Since ∆ = tr∇2, the Hessian comparison theorem will imply a Laplacian comparison ∆dp(q) ⩽

∆̃d̃p̃(q̃). Note that by taking the trace of the Hessian, what we get is (up to a constant) “the average
of the Hessian”. As a result, one can anticipate to weaken the comparison condition from sectional
curvature to a weaker “averaged version”, namely, a comparison condition on Ricci curvature.

Theorem 7.1 (The Laplacian Comparison Theorem). Let (M, g) be a Riemannian manifold, and
γ : [0, l] →M a minimizing normal geodesic with γ(0) = p. Suppose

Ric(γ̇(t)) ⩾ (m− 1)κ

We denote ∆̃κ, d̃, γ̃ etc the corresponding objects in Mm
κ . Then

∆p(γ(t)) ⩽ ∆̃d̃p̃(γ̃(t)), ∀0 < t < l.

Moreover, ∆dp(γ(b)) ⩽ ∆̃d̃p̃(γ̃(b)) for some b < l if and only if for any 0 ⩽ t ⩽ b, Ric(γ̇(t)) =

(m − 1)κ, and any normal Jacobi field X along γ
∣∣∣∣
[0,b]

with X(0) = 0 is almost parallel, i.e. is of

the form X =
snκ(t)

snκ(b)
e(t), where e is a parallel vector field along γ.
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Proof. Fix b < l. As usual we let {e1(t), . . . , em(t)} be a parallel orthonormal frame along γ with
e1(t) = γ̇(t), and let {ẽ1(t), . . . , ẽm(t)} be a parallel orthonormal frame along γ̃ with ẽ1(t) = ˙̃γ(t).

For any i ⩾ 2, let Xi(τ) be the normal Jacobi field along γ
∣∣∣∣
[0,b]

with Xi(0) = 0 and Xi(b) = ei(b),

and let X̃i(τ) be the normal Jacobi field along γ̃
∣∣∣∣
[0,b]

with X̃i(0) = 0 and X̃i(b) = ẽi(b). Then for

q = γ(b) we have

∆dp(q) =

m∑
i=2

(∇2dp)q(ei(b), ei(b)) =

m∑
i=2

I(Xi, Xi)

and similarly for q̃ = γ̃(b), ∆̃d̃p̃(q̃) =
m∑
i=2

I(X̃i, X̃i). It remains to prove

m∑
i=2

I(Xi, Xi) ⩽
m∑
i=2

I(X̃i, X̃i).

We shall apply the same trick that we played in the proof of the basic index comparison
lemma, namely we transplant X̃i to γ. For this purpose we first recall that the condition “M̃ has
constant sectional curvature κ along γ̃” (c.f. Problem Sheet 4), the normal Jacobi field X̃i is given

by X̃i(t) =
snκ(t)

snκ(b)
ẽi(t). So for each 2 ⩽ i ⩽ m we define on γ

∣∣∣∣
[0,b]

a vector field

X ′
i(t) =

snκ(t)

snκ(b)
ei(t).

Obviously X ′
i has the same boundary condition as the Jacobi field Xi. So we get I(Xi, Xi) ⩽

I(X ′
i, X

′
i). Now the conclusion follows from∑

I(X ′
i, X

′
i) =

∑∫ b

0

(|∇γ̇X
′
i|2 +Rm(γ̇, X ′

i, γ̇, X
′
i))dt

=
∑
i

∫ b

0

((
sn′

κ(t)

snκ(b)

)2

−
(
snκ(t)

snκ(b)

)2

K(γ̇, ei)

)
dt

=

∫ b

0

(
(m− 1)

(
sn′

κ(t)

snκ(b)

)2

−
(
snκ(t)

snk(b)

)2

Ric(γ̇)

)
dt

⩽
∫ b

0

(
(m− 1)

(
sn′

κ(t)

snk(b)

)2

−
(
snκ(t)

snκ(b)

)2

(m− 1)κ

)
dt

=
∑∫ b

0

(|∇γ̇X̃i|2 + R̃m( ˙̃γ, X̃i, ˙̃γ, X̃i))dt =
∑

I(X̃i, X̃i).

From the proof we see that equality holds if and only if “Ric(γ̇) = (m− 1)κ, and Xi = X ′
i for all

i”. Since any normal Jacobi field X along γ with X(0) = 0 is a linear combination of these Xi, the
conclusion follows.

Remark. As we have seen, (∇2dp)q(Xq, Yq) = 〈∇X1
N,Yq〉, where N = ∂r is the outward unit

normal vector of the geodesic sphere S(p, d(p, q)) at q. In other words, we may replace ∇X1
N by

the shape vector (∇X1
N)⊥ (c.f. Problem Sheet Exercise 2.9) and conclude that ∇2dp is the second

fundamental form of the geodesic sphere S(p, d(p, q)). It follows that ∆dp(q) = tr(∇2dp) is the
trace of the second fundamental form. i.e. the mean curvature of the geodesic sphere S(p, d(p, q))
at q.

7.1.2 The Bishop-Gromov Volume Comparison Theorem
The Volume Measure in Coordinates

Recall that the Riemannian volume density is defined in a chart (ϕ,U, V ) as

dVg =
√
G ◦ ϕ−1dx1 · · · dxm,
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where G = det(gij) and dx1 · · · dxm is the Lebesgue measure on Rm.
Now let (M, g) be a complete Riemannian manifold. Although in general there is no global

chart, there is a large chart that covers almost the whole of M , namely {exp−1
p ,M \Cut(p),Σ(p)},

which is defined except for the measure zero closed subset Cut(p), where

Σ(p) = exp−1(M \ Cut(p))

is an open star-shaped domain in TpM . In particular, on TpM we may use polar coordinates and
write

dx1 · · · dxm = rm−1drdΘ,

where dΘ is the usual surface measure on Sm−1. Combine this with the chart {exp−1
p ,M \

Cut(p),Σ(p)} we get
dVg =

√
G(expp(rΘ))rm−1drdΘ, rΘ ∈ Σ(p).

We denote

µp(r,Θ) =

{√
G(expp(rΘ))rm−1, rΘ ∈ Σ(p),

0, rΘ /∈ Σ(p).

Note that by definition

Br(p) = expp(Br(0)) = expp(Br(0) ∩ Σ(p)).

Since Cut(p) is of measure zero in M , we get

Vol(Br(p)) =

∫
Br(0)∩Σ(p)

µ(t,Θ)dtdΘ =

∫
Br(0)

µ(t,Θ)dtdΘ.

Example. We may calculate the function µp(r,Θ) for the three model spaces,

• Rm: µ(r,Θ) = rm−1.

• Sm: µ(r,Θ) = sinm−1(r).

• Hm: µ(r,Θ) = sinhm−1(r).

The Volume Measure via Jacobi Fields

Observe that the three functions µ(r,Θ) in the previous example are closely related to the
Jacobi fields on the three model spaces. This is not a coincidence:

Proposition 7.2. Given any Θ ∈ SpM and write γ(t) = expp(tΘ). Then for any basis v2, . . . , vm
of γ̇(0)⊥, if we let Vj(t) (i ⩾ 2) be the normal Jacobi fields along γ with Vj(0) = 0 and ∇γ̇(0)Vj = vj ,
then for any point rΘ ∈ Σ(p),

µp(r,Θ) =

∣∣∣∣ det(V2(r), . . . , Vm(r))

det(∇γ̇(0)V2, . . . ,∇γ̇(0)Vm)

∣∣∣∣ .
Proof. Using v1 = Θ, v2, . . . , vm as a basis one can define a set of global linear coordinates
u1, . . . , um on TpM ,

u ∈ TpM ⇝ u = u1v1 + · · ·+ umvm.

Then we have
du1 · · · dum =

rm−1

| det(v1, . . . , vm)|
drdΘ.

Since Vj is a Jacobi field along γ with Vj(0) = 0, we have

Vj = t(d expp)tΘ(vj).

Note that under exp−1
p , (u1, . . . , um) also gives a coordinate system near expp(rΘ) for rΘ ∈ Σ(p).

With this coordinate system, we have (at expp(rΘ))

∂1 = γ̇(r), ∂j =
1

r
Vj(r) (j ⩾ 2).
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It follows
gij(expp(rΘ)) = 〈∂i, ∂j〉

∣∣∣∣
expp(rΘ)

=
1

r2
〈Vi(r), Vj(r)〉

for i, j ⩾ 2. Since γ is a normal geodesic and since each Vj is a normal Jacobi field, we have
〈∂1, ∂1〉 = 1 and 〈∂1, ∂i〉 = 0 for i ⩾ 2. So we get, at expp(rΘ),

G = det(gij) = r−2m+2 det(〈Vi, Vj〉)i,j⩾2 = r−2m+2 det(V2(r), . . . , Vm(r))2.

It follows

dVg =
√
G(expp(rΘ))du1 · · · dum =

∣∣∣∣ det(V2(r), . . . , Vm(r))

det(∇γ̇(0)V2, . . . ,∇γ̇(0)Vm)

∣∣∣∣ drdΘ.
This completes the proof.

The Volume Measure v.s. the Laplacian of Distance

The crucial observation is

Lemma 7.3. Suppose Θ ∈ SpM and rΘ ∈ Σ(p), then

µ′
p(r,Θ)

µp(r,Θ)
= (∆dp)(expp(rΘ)),

where the derivative is taken with respect to r.

Proof. Let γ(t) = expp(tΘ) (0 ⩽ t ⩽ r) be the normal geodesic starting at p in the direction Θ.
Consider a parallel orthonormal frame {ei(t)} along γ with e1(t) = γ̇(t). Let Vj(t) be a Jacobi
field along γ such that

Vj(0) = 0 and Vj(r) = ej(r).

Then at q = γ(r) we have

∆dp(expp(rΘ)) =

m∑
i=2

(∇2dp)q(ei(t), ei(t)) =

m∑
i=2

I(Vi, Vi).

On the other hand, if we denote A(t) = (〈Vi(t), Vj(t)〉)i,j⩾2, then A(r) = Id, and the derivative
d(t) = detA(t) = (det(V2(t), . . . , Vm(t)))2 is

d′(t) = d(t)tr(A−1(t)A′(t)).

Thus we get

µ′
p(r,Θ)

µp(r,Θ)
=

1

2

d′(r)

d(r)
=

1

2
tr(A′(r)) =

m∑
j=2

〈Vj(r),∇γ̇(t)Vj(r)〉 =
m∑
j=2

I(Vj , Vj),

so the conclusion follows.

Comparison of Volume Elements

In particular if we denote by µκ(r) the function µ(r,Θ) for the space Mm
κ , i.e.

µκ(r) =


sinm−1(

√
κr), κ > 0,

rm−1, κ = 0,

sinhm−1(
√
−κr), κ < 0,

then by Laplace comparison theorem,

µ′
p(r,Θ)

µp(r,Θ)
⩽ µ′

κ(r)

µκ(r)

for any complete Riemannian manifold with Ric ⩾ (m− 1)κ, as long as rΘ ∈ Σ(p).
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Proposition 7.4. If (M, g) is a complete Riemannian manifold with Ric ⩾ (m − 1)κ, then for
any fixed Θ ∈ SpM ,

(1) the function µp(r,Θ)

µκ(r)
is non-increasing in r.

(2) lim
r→0+

µp(r,Θ)

µκ(r)
= 1, and thus µp(r,Θ) ⩽ µκ(r) for all r > 0.

(3) if µp(t,Θ) = µκ(t) for t ∈ [a, r] and any Θ, then B(p, r) is isometric to Bκ(r).

Proof. (1) The monotonicity of µp(r,Θ)

µκ(r)
follows from

d

dt

(
log

µp(t,Θ)

µκ(t)

)
=
µ′
p(t,Θ)

µp(t,Θ)
− µ′

κ(t)

µκ(t)
⩽ 0.

(2) By Vj(r) = r∇γ̇(0)Vj +O(r2) we get µp(r,Θ) = rm−1 +O(rm). The result follows.
(3) If µp(t,Θ) = µκ(t) for t ⩽ r and any Θ, then

(∆dp)(expp(tΘ)) =
µ′
p(t,Θ)

µp(t,Θ)
=
µ′
κ(t)

µκ(t)
= (∆κdκ)(t).

It follows that Ric(γ̇(t)) = (m − 1)κ, and (since Θ and thus γ are arbitrary) any normal Jacobi
field along any geodesic starting at p is almost parallel. By Problem Sheet 4, (M, g) has constant
sectional curvature, and thus the constant has to be κ. Finally by Cartan’s local isometry theorem,
B(p, r) is isometric to Bκ(r) in Mm

κ .

The Bishop-Gromov Volume Comparison Theorem

Note that for t large, it may happen that tΘ /∈ Σ(p). However, in this case µp(t,Θ) = 0. So
the monotonicity holds for all t. It is this simple observation that leads to a global comparison
instead of a local comparison inside the interior radius. In fact, by integrating the volume density
we get

Theorem 7.5 (Bishop-Gromov). If (M, g) is a complete Riemannian manifold with Ric ⩾ (m−
1)κ, and p ∈ M is an arbitrary point. Let Sκ(r) and Bκ(r) be the metric sphere and the metric
ball of radius r in Mm

κ . Then the functions

Area(S(p, r))

Area(Sκ(r))
and Vol(B(p, r))

Vol(Bκ(r))

are non-increasing in r, and both tends to 1 as r → 0+. Moreover, the quotient is a constant for
r ∈ [r1, r2] if and only if B(p, r2) is isometric to Bκ(r2).

Proof. By definition
Area(S(p, r)) =

∫
Sm−1

µp(r,Θ)dΘ,

Vol(B(p, r)) =

∫ r

0

∫
Sm−1

µp(r,Θ)dΘdr.

Thus if we denote the surface area of the sphere Sm−1 ⊂ Rm by ωm−1, then

Area(S(p, r))

Area(Sκ(r))
=

∫
Sm−1

µp(r,Θ)dΘ∫
Sm−1

µκ(r)dΘ

=
1

ωm−1

∫
Sm−1

µp(r,Θ)

µκ(r)
dΘ
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is non-increasing and tends to 1 as r → 0. As a consequence,

d

dr

(
log

Vol(B(p, r))

Vol(Bκ(r))

)
=

Area(S(p, r))

Vol(B(p, r))
− Area(Sκ(r))

Vol(Bκ(r))

=

∫ r

0

(Area(S(p, r))Area(Sκ(t))−Area(Sκ(r))Area(S(p, r)))dt

Vol(B(p, r))Vol(Bκ(r))

⩽ 0

and thus Vol(B(p, r))

Vol(Bκ(r))
is also non-increasing in r, and tends to 1 as t→ 0.

Corollary 7.6. We have

Area(S(p, r)) ⩽ Area(Sκ(r)), and Vol(B(p, r)) ⩽ Vol(B(p, r))

for all r ⩾ 0. Moreover, equality holds if and only if B(p, r) is isometric to Bκ(r).

7.2 Applications of the Volume Comparison Theorem
In last section we proved the Bishop-Gromov comparison theorem, namely for any complete

Riemannian manifold satisfying Ric ⩾ (m− 1)κ, the functions

Area(S(p, r))

Area(Sκ(r))
and Vol(B(p, r))

Vol(Bκ(r))

are non-increasing in r, and both tends to 1 as r → 0+. Today we shall give some applications.

7.2.1 Applications to Geometric Quantities
As an application of the volume comparison theorem, we get a one-sentence proof of Bonnet-

Myers theorem: If d(p, q) > π√
κ

, then 0 < Area

(
S

(
p,

π√
κ

))
⩽ Area

(
Sκ

(
π√
κ

))
= 0, contra-

diction.
As an immediate consequence,

Corollary 7.7. Let (M, g) be a complete Riemannian manifold with Ric ⩾ (m − 1)κ > 0, then
Vol(M, g) ⩽ Vol(Sm

κ ), and the equality holds if and only if (M, g) is isometric to Sm
κ .

In fact, with a bit more work, one can prove

Theorem 7.8 (S. Y. Cheng). Let (M, g) be a complete Riemannian manifold with Ric ⩾ (m −
1)κ > 0, and diam(M, g) =

π√
κ

, then (M, g) is isometric to Sm
κ .

Proof. By Bishop-Gromov volume comparison theorem, for any p ∈M ,

Vol

(
B

(
p,

π

2
√
κ

))
Vol(M)

=

Vol

(
B

(
p,

π

2
√
κ

))
Vol(Bπ/

√
κ(p))

⩾
Vol

(
Bκ

(
π

2
√
κ

))
Vol

(
Bκ

(
π√
κ

)) =
1

2
.

Now let p, q ∈M so that dist(p, q) =
π√
κ

. Then the above inequality implies

Vol

(
B

(
p,

π

2
√
κ

))
⩾ 1

2
Vol(M), Vol

(
B

(
q,

π

2
√
κ

))
⩾ 1

2
Vol(M).
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Since B
(
p,

π

2
√
κ

)
∩B

(
q,

π

2
√
κ

)
= ∅, we must have

Vol

(
B

(
p,

π

2
√
κ

))
Vol(M)

=

Vol

(
Bκ

(
π

2
√
κ

))
Vol

(
Bκ

(
π√
κ

)) =
1

2
,

Vol

(
B

(
q,

π

2
√
κ

))
Vol(M)

=

Vol

(
Bκ

(
π

2
√
κ

))
Vol

(
Bκ

(
π√
κ

)) =
1

2
.

So B

(
p,

π

2
√
κ

)
∪ B

(
q,

π

2
√
κ

)
= M . According to Bishop-Gromov comparison theorem,

B

(
p,

π

2
√
κ

)
and B

(
q,

π

2
√
κ

)
are both isometric to hemisphere in Sm

κ . It follows that

Vol(M, g) = Vol(Sm
κ ) and thus M is isometric to Mm

κ .

Remark. The maximal diameter theorem was first proved by Toponogov under the stronger
assumption K ⩾ κ.

Volume Growth Rate

Another immediate consequence of volume comparison theorem is

Corollary 7.9. Let (M, g) be a complete Riemannian manifold with Ric ⩾ 0, then

Vol(B(p, r)) ⩽ Vol(B0(r)) = ωmr
m,

where ωm is the volume of unit ball in Rm.

Note that for any p, q, with l = d(p, q), one has

B(p, r) ⊂ B(q, r + l) ⊂ B(p, r + 2l).

It follows that the asymptotic volume ratio

αM := lim
r→∞

Vol(B(p, r))

ωmrm

is independent of p, and αM ⩽ 1, with equality if and only if (M, g) is isometric with (Rm, g0).

Remark. We say (M, g) has large volume growth [or Euclidean volume growth] if αM > 0.
It has been proved by Li (1986) and Anderson (1990) that |π1(M)| is bounded by 1

αM
, and in

particular, M is simply connected if αM >
1

2
. In 1994 Perelman proved that there exists δm > 0

such that if αM ⩾ 1− δm, then M is contractible.

Remark. The asymptotic volume ratio αM appears in many problems. For example, S. Brendle
recently proved the following isoperimetric inequality: Let (M, g) be a complete noncompact Rie-
mannian manifold with nonnegative Ricci curvature, then for any compact domain Ω in M with
boundary ∂Ω,

(Area(∂Ω))1/(m−1)

(Vol(Ω))1/m
⩾ α1/m(m−1)

M

(Area(∂B0(1)))
1/(m−1)

(Vol(B0(1)))1/m
.

It is easy to construct manifolds with Ric ⩾ 0 and αM = 0. For example, the Riemannian
manifold M = Sκ×Rl (with the product metric) has nonnegative Ricci curvature, and the volume
Vol(B(p, r)) is of order rl. In particular, Sm−1 × R has “linear” volume growth. It turns out that
for any complete non-compact Riemannian manifold (M, g) with Ric ⩾ 0, this is the least possible
volume growth:

Theorem 7.10 (Calabi-Yau). Let (M, g) be a complete non-compact Riemannian manifold with
Ric ⩾ 0. Then there exists a positive constant c depending only on p and m so that

Vol(B(p, r)) ⩾ cr, ∀r > 2.
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Proof. (Following Gromov.) Since M is complete and non-compact, for any p ∈ M there exists a
ray, i.e. a geodesic γ : [0,∞) →M with γ(0) = p such that dist(p, γ(t)) = t for all t > 0. (Exercise:
Prove the existence of a ray.)

For any t > 3

2
, using the Bishop-Gromov volume comparison theorem, we get

Vol(B(γ(t), t+ 1))

Vol(B(γ(t), t− 1))
⩽ ωm(t+ 1)m

ωm(t− 1)m
=

(t+ 1)m

(t− 1)m
.

On the other hand, by triangle inequality, B(p, 1) ⊂ B(γ(t), t+ 1) \B(γ(t), t− 1). So

Vol(B(p, 1))

Vol(B(γ(t), t− 1))
⩽ Vol(B(γ(t), t+ 1) \B(γ(t), t− 1))

Vol(B(γ(t), t− 1))
⩽ (t+ 1)m − (t− 1)m

(t− 1)m
,

i.e.
Vol(B(γ(t), t− 1)) ⩾ Vol(B(p, 1))

(t− 1)m

(t+ 1)m − (t− 1)m
⩾ C(m)Vol(B(p, 1))t,

where C(m) is the infimum of the function 1

t

(t− 1)m

(t+ 1)m − (t− 1)m
on
[
3

2
,∞
)

, which is positive.
Now the theorem follows the fact

B(p, r) ⊃ B

(
γ

(
r + 1

2

)
,
r + 1

2
− 1

)
.

Remark. A complete non-compact Riemannian manifolds with

lim inf
r→∞

Vol(B(p, r))

r
= C > 0

are called manifold with linear volume growth. Unlike the maximal volume growth case, the
constant c = c(p,m) depends on p and may tends to 0 as p→ ∞.

7.2.2 Applications to the Fundamental Group
The Fundamental Group of Compact Manifolds

We start with a theorem concerning the topology of manifolds:

Theorem 7.11. For any compact manifold M , π1(M) is finitely generated.

For a topological proof, we refer to Hatcher’s book Algebraic Topology (Corollary A.8 and
A.9). In what follows we will give a couple geometric proofs. As we can see, by introducing
a Riemannian metric on M , we are able to find a nice generator set that satisfies additional
requirements and thus is better in applications.

To state the geometric versions of Theorem 7.11, we first endow a Riemannian metric g on M .
As usual we let π : M̃ →M be the universal covering, endowed with the pull-back metric g̃ = π∗g.
Fix any p̃ ∈ M̃ and consider the fundamental domain centered at p̃,

K = {q̃ ∈ M̃ | d(q̃, p̃) ⩽ d(q̃, g · p̃), ∀e 6= g ∈ π1(M)}.

For simplicity we denote d0 = diam(M, g). It is not hard to check

(1) K is compact and π(K) =M .

(2) For any e 6= g ∈ π1(M), g ·K ∩K ⊂ ∂K.

(3) M̃ =
⋃

g∈π1(M)

g ·K.

(4) K ⊂ B(p̃, d0).
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Our first geometric strengthened version of Theorem 7.11 is a set of generators with an estimate
of the “length” of any element via such generators:

Theorem 7.12. The set

Γ = {g ∈ π1(M) : ∃x, y ∈ K such that d(x, g · y) ⩽ 1}

is a finite generator set of π1(M). Moreover, for any g ∈ π1(M), if there exists x, y ∈ K such that
d(x, g · y) ⩽ s, then there exists g1, . . . , gs ∈ Γ such that g = g1 · · · gs.

Proof. For any g ∈ Γ, if we pick x, y ∈ K so that d(x, g · y) ⩽ 1, then for any q̃ ∈ K,

d(g · q̃, p̃) ⩽ d(g · q̃, g · p̃) + d(g · p̃, g · y) + d(g · p̃, g · y) + d(g · y, x) + d(x, p̃) ⩽ 3d0 + 1.

So we get g ·K ⊂ B(p̃, 3d0 + 1) and as a result, Γ is a finite set.
To prove the second conclusion, we proceed by induction. The conclusion holds trivially for

s = 1. Suppose it holds for s = k, and there exists x, y ∈ K such that d(x, g · y) ⩽ k + 1. On the
minimizing geodesic connecting x and g · y, one can find a point, which, in view of (3) above, can
be written as g′ · z for some g′ ∈ π1(M) and z ∈ K, such that d(x, g′ · z) ⩽ 1 and d(g′ · z, g · y) ⩽ k.
By induction hypothesis, g′ ∈ Γ and (g′)−1g = g1 · · · gk for some g1, . . . , gk ∈ Γ. This completes
the proof.

In a second geometric strengthened version of Theorem 7.11, we give another set of generators
with relations of given form:

Theorem 7.13 (Gromov). Let (M, g) be a compact Riemannian manifold. Then one can find a
finite generator set Γ = {g1, . . . , gn} so that

• d(p̃, gi · p̃) ⩽ 2d0 for 1 ⩽ i ⩽ n.

• all relations among these generators are of the form gigjg
−1
k = e.

Proof. Since M is compact, one can find a triangulation of M so that the distance between any
pair of adjacent vertices is less than ε < inj(M) and such that any loop is homotopic to a loop in
the 1-skeleton of the triangulation. Let {v1, . . . , vq} be the set of vertices, and eij the set of edges
(so eij is only defined for some i, j). Fix p = π(p̃) and realize π1(M) with basepoint p. Let σi be
the minimal geodesic from p to vi. Then for any edge eij , σij := σieijσ

−1
j is a loop based at p,

with
L(σij) ⩽ 2d0 + ε.

Since any loops in M based at p is homotopic to a loop in the 1-skeleton of the triangulation, and
since σieijejkσ−1

k ∼ σiσijσjkσ
−1
k , the loops σij ’s generates π1(M).

Observe that if three vertices are adjacent to each other, then they span a 2-simplex ∆ijk, and
the loop σijσjkσki is null-homotopic, i.e. σijσjkσ−1

ik = e. So each 2-simplex gives rise to a relation
among σij ’s of the given form. Conversely, if σ is null-homotopic loop in the 1-skeleton based at p,
then σ is contractible in the 2-skeleton, and thus there is set of 2-simplex ∆ijk so that the relation
σ = e is a product of the elementary relations of the form σijσjkσ

−1
ik = e.

Finally by discreteness of the action of π1(M) on M̃ one has, for ε small enough,

{g ∈ π1(M) | d(p̃, g · p̃) < 2d0 + ε} = {g ∈ π1(M) | d(p̃, g · p̃) ⩽ 2d0}.

This finishes the proof.

Detour: Growth of a Finitely Generated Group

We give some abstract definitions in algebra. Let G be a finitely generated group, and Γ =
{g1, . . . , gN} a generator set. The growth function of G with respect to Γ is defined to be the
number of group elements that can be represented as a product of at most k generators, i.e.

NΓ
G(k) = #{g ∈ G | ∃l ⩽ k and gi1 , . . . , gil ∈ Γ, s.t.g = g±1

i1
· · · g±1

il
}.

We will use |g| to represent the smallest l such that g = g±1
i1

· · · g±1
il

, and call it the length of g
with respect to the given generator set.
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Definition 7.14. Let G be finitely generated, and Γ is a finite set that generates G.

(1) We say that G is of polynomial growth (of order n) if

NΓ
G(k) ⩽ ckn

for some constant c depending only on G, Γ.

(2) We say G is of exponential growth if there is c > 0 and a > 1 such that

NΓ
G(k) ⩾ cak.

Remark. Note that if Γ′ is another finite set of generators, then there exists integers c1, c2 so
that any element of Γ can be represented via at most c1 elements of Γ′, and any element of Γ′ can
be represented via at most c2 elements of Γ. It follows that

NΓ
G(k) ⩾ NΓ′

G (c1k), NΓ′

G ⩾ NΓ
G(c2k).

So the concept of polynomial/exponential growth is independent of the choice of the generator set.

Example. Here are two simple examples:

• For G = Z⊕Z, we may take Γ = {(1, 0), (0, 1)} and it is quite obvious that NΓ
G(k) ≈ 2k2. It

follows that Z⊕ Z has quadratic growth.

• For G = Z ∗ Z, we may take Γ = {(1, 0), (0, 1)} and it is not hard to get NΓ
G(k) ≈ 4

k∑
l=0

3l =

2 · 3k+1. It follows that Z ∗ Z has exponential growth.

Growth of Fundamental Group: Negative Curvature Case

Back to Riemannian manifolds. Let (M, g) be a compact Riemannian manifold. According
to Theorem 7.11, π1(M) is finitely generated. It is natural to study its growth rate. As one
can imagine, the growth rate of π1(M) is related to the volume growth rate of the Riemannian
universal covering (M̃, g̃) of (M, g), since the fundamental group π1(M) acts isometrically on M̃
as the group of deck transformations.

In view of Lohkamp’s result that any smooth manifold M of dimension m ⩾ 3 admits a
Riemannian metric with Ric < 0, there is no control to π1(M) for manifolds with negative Ricci
curvature. It turns out that for a compact manifold to admit negative sectional curvature, then
its fundamental group must be of exponential growth. To prove this we need the following volume
comparison theorem (in reverse direction inside injectivity radius, with sectional curvature upper
bound condition) whose proof is left as an exercise:

Theorem 7.15. If (M, g) is a complete Riemannian manifold with sectional curvature K ⩽ κ,

then for r < min

(
inj(p),

π√
κ

)
, one has

(1) The functions Area(S(p, r))

Area(Sκ(r))
and Vol(B(p, r))

Vol(Bκ(r))
are non-decreasing in r,

(2) we have
Area(S(p, r)) ⩾ (Sκ(r)), and Vol(B(p, r)) ⩾ Vol(B(p, r)).

Moreover, equality holds if and only if B(p, r) is isometric to Bκ(r).

Using this we can prove

Theorem 7.16 (Milnor). Let (M, g) be a compact Riemannian manifold with K < 0, then π1(M)
has exponential growth.
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Proof. Consider the generator set Γ as in Theorem 7.12. For any y ∈ B(p̃, d0 + s), there exists
g ∈ π1(M) so that y ∈ g·K. By Theorem 7.12, |g| ⩽ s with respect to Γ. In other words,
B(p̃, d0 + s) can be covered by NΓ

G(s) sets of the form g ·K. So

Vol(B(p̃, d0 + s)) ⩽ NΓ
G(s)Vol(K).

On the other hand, since M is compact, there exists κ > 0 so that K ⩽ −κ. Note that in this case
the injectivity radius is +∞. So by Theorem 7.15,

Vol(B(p̃, d0 + s)) ⩾ Vol(B−κ(d0 + s)).

Finally use the fact

Vol(B−κ(r)) =

∫ r

0

∫
Sm−1

(
sinh(

√
κt)√

κ

)m−1

dΘdt ⩾ ce
√
κr

we get the desired estimate

NΓ
G(s) ⩾

Vol(B(p̃, d0 + s))

Vol(K)
⩾ Vol(B−κ(d0 + s))

Vol(K)
⩾ ce

√
κ(d0+s).

Growth of Fundamental Group: Non-compact

From the proof above we see that reason for “the fundamental group of ‘a compact Riemannian
manifold with negative sectional curvature’ to be of exponential grown” is that the geodesic balls
in the negative curvature space Mm

κ have exponential volume growth. On the other hand, the
geodesic balls in the Euclidean space Mm

0 has volume growth of order m. So one may naturally
anticipate

Proposition 7.17. Let (M, g) be a compact Riemannian manifold with Ric ⩾ 0, then π1(M) has
polynomial growth of order ⩽ m.

This is true, and it is a direct consequence of the following more general theorem:

Theorem 7.18 (Milnor). Let M be a complete Riemannian manifold with Ric ⩾ 0 and let
G ⊂ π1(M) be any finitely generated subgroup. Then G has polynomial growth of order no more
than m.

Proof. Let Γ be a finite set of generators of G. Fix a point p̃ ∈ M̃ and let

l = max{dist(p̃, gip̃) | gi ∈ Γ}.

Then by triangle inequality, for any g = gi1 · · · gik ∈ Γk ⊂ G, dist(p̃, gp̃) ⩽ kl. On the other hand
side, we can pick

δ =
1

3
min{dist(p̃, gp̃) | e 6= g ∈ G} > 0

so that the balls B(gp̃, δ) are all disjoint for g ∈ G. So B(p̃, kl + δ) ⊃
⋃

g∈Γk

B(gp̃, δ) and thus

Vol(B(p̃, kl + δ)) ⩾ NΓ
GVol(B(p, δ)).

Since the Riemannian universal covering (M̃, g̃) has non-negative Ricci curvature, applying the
Bishop-Gromov’s volume comparison theorem we get

NΓ
G ⩽

Vol(B(p̃, kl + δ))

Vol(B(p, δ))
⩽ (kl + δ)m

δm
⩽ ckm.

As a consequence one gets
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Corollary 7.19. For g ⩾ 2, Σg × Rk admits no complete metric of Ric ⩾ 0.

Example. Let H be the Heisenberg group

H =


1 x z
0 1 y
0 0 1

 : x, y, z ∈ R


and let HZ be the subgroup that contains elements with x, y, z ∈ Z. Then one can show that the
growth rate of HZ is of order 4. So H/HZ admits no metric with Ric ⩾ 0.

Remark. According to a celebrated theorem of Gromov, if G is finitely generated and has poly-
nomial growth, then G is virtually nilpotent [i.e. G contains a nilpotent subgroup of finite index].
As we have seen in Section 6.2, if (M, g) has sectional curvature K ⩾ 0, then π1(M) is finitely
generated. It was conjectured by Milnor in 1968 that

Conjecture. For any complete Riemannian manifold (M, g) with Ric ⩾ 0, the fundamental group
π1(M, g) is finitely generated.

The conjecture was proved for m = 3 by Liu in 2013, and was disproved for m ⩾ 7 by
Brue-Naber-Semola in 2023. It is still open for m = 4, 5, 6.

Finiteness of Fundamental Group

Finally we apply Theorem 7.13 and the volume comparison to prove

Theorem 7.20 (Anderson). In the set of all Riemannian manifolds M with

Ric ⩾ (m− 1)κ, Vol(M, g) ⩾ V, diam(M) ⩽ D,

there are only finitely many isomorphism types of the fundamental groups π1(M).

Proof. Let Γ = {g1, . . . , gn} be a set of generators as in Theorem 7.13. Then there are at most 2n3

isomorphism types of abstract groups G generated by Γ. It remains to show that n is bounded,
which is a consequence of volume comparison. In fact, consider the fundamental domain K again.
Then g ·K’s are disjoint. Moreover, for each g ∈ Γ, g ·K is contained in B(p̃, 4d0). So by volume
comparison.

nV ⩽ nVol(M, g) = mVol(K) ⩽ Vol(B(p̃, 4d0)) ⩽ Vol(Bκ(4d0)) ⩽ Vol(Bκ(4D))

and thus the conclusion follows.

Remark. This is one of the many finiteness theorems that people have proved for Riemannian
manifolds satisfying suitable bounds on curvature/volume/diameter etc. Note that this theorem
fails if we drop the volume lower bound or diameter upper bound condition:

• Consider the set of all lens space L(p, q) = S3/Zp. Then they have constant sectional
curvature 1 (and thus constant Ricci curvature m − 1), and constant diameter1 π/2, but
volume tends to 0 as p tends to infinity. Obviously this set has infinitely many different
fundamental groups.

• Consider the set of surfaces Σg endowed with hyperbolic metrics, i.e. with constant sectional
curvature −1. Then they have constant Ricci curvature −(m − 1), volume bounded below
(tends to infinity by Gauss-Bonnet), but the diameters are not bounded above.

1To see this one first note that for the lens space L(p, q), viewed as S3 ⊂ C2 quotient by the action k · (z1, z2) =
(e2πik/pz1, e2πikq/pz2), any smooth curve connecting π(1, 0) and π(0, 1) is the quotient of a curve connecting (1, 0)
and a point of the form (0, e2πil/p). So diam(L(p, q)) ⩾ π/2. On the other hand, by the Grove-Shiohama theorem
that we will prove next time, we can’t have diam(L(p, q)) > π/2.
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7.3 The Sphere Theorem
7.3.1 Critical Point Theory of Distance Functions
A Glimpse into Morse Theory

As we mentioned in Section 5.4, Morse theory is a basic tool in differential topology relates
the topology of M to the critical points of a Morse function on M , and the theory has many
applications in Riemannian geometry.

On major theme in Morse theory is to study the change of topology of sub-level sets Ma =
{x | f(x) ⩽ a} as a varies. Two crucial facts in Morse theory are

Theorem 7.21 (Isotopy Lemma). Suppose f ∈ C∞(M), f−1([a, b]) is compact, and f−1([a, b]) ∩
Crit(f) = ∅. Then Ma is diffeomorphic [and is a deformation retract] to Mb.

Idea of Proof. “Push” Mb down to Ma along trajectories of ∇f
|∇f |

(which are of constant speed and

are perpendicular to each level set f = c). The topology is not changed during this procedure.
[See my notes on smooth manifolds for detail.]

One can show that on any smooth manifold, there are lots of “good Morse functions” [i.e. the
critical points are disjoint, non-degenerate and take different values].

Theorem 7.22. Suppose f ∈ C∞(M), p is a non-degenerate critical point of f , f−1([c− ε, c+ ε])
is compact, and f−1([c− ε, c+ ε]) ∩ Crit(f) = {p}. Then Mc+ε is homotopy equivalent to “Mc−ε

with a λ-cell attached”, where λ is the index of p.

As a result, one can detect the homotopy type of M from a good Morse function. A useful
theorem in differential topology that can be used to produce a sphere is

Theorem 7.23 (Brown). If M is a compact manifold, M = U1 ∪ U2, and U1, U2 are both
homeomorphic to Rm, then M is homeomorphic to Sm.

As a consequence, one has

Theorem 7.24 (Reeb). If M is compact, f ∈ C∞(M) is a Morse function that has only two
critical points, then M is homeomorphic to Sm.

Proof. The two critical points have to be the maximum/minimum of f . Take a close to the minimal
value of f and b closed to the maximal value of f , so that both f−1((−∞, a)) and f−1((b,+∞))
are homeomorphic to Rm. Take b′ between b and the maximal value of f . By Theorem 7.21,
f−1((−∞, a)) is homeomorphic to f−1((−∞, b′)). Since M = f−1((−∞, b′)) ∩ f−1((b,+∞)), by
Brown’s theorem, M is homeomorphic to Sm.

Note that in this proof we avoided the use of Theorem 7.22.

Critical Points of the Distance Function

Now let (M, g) be a Riemannian manifold, and p ∈M be a point. In some sense the distance
functions dp’s are the most natural functions that are defined on M . Although dp /∈ C∞(M), Grove
and Shiohama succeeded in developing a Morse theory for dp in 1977 which played an important
role in studying the topology of Riemannian manifolds. To get an idea let’s examine the behavior
of dp on (M, g):

• As we have seen, the distance function dp is smooth at any q /∈ Cut(p)∪ {p}, with (∇dp)q =
γ̇(d(p, q)), where γ is the unique minimizing normal geodesic from p to q. In particular,
|∇dp| = 1 at any q /∈ Cut(p) ∪ {p}. As a result, these points are not critical points of dp.

• The singularity of dp at the point p is not too bad, since it is the only minimum of dp, and
the change of topology near p is well-understood. This point can be regarded as a “trivial
critical point” of dp.
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• So we are more interested in those points q ∈ Cut(p). They are candidates of critical
points for dp. To get a better idea, let’s take a closer look at the example S1 × R: given
any p = (eiθ, z0) ∈ S1 × R, Cut(p) = {(e−iθ, z) | z ∈ R}. When will the topology of
Ma = {q | d(p, q) < a} change as a varies? Obviously

– the topology of Ma will not change for a < π [no critical points there],
– the topology of Ma will change when a pass the value π, i.e. pass the cut point p̃ =

(e−iθ, z0),
– the topology of Ma will not change for a > π, although there are two non-smooth points

of dp for each such a.

Why the topology for Ma will not change for a > π? Because although there are two
minimizing geodesics meeting at one point q ∈ Cut(p) with dp(q) = a, their directions at q
lies in the same open half space. As a result, there is one direction that one can “flow-out”
Ma to Mb (b > a), and that is a direction whose angles with both geodesics are obtuse. Why
such “flow-out” argument fails for a = π, i.e. at p̃ = (e−iθ, z0)? Because for the two geodesics
meeting at p̃, one can’t find such a direction whose angles with both geodesics are obtuse!

We are thus led to the following definition:

Definition 7.25. A point q 6= p is called a critical point of dp [or a critical point of p] if for all
Xq ∈ TqM , there exists a minimizing geodesic γ from q = γ(0) to p so that

〈γ̇(0), Xq〉 ⩾ 0,

i.e. the angle α between γ̇(0) and Xq is no more than π

2
.

The set of all such critical points of dp will be denoted as CP(p). Note that if q is not a critical
point of dp, then the tangent vector of all minimizing geodesic from q to p lie in an open half space
of TqM .

Examples of Critical Points of the Distance Function

Example. Here are some immediate examples:

• M = S2 the standard sphere: the only critical point of p is its antipodal p.

• M = S1 × R1 the cylinder: the only critical point of (iθ, z) is (e−iθ, z).

• M = S1 × S1 the flat torus with fundamental domain a square centered at p: the critical
points are the two midpoints of the sides and the corner point.

• If γ is closed geodesic of length 2l so that both γ

∣∣∣∣
[0,l]

and γ

∣∣∣∣
[l,2l]

are minimal, then γ(l) is a

critical point of γ(0).

Recall that for any point q /∈ Cut(p), there is a unique minimizing geodesic joining p to q.
So expp is injective on an open ball Bp(0, r) ⊂ TpM if B(p, r) ⊂ M \ Cut(p). Moreover, for most
points in Cut(p), there exists at least two minimizing normal geodesic to p (c.f. Problem Sheet 3).
So we conclude

injp(M, g) = dist(p,Cut(p)) and inj(M, g) = inf p ∈Mdist(p,Cut(p)).

Proposition 7.26. If q ∈ Cut(p) is not conjugate to p and

d(p, q) = d(p,Cut(p)),

then there are exactly two minimizing normal geodesic γ and σ from p to q, and σ̇(l) = −γ̇(l). In
particular, q is a critical point of p.
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Proof. We have seen in Theorem 5.49 that there are at least two minimizing normal geodesic γ, σ
from p to q. We shall prove γ̇(l) = −γ̇(l). Suppose not, then there exists Xq ∈ TqM with |Xq| = 1,
such that

〈Xq, γ̇(l)〉 < 0 and 〈Xq, σ̇(l)〉 < 0.

Since q is not conjugate to p along γ, there exists U 3 lγ̇(0) such that expp
∣∣∣∣
U

is a diffeomorphism.

Let
ξ(s) = (expp |U )−1 expq(sXq).

Then γs(t) = expp

(
t

l
ξ(s)

)
is a geodesic variation of γ. By the first variation formula,

d

ds

∣∣∣∣
s=0

L(γs) = 〈Xq, γ̇(l)〉 < 0.

So for s > 0 small enough, L(γs) < L(γ) = l.
Similarly one can construct a geodesic variation

σs = expp

(s
l
η(s)

)
,

where η(s) = (expp |V )−1 expq(sXq) of the minimizing geodesic σ so that L(σs) < L(σ) = l for
s > 0 small enough. Note that for each s, both γs and σs are geodesics from p to expq(sXq).
Moreover, for s > 0 small enough,

ls := d(p, expq(sXq)) ⩽ L(γs) ⩽ l.

So expp is NOT injective on Bp

(
0,
ls + l

2

)
, which contradicts with the fact that expp is a diffeo-

morphism on Bp(0, l), since l = d(p,Cut(p)).

The Isotopy Lemma for dp
As in the usual Morse theory, the following fact is crucial in all applications.

Theorem 7.27 (The Isometry Lemma). Suppose (M, g) is complete, b > a > 0, and d−1
p ([a, b]) ∩

CP(d) = ∅. Then Ma is diffeomorphic [and is a deformation retract] to Mb.

Proof. For any point q /∈ CP(p), then there exists Xq ∈ TqM so that for any minimizing geodesic
γ from q to p, the angle

∠(Xq, γ̇(0)) <
π

2
.

Take a locally finite covering {Uqi} of B(p, b) \ B(p, a) using such neighborhoods, and a smooth
partition of unity {ρi} subordinate to this covering. Let X =

∑
ρiX

qi . Clearly X is a smooth
non-vanishing vector field on B(p, b) \B(p, a), since

〈X(q, γ̇(0))〉 =
∑

ρi〈Xqi(X
qi
(q), γ̇(0))〉 > 0, ∀q ∈ B(p, b) \B(p, a).

We normalize X so that |X(q)| = 1 at each q, and then repeat the proof of Theorem 7.21.
More precisely, for any σq(t) ∈ B(p, b) \B(p, a) we let γt be the minimizing geodesic from σq(t) to
p. Then by the first variation formula,

d

dt
(dp(σ

q(t))) =
d

dt
L(γt) = −〈X(σq(t)), γ̇t(0)〉.

Fix t1 < t2 so that σq([t1, t2]) ⊂ B(p, t2) \B(p, t1). By compactness, ∃ε > 0 so that

−〈X(σq(t)), γ̇t(0)〉 ⩽ − cos
(π
2
− ε
)
< 0
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for all t ∈ [t1, t2]. It follows

dp(σ
q(t2))− dp(σ

q(t1)) =

∫ t2

t1

d

dt
(dp(σ

q(t)))dt ⩽ −(t2 − t1) cos
(π
2
− ε
)
< 0.

So as t increases, dp is strictly decreasing along the integral curves σq(t) ofX insideB(p, t2)\B(p, t1)
as. So the flow of X gives the desired diffeomorphism.

Since the topology changes after the “farthest point”, we get

Corollary 7.28. Let (M, g) be a compact Riemannian manifold, p ∈M , and q is a farthest point
from p, then q is a critical point of p.

In particular, if d(p, q) = diam(M, g), then for any Xp ∈ TpM , there is a minimal geodesic γ
from p = γ(0) to q so that 〈γ̇(0), Xp〉 ⩾ 0.

The Reeb Theorem for dp
Although there is no Morse lemma and there is no index for the critical points of a distance

function, near the trivial critical point p of dp the sub-level set is still an m-ball. Similar phenomena
happens near a “non-degenerate (=discrete) farthest point”. So it is not amazing that we still have
the following analogue to the Reeb theorem for dp:

Corollary 7.29. Let (M, g) be a compact Riemannian manifold and p ∈ M . If dp has only one
non-trivial critical point q 6= p, then M is homeomorphic to Sm.

Proof. According to Corollary 7.28, q has too be the only farthest point of p. Take r1 small so
that both B(p, r1) and B(q, r1) are homeomorphic to Rm. Take r2 ∈ (r1, d(p, q)) large so that
B(p, r2) ∪ B(q, r1) = M . Then dp has no critical point in B(p, r2) \ B(p, r1). By the isometry
lemma, B(p, r2) is homeomorphic to B(p, r1), and thus is homeomorphic to Rm. By Brown’s
theorem, M is homeomorphic to Sm.

7.3.2 Some Sphere Theorems
The Diameter Sphere Theorem of Grove-Shiohama

As a first application of the critical point theory of distance function, we shall prove the
following diameter sphere theorem:

Theorem 7.30 (Grove-Shiohama). Let (M, g) be a complete connected Riemannian manifold
with

K >
1

4
and diam(M, g) ⩾ π,

then M is homeomorphic to Sm.

Proof. Since M is compact, there exists κ > 1

4
so that K ⩾ κ. By Bonnet-Myers, diam(M, g) ⩽

π√
κ

. In view of Cheng’s maximal diameter theorem, we may assume

diam(M, g) = l <
π√
κ

Let p, q ∈ M so that d(p, q) = l = diam(M, g). By Corollary 7.28, q is a critical point of p. By
Corollary 7.29, it is enough to prove that p has no other critical points.

Suppose to the contrary, p 6= q is a critical point of p. Denote l′ = d(p, q) and l′′ = d(q, q).
Let γ be a minimizing normal geodesic from q = γ(0) to q = γ(l′′). By definition of critical points,
there exists a minimizing normal geodesic σ from q = σ(0) to p = σ(l′) so that

α = ∠(−γ̇(l), σ̇(0)) ⩽ π

2
.
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Apply the Toponogov comparison theorem (triangle version), we conclude that there is a geodesic

triangle in Sm

(
1√
κ

)
whose sides have lengths l, l′, l′′, so that the opposite angle of l is α̃ ⩽ π

2
.

Since π ⩽ l < π√
κ

, we get

π

2
⩽ l

2

√
κl < π and 0 <

√
κl′,

√
κl′′ < π.

Then by the cosine law in Sm

(
1√
κ

)
,

0 > cos(
√
κl) = cos(

√
κl′) cos(

√
κl′′) + sin(

√
κl′) sin(

√
κl′′) cos(α̃)

⩾ cos(
√
κl′) cos(

√
kl′′),

which implies that exactly one of l′ and l′′ is strictly greater than π

2
√
κ

, and the other is strictly

smaller than π

2
√
κ

. Without loss of generality, assume 0 < l′′ <
π

2
√
κ

. Then

cos(
√
κl) ⩾ cos(

√
κl′) cos(

√
κl′′) > cos(

√
κl′).

In other words, l < l′. This contradicts with the fact l = diam(M, g).

The Topological Sphere Theorem

In 1940s, Hopf asked the following question: If a simply connected complete Riemannian
manifold (M, g) has sectional curvature close to 1, is it homeomorphic to or even diffeomorphic to
the sphere Sm?

In 1951 Rauch gave a positive answer: he proved that (M, g) is homeomorphic to Sm if it has
sectional curvature δ ⩽ K ⩽ 1, where δ ≈ 0.75 is the solution to sin(

√
δπ) =

√
δ/2. The pinching

constant δ was improved to 1/4 by Berger (1960, for m even) and Klingenberg (1961, for m odd).

Theorem 7.31 (Topological Sphere Theorem, Rauch-Berger-Klingenberg). Let (M, g) be a com-
plete simply connected Riemannian manifold with 1

4
< K ⩽ 1. Then M is homeomorphic to

Sm.

Remark. The constant 1

4
is sharp, since CPm has sectional curvature 1

4
⩽ K ⩽ 1. In fact, suppose

(M, g) is a complete and simply connected, then

(1) (Berger 1983) If m is even, then there exists ε(m) > 0 so that if 1

4
− ε(m) ⩽ K ⩽ 1, then

M is either homeomorphic to Sm or diffeomorphic to one of the CROSSes: CPm/2, HPm/4,
CaP2.

(2) (Abresch-Myers, 1994) If m is odd, then there exists ε > 0 so that if 1

4
− ε ⩽ K ⩽ 1, then

M is homeomorphic to Sm.

Remark. The other half of Hopf’s question was proved by Brendle and Schoen:

Theorem 7.32 (Differential Sphere Theorem, Brendle-Schoen 2009). Let (M, g) be complete
and simply connected, such that any p ∈ M , 0 < supΠp

K(Πp) < 4 infΠp K(Πp), then M is
diffeomorphic to Sm.

Remark (Sphere Theorem in Lower Dimensions). (1) For m = 2: let M be an oriented com-
pact surface with K > 0, then by the Gauss-Bonnet formula M is diffeomorphic to S2.

(2) For m = 3, by introducing the method of Ricci flow, R. Hamilton proved in 1982 that if (M, g)
is a 3 dimensional compact Riemannian manifold with Ric > 0, then (M, g) is diffeomorphic
to S3.
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(3) For m = 4 there is a very interesting conformal sphere theorem:

Theorem 7.33 (Chang-Gursky-Yang 2003). Let (M, g) be a compact 4-manifold whose Yamabe
invariant is positive. Suppose

∫
M

|W |2dv < 16π2χ(M), then M is diffeomorphic to S4 or RP4.

In view of Grove-Shiohama’s diameter sphere theorem, to prove topological sphere theorem it
is enough to prove

Theorem 7.34 (Klingenberg Injectivity Radius Estimate). Let (M, g) be a complete simply con-
nected Riemannian manifold with 1

4
< K ⩽ 1, then inj(M, g) ⩾ π.

In what follows we will prove Klingenberg’s injectivity radius estimate for m even. The odd
case is more involved.

Klingenberg Lemma

We need

Lemma 7.35 (Klingenberg Lemma). Let (M, g) be a compact Riemannian manifold whose sec-
tional curvature satisfies K ⩽ C for some constant C. Then either

inj(M, g) ⩾ π√
C

or there exists a closed geodesic γ in M whose length is minimum among all closed geodesics, such
that

inj(M, g) =
1

2
L(γ).

Proof. Take p ∈M and q ∈ Cut(p) so that dist(p, q) = inj(M, g). If q is conjugate to p along some
minimizing geodesic, then by Corollary 6.23,

inj(M, g) = dist(p, q) ⩾ π√
C
.

If q is not conjugate to p, then by Proposition 7.26, there exists two minimizing normal geodesics
σ, τ joining p to q so that σ̇(l) = −τ̇(l), where l = dist(p, q). Since p is also a cut point of q, and
by definition p realized the distance from q to Cut(q). It follows that σ̇(0) = −τ̇(0). So σ and τ
together form a closed geodesic. If we denote this closed geodesic by γ, then

inj(M, g) =
1

2
L(γ).

Finally we prove γ has minimal length among all closed geodesics: Otherwise if there is
another closed geodesic γ′ with length L(γ′) < L(γ), and let p′, q′ be two “antipodal” points on
γ′, i.e. dist(p′, q′) =

1

2
L(γ′), then by definition there is a point q′′ on γ′ which lies in Cut(p′), and

dist(p′, q′′) ⩽ 1

2
L(γ′) < inj(M, g). Contradiction.

Proof of Klingenberg Injectivity Radius Estimate, m Even

In what follows we only need to assume M is orientable (which implies M is simply connected
by Synge’s theorem).

By Bonnet-Myers’s theorem, M is compact. So there exists p ∈ M and q ∈ Cut(p) so that
dist(p, q) = inj(M, g) =: l. Suppose the theorem fails, i.e. l < π. Then by Corollary 6.23, q is not
conjugate to p. So according to Klingenberg lemma, there exists a closed normal geodesic γ in M
passing p = γ(0) and q = γ(l) whose length is L(γ) = 2l < 2π.

Since M is of even-dimension and is oriented, by repeating the proof of Synge’s theorem, we
can find a vector field X(t) parallel along γ with

X(2l) = X(0) = Xp ∈ γ̇(0)⊥,
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so that the variation of γ with variation field X satisfies

d2

ds2

∣∣∣∣
s=0

E(γs) = −
∫
R(γ̇, X, γ̇,X)dt < 0.

In other words, L(γs) < L(γ) for all small s 6= 0.
Denote ps = γs(0) and let qs = γs(ls) be the point on γs which is farthest to ps. Then

dist(ps, qs) < l = inj(M, g),

so there exists a unique normal minimizing geodesic σs joint qs = σs(0) to ps. Since lim
s→0

qs = q,
there exists a sequence si → 0 so that σ̇si(0) converges to a unit vector Yq ∈ TqM . By continuity,
σ(t) = expq(tYq) is a minimizing normal geodesic connecting q to p. In what follows we will show
σ̇(0) ⊥ γ̇(l), so that σ is not one of the two parts of γ. As a consequence, we get three minimizing
geodesic from q to p. This contradicts with Proposition 7.26.

It remains to prove σ̇(0) ⊥ γ̇(l). We let σs,t be the minimizing normal geodesic from ps = γs(0)
to γs(t) for γs(t) close to qs = γs(ls). Then σs,t is a variation of σs = σs,ls . By the choice of qs,
L(σs,t) ⩽ L(σs). So according to the first variation formula,

0 =
d

dt

∣∣∣∣
t=ls

E(σs,t) = −〈σ̇s(0), γ̇s(ls)〉.

It follows that γ̇(0) ⊥ γ̇s(ls). Passing to the subsequence si and taking limit, we get σ̇(0) = Yq ⊥
γ̇(l).

Remark. By checking the prove above one can see that for the case m = dimM even, it’s enough
to assume that (M, g) is oriented and satisfies the weaker curvature condition that there exists ε
such that 0 < ε < K ⩽ 1.



Chapter 8

Bochner and Spectral Theory

8.1 Bochner’s Technique and Applications
In studying the relation between the curvatures of a Riemannian manifold and its geome-

try/topology, another very useful method is the so-called Bochner technique.

8.1.1 Bochner’s Formula
Bochner’s Formula

We start with

Theorem 8.1. Let (M, g) be Riemannian manifold, and X ∈ Γ∞(TM).

(1) If ∇X is symmetric, i.e. 〈∇uX, v〉 = 〈∇vX,u〉 for all u, v ∈ TxX, then
1

2
∆(|X|2) = |∇X|2 + 〈X,∇(divX)〉+Rc(X,X).

(2) If ∇X is anti-symmetric, i.e. 〈∇uX, v〉 = −〈∇vX,u〉 for all u, v ∈ TxX, then
1

2
∆(|X|2) = |∇X|2 −Rc(X,X).

Proof. (1) With Riemannian normal coordinates centered at x, we have

∇∂i
∂j(x) = 0, ∀i, j.

Recall at x one can write

(∇2f)x(∂i, ∂j) = (∂i∂jf)(x) and (∆f)(x) =
∑

(∂i∂if)(x).

It follows that at x,
1

2
∆(|X|2) = 1

2

∑
i

∂i∂i〈X,X〉 =
∑
i

∂i〈∇∂i
X,X〉

⋆
=
∑
i

∂i〈∇XX, ∂i〉

=
∑
i

〈∇∂i∇XX, ∂i〉

=
∑
i

(〈∇X∇∂i
X, ∂i〉 − 〈∇[X,∂i]X, ∂〉 − 〈R(X, ∂i)X, ∂i〉)

=
∑
i

(〈∇X∇∂i
X, ∂i〉 − 〈∇[X,∂i]X, ∂i〉+Rm(X, ∂i, X, ∂i))

=
∑
i

(〈∇X∇∂i
X, ∂i〉 − 〈∇[X,∂i]X, ∂i〉) +Rc(X,X).

173
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Note that if we write X = Xi∂i, then

tr(∇X) =
∑
i

〈∇∂i
X, ∂i〉

♣
=
∑
i

∂i〈X, ∂i〉 =
∑
i

∂iX
i = divX.

It follows ∑
i

〈∇X∇∂i
X, ∂i〉 =

∑
i

X〈∇∂i
X, ∂i〉 = X(divX) = 〈X,∇divX〉.

On the other hand, since [∂i, X] = ∇∂i
∂ − ∇X∂i = ∇∂i

X,

−
∑
i

〈∇[X,∂i]X, ∂i〉 =
∑
i

〈∇∇∂i
XX, ∂i〉

⋆
=
∑
i

〈∇∂i
X,∇∂i

X〉

= |∇X|2.

So the conclusion follows.
(2) If ∇X is anti-symmetric, then there will be a negative sign at the right hand side of the

two ⋆
=, and we will get 0 after the ♣

=. So the conclusion follows.

Bochner’s Formula for Smooth Functions

In particular, if u ∈ C∞(M), then X = ∇u is smooth and ∇X = ∇2u is symmetric. Moreover,
divX = div∇u = ∆u. It follows

Theorem 8.2. For any u ∈ C∞(M),

1

2
∆(|∇u|2) = |∇2u|2 + 〈∇u,∇(∆u)〉+Rc(∇u,∇u).

Sometimes one need to replace the Hessian term |∇2u|2 by a simpler one. Note that by
Cauchy-Schwartz inequality, for any A = (aij),

|A|2 =
∑
ij

|aij |2 ⩾
∑
I

a2ii ⩾
1

m

(∑
i

aii

)2

=
1

m
(trA)2.

As a result, we get |∇2u|2 ⩾ 1

m
(∆u)2 and thus

Corollary 8.3. For any u ∈ C∞(M),

1

2
∆(|∇u|2) ⩾ 1

m
(∆u)2 + 〈∇u,∇(∆u)〉+Rc(∇u,∇u).

Remark. In particular, if Ric ⩾ (m− 1)κ, then for any u ∈ C∞(M),

1

2
∆(|∇u|2) ⩾ 1

m
(∆u)2 + 〈∇u,∇(∆u)〉+ (m− 1)κ|∇u|2. (8.1)

Conversely, if this inequality holds for any u ∈ C∞(M), then we must have Ric ⩾ (m − 1)κ. To
see this, given any x0 ∈ M and any X0 ∈ Tx0

M , we take u ∈ C∞(M) so that ∇u(x0) = X0 and
(∇2u)x0

= cId. Then by Bochner formula and (8.1),

|∇2u|2 +Rc(X0, X0) =
1

2
∆(|∇u|2)− 〈∇u,∇(∆u)〉 ⩾ 1

m
(∆u)2 + (m− 1)κ|X0|2,

On the other hand, our choice of u implies |∇2u|2 =
1

m
(∆u)2, so we get

Ric ⩾ (m− 1)κ.

The condition (8.1) is used in discrete geometric analysis (on graphs one can define ∇ and ∆ but
not curvature tensor) as a definition of “Ric ⩾ (m− 1)κ”.
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Bochner Formula for Closed 1-forms

Recall from Section 1.2 that given any smooth 1-form ω ∈ Ω1(M), the musical isomorphism
produce a smooth vector field X = ]ω. It is not hard to check

|X| = |ω|, |∇X|2 = |∇ω|2.

Now suppose ω ∈ Ω1(M) is a closed 1-form. Then locally ω is exact, i.e. locally of the form
ω = du. As a result, X = ]ω = ∇u, and ∇X is symmetric1. So we may apply part (1) of Theorem
8.1 to get

1

2
∆(|ω|2) = |∇ω|2 + 〈]ω,∇div]ω〉+Rc(]ω, ]ω).

To proceed let’s do some local computation. Suppose ω = ωidx
i. Then

]ω =
∑
i

ωi∂i, div]ω =
∑
i

∂iωi, ∇div]ω =
∑
i,j

∂j∂iωi∂j .

and thus
〈]ω,∇div]ω〉 =

∑
i,j

ωj∂j∂iωi.

On the other hand, as we have seen in Section 1.4, for any smooth function f ,

div(f]ω) = fdiv]ω + 〈∇f, ]ω〉.

Now we assume M is compact. After integration we get

0 =

∫
M

div(f]ω)dVg =

∫
M

(fdiv]ω + 〈∇f, ]ω〉)dVg =

∫
M

(fdiv]ω + 〈df, ω〉)dVg.

It follows that

〈df, ω〉L2 =

∫
M

〈df, ω〉dVg =

∫
M

f(−div]ω)dVg = 〈f,−div]ω〉L2 .

So if we define δω = −div]ω. Then δ : Ω1(M) → C∞(M) is the L2-dual of d,

〈df, ω〉L2 = 〈f, δω〉L2 , ∀f ∈ C∞(M), ω ∈ Ω1(M).

For any closed 1-form ω we define ∆ω = dδω. Then locally

∆ω = d

(
−
∑
i

∂iωi

)
= −

∑
i,j

∂j∂iωi

and thus
〈ω,∆ω〉 = −

∑
i,j

ωj∂j∂iωi = −〈]ω,∇div]ω〉.

So we end with

Theorem 8.4 (Bochner’s Formula for Closed 1-form). Let (M, g) be a compact Riemannian
manifold, then for any closed 1-form ω ∈ Ω1(M),

1

2
∆(|ω|2) = |∇ω|2 − 〈ω,∆ω〉+Rc(]ω, ]ω).

1In fact one can show that ∇X is symmetric if and only if ω = ♭X is closed.



CHAPTER 8. BOCHNER AND SPECTRAL THEORY 176

Harmonic k-form

More generally, one can define δ : Ωk(M) → Ωk−1(M) so that

〈ω, dη〉L2 = 〈δω, η〉L2 , ∀ω ∈ Ωk(M), η ∈ Ωk−1(M),

and define the Hodge Laplacian on all smooth k-forms to be

∆ := dδ + δd : Ωk(M) → Ωk(M).

One can check that when k = 0 this definition coincides with the Laplace-Beltrami operator ∆
on smooth functions (and thus differed with ∆ = tr∇2 by a negative sign). A differential form
ω ∈ Ωk(M) is called a harmonic k-form if ∆ω = 0. In view of the fact

〈ω,∆ω〉L2 = 〈ω, dδω〉L2 + 〈ω, δdω〉L2 = 〈dω, dω〉L2 + 〈δω, δω〉L2

and the definition of ∆, we have

Proposition 8.5. ω ∈ Ωk(M) is harmonic if and only if dω = 0 and δω = 0.

Now suppose ω is a harmonic 1-form on compact Riemannian manifold (M, g). Then ω is
closed, and thus by Theorem 8.4,

0 =

∫
M

1

2
∆(|ω|2) =

∫
M

|∇ω|2 +
∫
M

Rc(]ω, ]ω).

So we get

Theorem 8.6 (Bochner). Let (M, g) be a compact Riemannian manifold, then

(1) Suppose Ric ⩾ 0. If ∆ω = 0, then ∇ω = 0.

(2) Suppose Ric ⩾ 0, and Ric > 0 at one point. If ∆ω = 0, then ω = 0.

According to the famous Hodge theory, the space of harmonic k-forms is isomorphic to the de
Rham cohomology group Hk

dR(M). So we conclude

Corollary 8.7. Let (M, g) be a closed oriented Riemannian manifold, Ric ⩾ 0, and Ric > 0 at
one point. Then b1(M) = 0.

Remark. There is a Bochner-Weitzenböck formula that generalize the Bochner formula above to
k-forms using which one can prove: If (M, g) is a closed Riemannian manifold with non-negative
curvature operator, then all harmonic forms of order 1 ⩽ k ⩽ m− 1 on M are parallel.

Bochner Formula for Killing Forms

Now let’s turn to part (2) in Theorem 8.1. As we have seen in Problem Sheet 1, ∇X is
anti-symmetric if and only if X is a Killing field on (M, g). So we get

Corollary 8.8. For any Killing vector field on M ,

1

2
∆(|X|2) = |∇X|2 −Rc(X,X).

As a result,

Theorem 8.9 (Bochner, 1946). Any Killing vector field of a compact Riemannian manifold with
negative Ricci curvature must be zero.

Since the space of all Killing vector fields on (M, g) is the Lie algebra of the isometry group
Iso(M, g) [which is a Lie group], and the isometry group of any compact Riemannian manifold is
compact, we conclude that the isometry group of any compact Riemannian manifold with negative
Ricci curvature must be a finite group.
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8.1.2 Cheeger-Gromoll Splitting Theorem
Cheeger-Gromoll Splitting Theorem

Let (M, g) be a complete non-compact connected Riemannian manifold. Recall that a line in
M is a normal geodesic γ : R →M so that

d(γ(a), γ(b)) = |a− b|, ∀a, b ∈ R.

Unlike the case of rays, it is possible that there is no ray in a complete non-compact Riemannian
manifold. For example, a cylinder R × S1 admits many lines, while the paraboloid z = x2 + y2

admits no line at all.
As another application of Bochner formula, we prove the following structure theorem for

Riemannian manifolds with positive Ricci curvature that admit lines:

Theorem 8.10 (Cheeger-Gromoll, 1971). Let (M, g) be a complete non-compact Riemannian
manifold with Ric ⩾ 0. Suppose there exists a line in M . Then (M, g) is isometric to R × N ,
where N is an (m− 1)-dimensional complete Riemannian manifold with Ric ⩾ 0.

The idea is to construct a function on M which behaves like the function f(x, r) = r on N×R,
so that the level sets of f gives the desired component N . So what is the specialty of the function
f(x, r) = r? It is smooth, with gradient ∇f = ∂r which has length 1, and has Hessian ∇2f = 0
(so that ∇f is parallel). It is in the proof of “∇2f = 0” that we need Bochner’s formula.

To apply Bochner’s formula one need the function to be smooth. However, the construction
below uses the distance, and thus the function is only Lipschitz. To solve this problem we will apply
theories on PDEs in the barrier sense. More precisely, we need the Hopf-Calabi strong maximum
principle,

Theorem 8.11 (Hopf-Calabi Strong Maximum Principle). Let Ω ⊂ M be a connected open set.
Suppose ∆f ⩽ 0 in M in the barrier sense, and f attains an interior minimum, then f is constant
on Ω.

We also need the well-known Weyl lemma to increase regularity:

Theorem 8.12 (Weyl Lemma). If ∆f = 0 in the barrier sense, then f is smooth.

Busemann Function

The function that we need is the so-called Busemann function (introduced by Busemann in
1955), defined as follows.

Since (M, g) is complete and non-compact, for any ray γ : [0,+∞) →M , let

btγ :M → R,
btγ(x) = t− d(x, γ(t)).

By triangle inequality, it is easy to see

• btγ(x) ⩽ d(γ(0), x),

• for any t < s, one has bsγ(x)− btγ(x) = (s− t) + d(x, γ(t))− d(x, γ(s)) ⩾ 0,

• |btγ(x)− btγ(y)| ⩽ d(x, y).
As a result, the limit

bγ(x) := lim
t→+∞

(t− d(x, γ(t)))

is well-defined and is Lipschitz with Lipschitz constant 1. We call the function bγ : M → R the
Busemann function associated with γ.

By Laplacian comparison theorem, formally we have

∆bγ(x) ⩾ − lim
t→+∞

m− 1

d(x, γ(t))
= 0.

This can be proved rigorously by constructing a lower barrier. Let’s admit this:
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Proposition 8.13. Let bγ be the Busemann function associated with a ray γ, then ∆bγ ⩾ 0 in
the barrier sense.

Now let l : (−∞,+∞) →M be a line in M , and let γ+, γ− : [0,+∞) →M be the two rays in
l defined by γ+(t) = l(t) and γ−(t) = l(−t). Then by Proposition 8.13,

∆(bγ+
(x) + bγ−(x)) ⩾ 0.

On the other hand, by definition we have

2t = d(γ−(t), γ+(t)) ⩽ d(γ−(t), x) + d(γ+(t), x),

which implies
bγ+

(x) + bγ−(x) ⩽ 0.

Note that on the line l, if we denote x = l(s), then

bγ+
(x) + bγ−(x) = lim

t→∞
(2t− d(x, l(t))− d(x, l(−t))) = lim

t→∞
(2t− t− s− t+ s) = 0.

So we conclude that bγ+
(x) + bγ−(x) is a subharmonic function that achieves its maximum at an

interior point. By Theorem 8.11,
bγ+

(x) + bγ−(x) = 0.

In other words, bγ+
(x) = −bγ−(x), and thus

∆bγ+(x) = −∆bγ−(x) ⩽ 0.

So we arrive at
∆bγ+

(x) = −∆bγ−(x) = 0.

By Theorem 8.12, bγ+ , bγ− ∈ C∞(M). Moreover, since bγ+ has Lipschitz constant 1,

|∇bγ+
| ⩽ 1.

Also note that by definition, on the line l we have bγ+
(l(s)) = s and thus

|∇bγ+ | = 1.

The Proof of Cheeger-Gromoll Splitting Theorem

Now we apply Bochner formula to the function bγ+ , to get

1

2
∆(|∇bγ+

|2) = |∇2bγ+
|2 +Ric(∇bγ+

,∇bγ+
) ⩾ 0.

So again, |∇bγ+
|2 is a sub-harmonic function that achieves its interior maximum. So by the Hopf

strong maximum principle again,
|∇bγ+

|2 = 1.

It follows that |∇bγ+ | = 1 and in particular, ∇bγ+ is a complete vector field. Moreover, it follows
that

∆(|∇bγ+
|) = 0,

and thus |∇2bγ+
|2 = 0, i.e.

∇2bγ+ = 0.

Finally we construct the splitting. Let Mt = b−1
γ+

(t). Since |∇bγ+ | = 1, any t ∈ R is a regular
value of bγ+

. So Mt is a smooth submanifold of M of dimension m− 1.
Denote N = M0. Let ϕs : M → M be the flow of the vector field ∇bγ+

. Then ϕs is
diffeomorphism. Moreover, for any s ∈ R and any x ∈ N =M0, we have ϕs(x) ∈Ms. So we get a
smooth map

Φ : R×N →M,

Φ(s, p) := ϕs(p)
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which is bijective, and whose inverse

Φ−1 :M → R → N,
x 7→ (bγ+(x), ϕ−bγ+(x)

(x))

is smooth. So Φ is a diffeomorphism.
It remains to prove that Φ is an isometry. Note that if we let γp(s) = ϕs(p) be the integral

curve passing p, then
γ̇p = ∇bγ+ ⇒ ∇γ̇p = ∇2bγ+ = 0

which implies that γp is the geodesic γp(s) = expp(sXp), where Xp = ∇bγ+
(p). As a result, we

have

• Φ is a radial isometry: We have |∂s| = 1 and

|dΦ(s,p)(∂s)| = |γ̇p| = |∇bγ+ | = 1.

• Φ maps “vectors orthogonal to radial direction ∂s” to “vectors orthogonal to radial direction
dΦ(s,p)(∂s)”: For any X0 ∈ TpN = TpM0, we have

(dΦ)(s,p)(0, X0) = (dϕs)p(X0) ∈ Tφs(p)Ms ⊥ ∇bγ+(ϕs(p)) = dΦ(s,p)(∂s).

• Φ preserves the length (and thus the inner product by polarization) of all vectors orthogonal
to ∂s: For any X0 ∈ Tp, we may extend X0 to a local coordinate vector field X̃0 on TN such
that [∂s, X̃0] = 0. Then

∇γ̇p(s)((dϕs)p(X0)) = ∇dφs(X̃0)
(∇bγ+

)− [(∇bγ+
)(ϕs(p)), (dϕs)pX̃0].

The first term vanishes since ∇(∇bγ+
) = 0, while the second term vanishes since it equals

dϕs([∂s, X̃0]) = 0. So we conclude that (dϕs)p(X0) is parallel along γp(s), and thus

|dΦ(s,p)(0, Xp)| = |dϕs(X0)| = |X0|.

So we conclude that (M, g) is isometric to R × N . Finally since (M, g) has non-negative
Ricci curvature, and N is a Riemannian submanifold, and K(∂s, X0) = 0, we conclude that N has
non-negative Ricci curvature.

8.2 Spectral Geometry
Spectral geometry is the branch of differential geometry that studies the relations between

the spectrum of the Laplace-type operator and the underline geometry. There are many beautiful
results that have been proved, and at the meantime there are also many open problems to be
studied in the future. In this last section, we apply Bochner formula to spectral geometry.

8.2.1 Spectral Geometry
Eigenvalues and Eigenfunctions

In spectral geometry, there are three typical spectral problems:

(1) Closed Setting Let (M, g) be a closed connected Riemannian manifold. We call λ an
eigenvalue of ∆ if there exists smooth function u 6= 0 so that2

∆u+ λu = 0.

2Here we use ∆ = div∇ = tr(∇2). If one uses ∆ = −div = −tr(∇2) = dδ + δd, then the equation should be
∆u = λu.
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(2) Let (Ω, g) be a compact connected Riemannian manifold with boundary ∂Ω.

(a) Dirichlet Setting We call a number λ a Dirichlet eigenvalue of ∆ if there exists
a smooth function u 6= 0 so that{

∆u+ λu = 0, in Ω,

u = 0, on ∂Ω.

(b) Neumann Setting We call a number λ a Neumann eigenvalue of ∆ if there exists
a smooth function u 6= 0 so that{

∆u+ λu = 0, in Ω,

∂νu = 0, on ∂Ω.

where ∂ν represents the outer normal derivative.

We have seen from Problem Sheet 1 that
• All eigenvalues of ∆ are non-negative real numbers.

• λ = 0 is always an eigenvalue for the closed problem and the Neumann eigenvalue problem
(with eigenfunctions the constant functions), and λ = 0 is not an eigenvalue of the Dirichlet
problem.

• If u and v are eigenfunctions of different eigenvalues, then 〈u, v〉L2 = 0.
According to the standard spectral theory in functional analysis, one can prove

Theorem 8.14. In all three settings above, each eigenvalue has finite multiplicity and the eigen-
values of ∆ form an increasing sequence that tends to ∞, namely

0 = λ0 < λ1 ⩽ λ2 ⩽ λ3 ⩽ · · · ⩽ λk ⩽ · · · → ∞

for the closed eigenvalues and the Neumann eigenvalues, and

0 < λ1 < λ2 ⩽ λ3 ⩽ · · · ⩽ λk ⩽ · · · → ∞

for the Dirichlet eigenvalues. Moreover, one can choose an eigenbasis so that they form a complete
orthonormal basis of L2(M) or L2(Ω).

The simplest example being
Example. For S1, the Laplacian eigenvalues are the squares 0, 1, 1, 4, 4, 9, 9, . . ., with eigenfunc-
tions cos(kx) and sin(kx). Since these functions already form an orthonormal basis, there are no
other eigenvalues/eigenfunctions.

Similarly for Tm = S1 × · · · × S1, equipped with the standard flat metric, the eigenvalues are
numbers of the form k21 + · · · + k2m, with eigenfunctions cos(k · x) and sin(k · x), and again they
form an orthonormal basis. [Note that in this case, the multiplicity is complicated since there may
be many different ways to represent a given positive integer as the sum of m squares.]
Example. One can show that the eigenvalues of the standard sphere Sm are k(k +m − 1) (k =

0, 1, 2, . . .), with multiplicity nk =

(
m+ k
m

)
−
(
m+ k − 2

m

)
.

Unfortunately, other than very few examples like the sphere/the torus/the projective spaces
etc (or rectangles/balls/annulus etc in the case of manifold with boundary), for most Riemannian
manifolds there is no way to calculate its eigenvalues explicitly. There are two major problem in
spectral geometry:

• The Direct Problem Given information of (M, g) or (Ω, g), what can we say about these
eigenvalues/eigenfunctions?

• The Inverse Problem Given the sequence of eigenvalues, what can we say about the
geometry of (M, g) or (Ω, g)?
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The First Eigenvalue λ1

The first non-zero eigenvalue λ1 is very important and has received much attention. Although
in general one can’t calculate it explicitly, we do have a variational characterization as follows.
Given any smooth function ϕ 6= 0, we call

R(ϕ) =

∫
M

|∇ϕ|2dVg∫
M

ϕ2dVg

the Rayleigh quotient of ϕ. Then

Theorem 8.15 (Variational Characterization of λ1). For the closed or the Neumann eigenvalue
problem,

λ1 = inf{R(ϕ) | 0 6= ϕ ∈ H1(M),

∫
M

ϕ = 0},

while for the Dirichlet eigenvalue problem,

λ1 = inf{R(ϕ) | 0 6= ϕ ∈ H1
0 (M)}.

Proof. For any ϕ in the given space, we may expand ϕ =
∞∑
k=1

ckuk. We may assume ‖ϕ‖L2 = 1,

i.e.
∑
c2k = 1. Then

R(ϕ) =
∑
k⩾1

λkc
2
k ⩾

∑
k⩾1

λ1c
2
k = λ1.

On the other hand, if we take ϕ = u1, then R(ϕ) = R(u1) = λ1.

Remark. For example, given bounded domain Ω, the Poincaré inequality states that there exists
constant C so that ∫

Ω

|u|2dVg ⩽ C
∫
Ω

|∇u|2dVg, ∀u ∈ H1
0 (Ω).

Now in view of the above theorem, the smallest (=the best) constant C for the Poincaré inequality
to be true is the reciprocal of the first Dirichlet eigenvalue of Ω.

Remark. One also has variational characterization of higher eigenvalues λk for all k.

8.2.2 Some Results on the First Eigenvalue λ1

Now suppose (M, g) is closed and we focus on the first non-zero eigenvalue.

Lichnerowitz Estimate for λ1
Now we apply Bochner formula to prove a lower bound estimate for λ1.

Theorem 8.16 (Lichnerowitz). Let (M, g) be a closed Riemannian manifold with Ric ⩾ (m−1)κ
for some κ > 0. Then the first eigenvalue

λ1 ⩾ mκ.

Proof. According to Corollary 8.3, for any u ∈ C∞(M),

1

2
∆(|∇u|2) ⩾ 1

m
(∆u)2 + 〈∇u,∇(∆u)〉+Rc(∇u,∇u).

So if we take u be an eigenfunction, i.e. ∆u+ λu = 0, then we get

1

2
∆|∇u|2 ⩾ − λ

m
u∆u− λ〈∇u,∇u〉+Rc(∇u,∇u). (8.2)
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Integrate over M and apply the Green’s formula

−
∫
M

u∆udx =

∫
M

|∇u|2dx

we get
0 ⩾

∫
M

(
λ

m
− λ+ (m− 1)κ

)
|∇u|2dx.

This implies
λ

m
− λ+ (m− 1)κ ⩽ 0,

i.e. λ ⩾ mκ.

Obata’s λ1 Rigidity Theorem

One can prove that the first eigenvalue of the standard sphere Sm is m. In fact, this is the
only case where λ1 = m if (M, g) satisfies the conditions in Theorem 8.16.

Theorem 8.17 (Obata). Let (M, g) be a closed Riemannian manifold with Ric ⩾ (m − 1)κ for
some κ > 0. If λ1 = mκ, then (M, g) is isometric to the sphere Sm

κ .

Proof. Without loss of generality we may assume κ = 1. If λ1 = m, then from the proof above we
see

Rc(∇u,∇u) = (m− 1)|∇u|2.

Since ∆(u2) = 2u∆u+ 2|∇u|2 (see Problem Sheet 1 for −∆), from (8.2) we get

1

2
∆(|∇u|2 + u2) ⩾ −u∆u−m|∇u|2 + (m− 1)|∇u|2 + u∆u+ |∇u|2 = 0.

It follows ∆(|∇u|2 + u2) ≡ 0 since its integral over M is 0. In other words,

|∇u|2 + u2 = constant.

We normalize u so that maxM u2 = 1. Since ∇u = 0 at the maximum/minimum points of u, we
get

|∇u|2 + u2 = 1 and max
M

u = −min
M

u = 1.

Now let p, q ∈M be points such that u(p) = −1, u(q) = 1. Let l = d(p, q) and let γ : [0, l] →M
be a normal geodesic from p to q. Let f(t) = u(γ(t)). Then

f ′(t)√
1− f2(t)

⩽ |∇u(γ(t))|√
1− u(γ(t))2

= 1.

Integrating both sides we get

π =

∫ l

0

f ′(t)√
1− f2(t)

dt ⩽
∫ l

0

dt = l = d(p, q).

So diam(M, g) ⩾ π. But by Bonnet-Myers, diam(M, g) ⩽ π. So diam(M, g) = π. Finally by
Cheng’s maximal diameter theorem, (M, g) is isomorphic to Sm.

Reilly’s Formula

Let Ω be a compact smooth manifold with smooth boundary M = ∂Ω. Then one can define
the second fundamental form of M (as a Riemannian submanifold of Ω) as follows: For any p ∈M ,
the vector-valued second fundamental form II at p is a symmetric bilinear map

II : TpM × TpM → NpM,

(X,Y ) 7→ (∇Ω
X
Y )⊥,
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where X, Y are smooth vector fields whose value at p are X and Y respectively [According to
Problem Sheet 2, II(X,Y ) is well-defined and is symmetric]. Since in the hypersurface case there
is only one normal dimension, we may study the (scalar-valued) second fundamental form

h : TpM × TpM → R,
(X,Y ) 7→ h(X,Y ) := −〈II(X,Y ), ν〉.

If we pick a local orthonormal coordinate system {ei} near p ∈ M , where em+1 is the out normal
direction, then for any X = Xiei, Y = Y jej ∈ TpM , one has

h(X,Y ) =

m∑
i,j=1

hijX
iY j ,

where hij = −〈∇eiej , em+1〉 = 〈∇eiem+1, ej〉. The trace of h,

H := tr(h) =
∑
i

hii,

is known as the mean curvature of M at p.
By integrating Bochner formula, one can prove the following useful formula obtained by R.

Reilly in 1977:

Theorem 8.18 (Reilly’s Formula). Let Ω be a compact Riemannian manifold of dimension m+1,
with smooth boundary M = ∂Ω. Then for any f ∈ C∞(Ω),

m

m+ 1

∫
Ω

(∆Ωf)2 ⩾
∫
M

Hf2ν + 2

∫
M

fν∆
Mf +

∫
M

h(∇Mf,∇Mf) +

∫
Ω

RcΩ(∇f,∇f).

Moreover, the equality holds if and only if fij =
∆Ωf

m+ 1
δij , i.e. ∇2f =

∆Ωf

m+ 1
Id.

Proof. For simplicity we write ∆Ωf = g, and write f
∣∣∣∣
∂Ω

= u. So in what follows we may abbreviate

∆Ωf = ∆f , ∇Ωf = ∇f and ∆Mu = ∆u, ∇Mu = ∇u. By Bochner formula, we have
1

2
∆(|∇f |2) ⩾ 1

m+ 1
g2 + 〈∇f,∇g〉+RcΩ(∇f,∇f),

with equality if and only if ∇2f =
∆f

m+ 1
Id. Integrate and in view of Green’s formula∫

Ω

〈∇f,∇g〉 = −
∫
Ω

g∆f +

∫
∂Ω

gfν

we get
1

2

∫
Ω

∆(|∇f |2) ⩾ 1

m+ 1

∫
Ω

g2 +

∫
Ω

〈∇f,∇g〉+
∫
Ω

RcΩ(∇f,∇f)

=
−m
m+ 1

∫
Ω

g2 +

∫
M

gfν +

∫
Ω

RcΩ(∇f,∇f).

In what follows we will prove

1

2

∫
Ω

∆(|∇f |2) = −
∫
M

Hf2ν +

∫
M

gfν − 2

∫
M

fν∆u−
∫
M

h(∇u,∇u) (8.3)

from which the theorem follows.
We choose orthonormal frame near p so that em+1(p) = ν(p) and ∇em+1em+1 = 0. Cover M

by such coordinate neighborhoods and let ρα be a partition of unity subordinate to this covering
(together with the open set Ω \M). As we have seen in Section 1.4,

∑
α
ραdiv(X) =

∑
α
div(ραX).

So
1

2

∫
Ω

∆(|∇f |2) = 1

2

∑
α

∫
Ω

ρα∆(|∇f |2) = 1

2

∑
α

∫
Ω

div(ρα∇(|∇f |2)).
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So by divergence theorem,
1

2

∫
Ω

∆(|∇f |2) = 1

2

∑
α

∫
M

〈ρα∇(|∇f |2), ν〉 = 1

2

∑
α

∫
M

ρα∂ν(|∇f |2).

Thus we may compute in the above local coordinates. Since |∇f |2 =
∑
i

(eif)
2,

1

2

∫
M

ρα∂ν(|∇f |2) =
∫
M

ρα

m+1∑
i=1

(eif)(em+1eif)

=

∫
M

ρα

[
(em+1f)(em+1em+1f) +

m∑
i=1

(eif)(em+1eif)

]
.

Note that ∇em+1
em+1 = 0 in the neighborhood. So we get, at all x ∈M ,

em+1em+1f =

m+1∑
i=1

[eieif − (∇eiei)f ]−
m∑
i=1

[eieif − (∇eiei)f ]

=

m+1∑
i=1

[eieif − (∇eiei)f ]−
m∑
i=1

[eieif − (∇eiei)
T f ] +

m∑
i=1

(∇eiei)
⊥f

= ∆f −∆u+

m∑
i=1

〈∇eiei, em+1〉fν

= g −∆u−Hfν .

For the second term we use
em+1eif = eiem+1f + (∇em+1ei)f − (∇eiem+1)f

= eiem+1f +

m+1∑
j=1

〈∇em+1
ei, ej〉fj −

m+1∑
j=1

〈∇eiem+1, ej〉fj

= eiem+1f +

m∑
j=1

〈∇em+1
ei, ej〉fj −

m∑
j=1

hijfj ,

where in the last step we used the facts 〈∇em+1
ei, em+1〉 = −〈ei,∇em+1

em+1〉 = 0,
〈∇eiem+1, em+1〉 =

1

2
ei|em+1|2 = 0 and hij = 〈∇eiem+1, ej〉. So we get three terms. For

the first one we have∑
α

∫
M

ρα

m∑
i=1

(eif)(eiem+1f) =
∑
α

∫
M

ρα〈∇Mf,∇Mfν〉 = −
∫
M

(∆u)fν .

For the second term, we have
m∑

i,j=1

(eif)〈∇em+1ei, ej〉fj = 0 since

S :=

m∑
i,j=1

(eif)〈∇em+1
ei, ej〉fj =

∑
i,j

〈∇em+1
ei, ej〉fifj = −

m∑
i,j=1

〈ei,∇em+1
ej〉fifj = −S.

Finally for the last term,
m∑

i,j=1

(eif)〈∇eiem+1, ej〉fj =
m∑

i,j=1

hijfifj = h(∇u,∇u).

So we get the desired equality (8.3).

Remark. If we don’t apply Cauchy-Schwartz inequality at the first step, then∫
Ω

((∆f)2 − |∇2f |2) =
∫
M

(Hf2ν + 2fν∆
Mf + h(∇Mf,∇Mf)) +

∫
Ω

Rc(∇f,∇f).
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Yau’s Conjecture

A Riemannian submanifold Mm of N is called minimal if it has mean curvature H = 0.
Minimal submanifolds are very important objects in Riemannian geometry, especially the branch
“submanifold geometry”. As an application we prove

Theorem 8.19 (Choi-Wang, 1984). Let Mm be a compact connected embedded oriented minimal
hypersurface in a compact oriented Riemannian manifold Nm+1. Suppose N has Ricci curvature
RicN ⩾ mκ > 0, then λ1(M) ⩾ mκ

2
.

Proof. Since RicN > 0, by Bochner theorem (c.f. Corollary 8.7), b1(N) = 0. Let Ω be a tubular
neighborhood of M . Then the Mayer–Vietoris sequence of de Rham cohomologies,

0 → H0(N) → H0(N \M)⊕H0(Ω) → H0((N \M) ∩ Ω) → H1(N)

becomes
0 → R → H0(N \M)⊕ R → R⊕ R → 0.

It follows that H0(N \M) ∼= R⊕ R, i.e. N \M contains exactly two connected components. We
denote

N \M = Ω1 ∪ Ω2, ∂Ω1 = ∂Ω2 =M.

Now let u ∈ C∞(M) be an eigenfunction associated to λ1 = λ1(M), i.e. ∆Mu + λ1u = 0.
Without loss of generality, we assume∫

M

h(∇u,∇u)dVg ⩾ 0,

where we regard M as ∂Ω1. [If this inequality is not true, then the analogue inequality for Ω2

holds and we proceed with Ω2 instead of Ω1.] Let f be a solution to{
∆Nf = 0, in Ω1

f = u, on M = ∂Ω1.

By Reilly’s formula,

0 ⩾ −2λ

∫
M

ufν +

∫
M

h(∇u,∇u) +mκ

∫
Ω1

|∇f |2 ⩾ −2λ

∫
M

ufν +mκ

∫
Ω1

|∇f |2.

Since ∆f = 0, by Green’s formula we get∫
M

ufν =

∫
∂Ω1

ffν =

∫
Ω1

|∇f |2.

thus
0 ⩾ (−2λ1 +mκ)

∫
Ω1

|∇f |2.

It follows λ1 ⩾
mκ

2
.

In particular, if we take Nm+1 = Sm+1 we get

λ1(M) ⩾ m

2
.

This lower bound is half of the conjectured bound by Yau in 1982:

Conjecture (Yau). For any embedded minimal hypersurface M of Sm+1, one has

λ1(M) ⩾ m.
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