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Abstract

The following is a revised version of lectures given at MIT during the Fall Term of 1969. Its
eventual goal is to describe the classifying space for codimension q foliated manifolds which has
recently been constructed by A. Haefliger.
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§1. Definitions, Examples, References
Intuitively, a manifold M of dimension m is “foliated” if it is expressed as the union of l-dimensional

submanifolds which fit alongside each other, locally, like parallel l-planes in Euclidean m-space. No
restriction is to be placed on the global behavior of these submanifolds. (Compare 1.4 and 1.6). For that
reason, some care will be needed in formulating a precise definition.

We begin by considering the disjoint union of all of the submanifolds in question. This union L can be
topologized naturally as an l-dimensional manifold. Note that the natural mapping L → M is bijective
(i.e., it is one-to-one and onto).

We will assume that l < m, since the case l = m is uninteresting. It follows that the manifold L must
be an enormous object: it can never have a countable basis, and will usually have uncountably many
components.

Definition 1.1. A foliation of a topological manifold M consists of a manifold L of smaller dimension,
together with a continuous bijective mapping

f : L → M

which satisfies the following flatness condition. Each point of M should possess an open neighborhood U
so that:

(1) U is homeomorphic to a convex open subset of the Euclidean space Rm, under a homeomorphism
h;

(2) the mapping f carries each component of f−1(U) homeomorphically to a submanifold of U ; and

(3) this family of submanifolds corresponds, under h, precisely to a family of parallel l-planes in Eu-
clidean space, intersected with the open set h(U).

L

f

h

h(U)
U

M

Figure 1

Two such foliations f : L → M and f ′ : L′ → M are isomorphic if there exists a homeomorphism
L ↔ L′ so that the triangle

L L′

M

is commutative. Of course we cannot distinguish in any way between two isomorphic foliations of M .
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Each component of L is called a leaf of the foliation, and L itself is called the leaf manifold.
(It is often convenient to identify a leaf with its image in M ; Although this practice is dangerous.)
The dimension l of L is called the dimension of the foliation, and the difference m − l is called the
codimension.
Remark. In order to specify a foliation on a manifold M , it suffices to specify the foliation on a small
neighborhood of each point of M . In fact, if we are given foliations of open subsets Uα covering M , and
if these foliations coincide up to isomorphism on the intersections Uα ∩ Uβ , then there is one and, up to
isomorphism, only one foliation of M which restricts to the given foliations of the Uα. The proof will be
left the reader.

So far we have spoken only of topological foliations. Given a foliation f : L → M where M is a smooth
manifold of class Cr, we can require that the coordinate charts h of L should be Cr-diffeomorphisms. If
such Cr-coordinate charts, compatible with the foliation, exist about every point of M , then f is called a
smooth foliation of class Cr. It then follows that the leaf manifold L possesses a unique Cr-smoothness
structure so that f is a Cr-immersion. Similarly one can define the concept of a piecewise-linear foliation,
or a real analytic1 foliation, or a complex analytic foliation.

In practice, we will concentrate on the theory of smooth foliations, especially those of class C∞.
Example 1.2. Any manifold M can be foliated into points. That is, we let L be the unique 0-dimensional
manifold which maps bijectively to M . In spite of its unprepossessing appearance, this pointwise foliation
will play a significant role in subsequent sections.
Example 1.3. The plane R2 can be foliated into the curves

y = log | secx|+ c,

together with the vertical lines cosx = 0. (See Figure 2).

p

Γ

Figure 2

This corresponds to the set of solution curves to the differential equation.
dy

dx
= tanx.

In this example, each leaf is globally very well behaved. In fact, one can construct a small transverse
curve Γ, through any point p, which intersects each leaf at most once. With this fact in mind, one is
tempted to look at the quotient space (perhaps it should be called M/L) in which two points of plane
are identified if and only if they lie on a common leaf. (Compare Palais [11]). This quotient space does
indeed exist, and is locally Euclidean in our example. But it fails to satisfy the Hausdorff axiom.
Example 1.4. Let R2/Z2 denote the torus which is obtained from the plane by identifying two points
if and only if they are congruent modulo the lattice Z2 of integer points. For each fixed slope s, this
torus can be foliated into lines y = sx+ c (corresponding to the differential equation dy/dx = s). If s is
rational, then each leaf is compact. But if s is irrational, each leaf is everywhere dense in the torus.
Example 1.5. According to Reeb, the sphere S3 possesses a 2-dimensional foliation which is smooth of
class C∞. This foliation can be described roughly as follows. The interior of a solid torus is foliated into
2-cells, each of which winds asymptotically to the boundary torus, as sketched in Figure 3. (Each leaf
can be thought of as a snake trying to swallow its own tail. Our snakes, being C∞, do not have pointed
tails.) The complementary solid torus is foliated in an analogous manner. Thus the common boundary
torus is the only compact leaf.

1Compare Example 1.5.
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Figure 3

By way of contrast, Haefliger has proved that S3 does not possess any 2-dimensional real analytic
foliation. Thus there is an essential difference between the theory of C∞-foliations and the
theory of real analytic foliations. I do not know whether or not there is any analogous essential
difference between C1-foliations and C∞-foliations.

Example 1.6. To conclude, we describe a pathological example, consisting of a 2-dimensional foliation
of a 3-manifold with only one leaf. The main object of this exercise is to imbue the reader with suitable
respect for non-paracompact manifolds.

Let the index α range over the real numbers. Our manifold M is to be covered with coordinate
patches gα(R3), each diffeomorphic with Euclidean 3-space. The image gα(xα, yα, zα) is to be identified
with gβ(xβ , yβ , zβ), where α 6= β, if and only if

xβ = xα 6= 0 (call this common value x),

yβ = yα + (β − α)/x, and
zβ = xα + (β − α) sgnx.

Evidently these formulas define a diffeomorphism

hβα : (x, yα, zα) 7→ (x, yβ , zβ)

from the open set x 6= 0 to itself. Since the consistency conditions

hγβ ◦ hβα = hγα for γ 6= α,

hαβ ◦ hβα = identity,

are satisfied, it follows that the quotient space M is well defined, and locally Euclidean.
In fact, M also satisfies the Hausdorff axiom. The verification of this fact will be left to the reader.
Finally, note that the foliation of gα(R3) into leaves zα = constant is preserved by the coordinate

transformations hβα. Hence these foliations piece together to yield a foliation of M .
Given α 6= β, note that each leaf zα = c in gα(R3) intersects both the leaf zβ = c+α− β and the leaf

zβ = c+ β − α in gβ(R3). Fixing β, and choosing α and c at will, it follows easily that the leaf manifold
L is connected.

Remark. This pathology can never occur if the manifold M is paracompact. For then M can be given
a Riemannian metric, hence L inherits a Riemannian metric, hence every leaf L0 has a countable basis.
It follows that no leaf can intersect a coordinate patch in M more than a countable number of times.
(Compare the page 94-98 of Chevalley [9]).

References
An excellent survey of the current state of the art is given in §4 of the following.
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§2. A Historical Note
Any smooth foliation can be described as the set of solutions to an associated system of differential

equations on M . (Compare Example 1.3 and 1.4). If the foliation dimension is 2 or more, then these
differential equations are “overdetermined”, so that appropriate integrability conditions must be satisfied.

These facts are described in a classical result which is often called the “Frobenius Theorem”. (Compare
Frobenius [8], published in 1877). Actually, as Frobenius himself pointed out, the theorem in question
had been proved a decade earlier by A. Clebsch. In fact, a recognizable version had been proved already
in 1840, by F. Deahna.

It is sad to relate that Deahna did not profit by being so far ahead of his time. According to the
entry in Poggendorff, Deahna had barely attained the rank of “Hülfslehrer” in a secondary school when
he died in 1844, at the age of 28.

Here is a modern formulation of the Deahna-Clebsch-Frobenius theorem. Any smooth foliation

f : L → M,

of class C1, determines a linear mapping dfx from each tangent vector space TLx to the tangent vector
space TMf(x). Setting f(x) = y, the image dfx(TLx) will be denoted by

Φy ⊂ TMy.

Thus the correspondence
y 7→ Φy

describes a continuous field of tangent l-planes on M .
Evidently, the foliation is uniquely determined by this tangent l-plane field. If the foliation is smooth

of class Cr+1, note that the l-plane field is smooth of class Cr. (That is, it is spanned locally by l
independent vector fields of class Cr).

We will say that a vector field v on M is a section of the l-plane field Φ if v(y) ∈ Φy for all y.

Theorem. A smooth l-plane field Φ of class Cr, r ⩾ l, is tangent to a (necessarily unique) foliation of
M if and only if the following integrability condition is satisfied. For any C1-vector fields v and w on M
which are sections of Φ, the bracket [v, w] should also be a section of Φ. This foliation, when it exists, is
necessarily smooth of class at least Cr.
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§3. Transversality
The first half of this section will consist of general remarks about transversality, and the second half

will apply these remarks to foliation theory. All manifolds, maps, and foliations are to be smooth of class
Cr, where r is fixed, 1 ⩽ r ⩽ ∞.

Let A, B and M be manifolds of dimension a, b and m respectively.

Definition 3.1. Two mappings f : A → M and g : B → M are transverse if, for every x in A and y
in B with f(x) = g(y), the following condition is satisfied. Setting p = f(x) = g(y), the tangent vector
space TMp should be generated by the image of the two linear mappings

dfx : TAx → TMp,

dgy : TBy → TMp.

Alternatively, in terms of the dual linear mappings

df∗
x : TM∗

p → TA∗
x,

dg∗y : TM∗
p → TB∗

y ,

the requirement is that the kernel of df∗
x and the kernel of dg∗y should be linearly independent.

Now consider the product A ×M B over M , consisting of all (x, y) in A × B with f(x) = g(y).
If f and g are transverse, it follows easily from the inverse function theorem that A ×M B is a smooth
manifold of dimension a+ b−m. (Compare Lang [12]). Note the commutative square of mappings

A×M B B

A M

g

f

.

Remark. IF a + b < m, then evidently the condition of transversality cannot be satisfied except in a
trivial sense. Two maps f : A → M and g : B → M with a + b < m are transverse only if the images
f(A) and g(B) are disjoint.

Example. The most familiar kind of transversality occurs when A and B are submanifolds of M . In that
case, A×M B can be identified with the intersection A∩B. (As examples, two distinct planes in 3-space
always intersect transversally. But two intersecting lines in 3-space cannot intersect transversally.)

More generally, if f : A → M is arbitrary but B is a submanifold of M , then A×M B can be identified
with the inverse image f−1(B) ⊂ A.

Note that a map f : A → M is transverse to every map from a manifold into M if and only if the
derivative

dfx : TAx → TMf(x)

is surjective for all x. In that case, the map f is called a submersion.
As an example, the projection map of a smooth fiber bundle is necessarily a submersion. If f : E → M

is the projection map of a smooth fiber bundle, then the induced mapping

E ×M B → B

is called the pullback, or the induced fiber bundle over B.
Note that two maps f and g are transverse if and only if the product map

f × g : A×B → M ×M

is transverse to the diagonal embedding
M → M ×M.

In this form, the definition extends easily to any finite collection of mappings into M . For example, we
define three maps

f : A → M, g : B → M, h : C → M

to be transverse if and only if the product

f × g × h : A×B × C → M ×M ×M
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is transverse to the diagonal embedding

M → M ×M ×M.

It then follows that A ×M B ×M C, the 3-fold product over M , is a smooth manifold of dimension
a+ b+ c− 2m.

This definition can also be formulated in terms of the induced linear mappings of dual tangent spaces.
The requirement is that, for each x ∈ A, y ∈ B, z ∈ C, and p ∈ M with

f(x) = g(y) = h(z) = p,

the kernels of the three mappings

TM∗
p → TA∗

x, TM∗
p → TB∗

y , TM∗
p → TC∗

z

should be linearly independent.
Using the latter formulation, it is not difficult to check that transversality obeys a form of associative

law. Consider for example three maps f , g, h into M , where f is assumed to be transverse to g. Then
the three maps f , g, h are transverse if and only if f ×M g is transverse to h. Details on all of these
matters will be left to the reader.

Now suppose that M is a foliated manifold. Let

f : L → M

be a smooth codimension q foliation.

Lemma 3.2. Every mapping g : A → M which is transverse to f give rise to a smooth codimension q
foliation

L×M A → A

of the manifold A.

This foliation L×M A → A is called the pullback, or the induced foliation of A.

Example. If A is a submanifold of M , then L ×M A can of course be identified with the submanifold
f−1(A) ⊂ L. The condition of transversality means intuitively that each leaf of the foliation f intersects A
transversally. The components of these intersections form the leaves of the induced foliation f−1(A) → A.

Here is a quite different example. Let g : A → M be a submersion, and let f : L → M be the
pointwise foliation of Example 1.2. Then, intuitively, the induced foliation L×M A → A is the foliation
of A into fibers g−1(constant). The codimension q, in this case, is equal to the dimension of M .

Proof of Lemma 3.2. Clearly L×M A is a smooth manifold of dimension a− q which maps bijectively to
A. The proof of local flatness will be divided into four steps.
Case 1. Suppose that A is a convex open subset of the Euclidean space Ra, that M is an open subset of
Rm, and that g : A → M is a linear mapping of rank m. Suppose further that f : L → M is the pointwise
foliation of Example 1.2.

Inspection shows that each component of L ×M A maps diffeomorphically onto an (a −m)-plane of
the form g−1(constant) in A. Since these planes are mutually parallel, this completes the proof in Case
1.
Case 2. Now let A and M be arbitrary, but continue to assume that f : L → M is the pointwise foliation
of Example 1.2. Evidently a mapping g : A → M is transverse to f only if g is a submersion. But, if g is
a submersion, then given any point x of A we can choose a coordinate chart

h : U → h(U) ⊂ Ra

about x, and a coordinate chart
h′ : V → h′(V ) ⊂ Rm

about g(x), with g(U) ⊂ V , so that the composition

h′ ◦ g ◦ h−1 : h(U) → h′(V )

is linear. (See for example the page 20 of [12]). Further, we can assume that the open set h(U) is convex.
The proof now proceeds as in Case 1.
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Case 3. Suppose that the given foliation f : L → M is induced from the pointwise foliation L′ → Q of
some manifold Q by means of a submersion s : M → Q. Since g is assumed transverse to f , an easy
argument shows the composition

s ◦ g : A → Q

is again a submersion.
We must study the induced map L×M A → A. Substituting L = L′ ×Q M , and noting that

(L′ ×Q M)×M A = L′ ×Q (M ×M A) = L′ ×Q A,

it becomes clear that this induced map is isomorphic to the projection

L′ ×Q A → A,

which is a foliation by Case 2.
General Case. Locally, over a sufficiently small open set U ⊂ M , any codimension q foliation f is induced
from the pointwise foliation of Rq by means of a suitably chosen submersion

s : U → Rq.

Consider the corresponding open subsets

f−1(U) ⊂ L, g−1(U) ⊂ A,

and
f−1(U)×U g−1(U) = L×M g−1(U) ⊂ L×M A.

According to Case 3, the induced mapping

f−1(U)×U g−1(U) → g−1(U)

is indeed a foliation of g−1(U). This proves local flatness, and completes the proof of Lemma 3.2.

Here is a slightly different use of transversality in foliation theory. Consider a collection of smooth
foliations

f1 : L1 → M, . . . , fk : Lk → M

of a single manifold M , with codimensions equal to q1, . . . , qk respectively.

Lemma 3.3. If the mappings f1, . . . , fk are transverse, then the product mapping

f1 ×M · · · ×M fk : L1 ×M · · · ×M Lk → M

is a foliation of M with codimension equal to q1 + · · ·+ qk.

The proof will be left to the reader.
As an example to illustrate this phenomenon, the torus S1 ×S1 ×S1 clearly possesses three mutually

transverse codimension 1 foliations.
Startlingly enough, the sphere S3 also possesses three mutually transverse codimension 1 foliations.

These foliations, which are extremely difficult to visualize, are described in the following paper.

References
[14] D. Tischler. “Totally Parallelizable 3-Manifolds”. In: Topological Dynamics. Ed. by Joseph Auslander

and Walter H. Gottschalk. New York: W. A. Benjamin, 1968, pp. 471–492.
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§4. The Phillips-Gromov Theorem
In this section, all manifolds are to be paracompact, and smooth of class at least C1. The tangent

vector bundle of a manifold M will be denoted by the symbol τM , while the total space of this tangent
bundle will be denoted by TM .

Consider first two manifolds A and M of dimensions a ⩾ m. Let

Sub(A,M)

be the space of all C1-submanifolds from A to M . We give the space the C1 compact open topology.
(By definition, the C1 compact open topology on a space of C1 mappings g : A → M is induced

from the compact open topology on the space Map(TA, TM) of continuous mappings form TA to TM
by means of the natural embedding g 7→ dg ∈ Map(TA, TM).)

Let Epi(τA, τM) denote the space of all mappings from the tangent manifold TA to the tangent
manifold TM which carry every fiber TAx linearly and surjectively to some fiber TMy. We give this
space the compact open topology.

Evidently the correspondence g 7→ dg gives rise to a canonical embedding

d : Sub(A,M) → Epi(τA, τM).

Theorem (Phillips Submersion Theorem). If the manifold A has no compact component, then the
embedding

d : Sub(A,M) → Epi(τA, τM)

is a weak homotopy equivalence.

In particular, d induces isomorphisms of homotopy groups, and of singular homology groups, in all
dimensions.

For the proof we refer to A. Phillips [16]. This theorem was motivated by an analogous theorem for
immersions which had been proved earlier by Smale and Hirsch.

Note that the non-compactness restriction on A is essential. For example, if A is compact and
parallelizable, then the space Sub(A,Rm) is vacuous, but Epi(τA, τRm) is non-vacuous. (This is in
contrast with the Smale-Hirsch theory of immersions of a manifold into a higher dimensional manifold,
which does not require any non-compactness hypothesis).

The Submersion Theorem has an important application in foliation theory. Let Φ be a continuous
field of tangent l-planes on the manifold A. We would like to be able to decide whether or not some
homotopic l-plane field is tangent to a foliation of A.

Setting q = a− l, let τA/Φ be the quotient q-dimensional vector bundle over A, in which two vectors
of TAx are identified if and only if they are congruent modulo Φx.

Corollary 4.1. Suppose again that no compact of A is compact. If the vector bundle τA/Φ over A is
trivial, then some l-plane field homotopic to Φ is tangent to an l-dimensional foliation of A.

Proof. If τA/Φ is trivial, then evidently there exists a fiberwise linear and surjective map

h : TA → TRq

with “kernel” equal to Φ. Applying the Submersion Theorem, we see that h is homotopic to dg for some
submersion

g : A → Rq.

The pointwise foliation of Rq now induces the required foliation of A.

Remark. One outstanding problem of foliation theory is to know whether this corollary remains true
for compact manifolds. John wood has shown that it is true for 3-manifolds, but very little is known in
higher dimensions.

Remark. The proof above yields only a C1-foliation of A. However, if A is a Cr-manifold, with r > 1,
then we can easily approximate g by a Cr-submersion, and thus obtain a Cr-foliation.

Now suppose that we start with a smoothly foliated manifold

f : L → M



10

of codimension q. Let
Trans(A,M ; f)

be the space of all C1-mappings from A to M which are transverse to f . We give this space the C1

compact open topology.
Let Φ be the field of l-planes tangent to the given foliation f , and let τM/Φ be the quotient q-plane

bundle over M . For any C1-mapping g : A → M we consider the induced mapping dg : TA → TM ,
followed by the projection

p : TM → TM/Φ.

If g is transverse to f , then evidently the composition

p ◦ dg : TA → TM/Φ

carries every fiber TAx surjectively onto some fiber TMy/Φy.

Theorem (Phillips-Gromov Theorem). If A has no compact component, then this construction yields a
weak homotopy equivalence p ◦ d from the space

Trans(A,M ; f)

of mappings transverse to the foliation to the space

Epi(τA, τM/Φ)

of surjective bundle mappings.

As an example, if f : L → M is the pointwise foliation of Example 1.2, then this theorem evidently
reduces to the Submersion Theorem stated earlier.

For the proof, we refer to Phillips [18]. Alternatively, Phillips points out that this result follows from
a more general theorem proved by Gromov [15].

Applications of the Phillips-Gromov theorem will be given in subsequent sections. For the moment,
we note only the following.

Corollary 4.2 (Phillips). If A has no compact component, then every tangent plane field Φ of codimen-
sion 1 on A is homotopic to the field of planes tangent to a codimension 1 foliation of A.

This result is best possible, in a sense, since Bott has given counter-examples in codimension 2.

Proof of Corollary 4.2. Let E be the total space of the twisted line bundle over the real projective space
Pn. For example, E can be obtained from the product Sn×R by identifying each pair (x, t) with (−x,−t).
Note that E has a canonical codimension 1 foliation, corresponding to the foliation of Sn×R into spheres
Sn × (constant). (Compare Figure 4, for the case n = 1).

P 1

E

Figure 4. Foliation of the Twisted Line Bundle over P 1.
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Let Ψ be the field of n-planes Ψy ⊂ TEy tangent to this foliation. Note that the manifold E contains
Pn as a leaf. Correspondingly the line bundle τE/Ψ over E contains a twisted line bundle over the
subspace Pn ⊂ E.

Since the twisted line bundle over Pn is universal, there exists a non-degenerate bundle map

τA/Φ → τE/Ψ,

providing that a ⩽ n. Hence the space
Epi(τA, τE/Ψ)

contains a map h with “kernel” equal to Φ. By the theorem, this h is homotopic to p ◦ dg for some
mapping

g : A → E

transverse to the foliation of E. Clearly g induces the required foliation of A.
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§5. Foliated Vector Bundles
Let ξ be a smooth vector bundle with base space B = B(ξ), total space E = E(ξ), and projection

map
p : E → B.

(The word “smooth” is again used to mean smooth of class Cr, with r ⩾ 1 fixed). We will sometimes
write ξn for ξ, where n is the dimension of fibers ξx = p−1(x).

Definition 5.1. A foliation of the vector bundle ξ will mean a smooth foliation f of the total space E
which is transverse to the inclusion map ξx → E for every fiber ξx. (Compare Figure 5).

p

B

E

Figure 5

In other words, the foliation f : L → E is required to be transverse to the foliation of E by fibers
(induced from the pointwise foliation of B). This transversality condition is clearly equivalent to the
requirement that the composition p ◦ f should be a submersion of the leaf manifold L in B.

Note that the codimension q of such a foliation is related to the fiber dimension n by the inequality
0 < q ⩽ n. We will be particularly interested in the case q = n. (Compare 5.8).

Example. The trivial n-plane bundle, with total space B × Rn, has a codimension n foliation induced
from the pointwise foliation of Rn. In §6, we will see that the tangent bundle of any C∞-manifold of
dimension n possesses a smooth codimension n foliation. Here is another example.

Lemma 5.2. If a smooth n-plane bundle has discrete structural group, then it possesses a codimension
n foliation.

(Compare Figure 4). For the hypothesis of discrete structural group means precisely that the base
space is covered by open sets Uα, with p−1(Uα) diffeomorphic to Uα × Rn, such that the foliation of
Uα × Rn into horizontal slices Uα × (constant) is preserved by the coordinate transformations

(Uα ∩ Uβ)× Rn → (Uα ∩ Uβ)× Rn.

Remark 5.3. Not every n-plane bundle admits a codimension n foliation. Bott has proved that at least
the following necessary condition must be satisfied in the C∞ case. All products of rational Pontryagin
classes

pi1(ξ) · · · pik(ξ) ∈ H4(i1+···+ik)(B;Q)

must vanish, providing that the dimension 4(i1 + · · · + ik) is greater than 2n. The simplest example of
a vector bundle which does not satisfy Bott’s condition is provided by a non-trivial 2-plane bundle over
complex projective 4-space.

A major convenience in working with foliated vector bundles is that they behave nicely with respect
to mappings. Consider for example two smooth vector bundles ξ and η, and a foliation f of η.

Lemma 5.4. If a smooth map g : E(ξ) → E(η) carries every fiber ξx linearly and surjectively to some
fiber ηy, then g is transverse to the foliation f , and induces a foliation of the vector bundle ξ.
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Proof. Since the restriction of g to any fiber ξx is transverse to f , it follows a fortiori that g is transverse
to f , so that g does induce a foliation f ′ of E(ξ). Furthermore, since the composition

ξx → E(ξ) → E(η)

is transverse to f , it follows easily that the inclusion ξx → E(ξ) is transverse to f ′.

Example 5.5. Suppose that ξ splits as a Whitney sum η⊕ ζ. If η admits a codimension q foliation, then
so does ξ. For the natural projection E(η ⊕ ζ) → E(η) certainly satisfies the hypothesis of Lemma 5.4.

Example 5.6. Given any smooth manifold A, and any smooth map

h : A → B(η)

we can form the induced fiber bundle h∗(η) over A, with total space

E(h∗(η)) = E(η)×B(η) A.

Evidently the canonical map
E(h∗(η)) → E(η)

satisfies the hypothesis of Lemma 5.4. Hence any codimension q foliation of η induces a codimension q
foliation of h∗(η).

Next let us look at foliations which are given only on a small neighborhood of the zero cross-section.

Lemma 5.7. Let U be an open neighborhood of the zero-section in E(ξ), and let f be a smooth foliation
of U which is transverse to every fiber ξx ∩ U . If B(ξ) is paracompact, then there exists a foliation f ′ of
ξ which coincides with f throughout some (possibly smaller) neighborhood of the zero-section.

This result can be expressed more sufficiently by saying that every “microfoliation” of ξ extends
to a foliation of ξ. Here a microfoliation means an equivalence class of foliation, each defined on a
neighborhood of the zero-section in E(ξ), and each transverse to every fiber, where two such are defined
to be equivalent if they coincide throughout some sufficiently small neighborhood of the zero-section.

Proof of Lemma 5.7. Since B(ξ) is paracompact, we can first choose a smooth Euclidean metric for the
vector bundle ξ, and then choose a smooth function ε(x) > 0 on B(ξ) so that the open ball of radius ε(x)
in each fiber ξx is contained in U .

Let λ : [0,∞) → [0, 1) be a smooth function of a real variable so that

λ(t) = t for t ⩽ 1

2
,

dλ

dt
> 0 everywhere.

Then a smooth embedding
h : E(ξ) → E(ξ)

is defined as follows. For each vector v in ξx let

h(v) = vh(‖v‖)/‖v‖.

Evidently h maps each ξx diffeomorphically into the unit ball in ξx, leaving the ball of radius 1/2 pointwise
fixed.

Setting h′(v) = ε(x)h

(
v

ε(x)

)
, where x = p(v), it follows that h′ embeds E(ξ) smoothly into U , and

that h′ restricts to the identity on the open set consisting of all v with ‖v‖ <
ε(x)

2
.

Evidently this embedding h′ is transverse to the given foliation f of U , and hence induces a foliation
f ′ of ξ. This completes the proof.

Here is one application of Lemma 5.7. Let ξ = ξn be a smooth vector bundle over a paracompact
base space.

Corollary 5.8. The vector bundle ξ admits a codimension q foliation if and only if it splits as a Whitney
sum η ⊕ ζ where η is a q-plane bundle which admits a codimension q foliation.
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Proof. By Example 5.5, any foliation of such a Whitney summand ηq gives rise to a foliation of ξn.
Conversely, given a codimension q foliation f of ξn which is smooth of class Cr, we can restrict to any

fiber ξnx = p−1(x) to obtain a codimension q foliation of the fiber. Let φn−q
x be the sub vector space of

ξnx which is tangent to the leaf through the zero vector of this fiber. Then evidently these spaces φn−q
x

form the fibers of a vector bundle
φn−q ⊂ ξn.

But unfortunately, this sub bundle is smooth only of class Cr−1.
Choose a complementary sub bundle ηq ⊂ ξn, which is smooth of class Cr, in such a way that ξn

splits as the Whitney sum ηq ⊕φn−q. (To find such an ηq one needs to apply the approximation theorem
which says that any section of a Cr-fiber bundle over a paracompact base can be approximated arbitrarily
closely by a Cr-section. This theorem is applied to the Grassmann bundle over B whose fiber is the space
of q-planes in ξnx .)

Evidently the canonical embedding E(ηq) → E(ξn) is transverse to the given foliation f , at least if
we restrict attention to a small neighborhood of the zero-section in E(ηq). Hence this embedding induces
a smooth microfoliation of ηq. Applying Lemma 5.7, it follows that ηq possesses a smooth codimension
q foliation.

Clearly ξn splits smoothly as the Whitney sum ηq ⊕ ζn−q, where ζn−q
x is the orthogonal complement

of ηqx in ξnx with respect to some smooth Euclidean metric. This completes the proof.
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§6. Foliation of the Tangent Bundle
In this section we apply the Phillips-Gromov theorem to study the relationship between foliations of

a manifold and foliations of its tangent bundle. Throughout the section M will denote a paracompact
manifold which is smooth of class C∞.

Theorem 6.1. Assume that M has no compact component. Then M possesses a smooth codimension
q foliation of class Cr, r ⩾ 1, if and only if the tangent bundle τM possesses a smooth codimension q
foliation of class Cr.

Thus the problem of foliating M is equivalent to the problem of foliating τM . The latter problem is
easier to work with, since it is more amenable to the usual technique of homotopy theory.

Remark. A fundamental unsolved problem is the following. Does Theorem 6.1 remain true for compact
manifolds? As an example, the tangent bundle of any odd dimensional sphere splits off a line bundle,
and hence admits a codimension 1 foliation by Example 5.5. But no sphere of dimension > 3 is known
to possess a codimension 1 foliation.

Here is a useful variant of 6.1. Let Ψ be a Cr-smooth field of tangent (m− q)-planes on the manifold
M . Again assume that M has no compact component.

Theorem 6.2. The manifold M possesses a smooth codimension q foliation whose field of tangent planes
is homotopic to Ψ if and only if the q-plane bundle τM/Ψ admits a smooth codimension q foliation.

Proof of Theorem 6.1. For the first half of the argument, the non-compactness hypothesis will not be
needed.

Choose a C∞ Riemannian metric on M , and choose a smooth function ε(x) > 0 on M , so that the
exponential map carries the open ball of radius ε(x) in each fiber TMx diffeomorphically to an open
subset of M . (Compare the page 147 of [23]). Let U ⊂ TM be the open set consisting of all tangent
vectors v with ‖v‖ < ε(p(v)).

Thus the exponential map is defined throughout U . Evidently any foliation f of M induces a foliation,
which we will denote by exp∗ f , of this open set U . For each fiber TMx, since the foliation f is transverse
to the composition

TMx ∩ U ⊂ U
exp−−→ M,

it follows that the induced foliation exp∗ f is transverse to the inclusion

TMx ∩ U → U.

Thus we have constructed a microfoliation of the tangent bundle τM . Applying 5.7, this microfoliation
extends to a foliation of τM . This proves half of Theorem 6.1.

Before proving the other half, it will be convenient to state the Phillips-Gromov theorem in a form
slightly different from that of §4. Let M , E be smooth manifolds, let f be a foliation of E, and let

Φy ⊂ TEy

be the associated field of tangent planes on E. Then

trans(τM, τE; Φ)

will denote the space of all mappings from TM to TE which carry each fiber TMx linearly to some fiber
TEy, this linear mapping being transverse to the inclusion Φy → TEy. We give this space the compact
open topology. Evidently the natural projection

trans(τM, τE; Φ) → Epi(τM, τE/Φ)

is a weak homotopy equivalence. So we can restate the Phillips-Gromov theorem as follows.

Theorem. The mapping
d : Trans(M,E; f) → trans(τM, τE; Φ)

is a weak homotopy equivalence, providing that M has no compact component.
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Now let E be the total space of a smooth vector bundle ξ over M . A canonical “vertical embedding”
V : E → TE

is defined as follows. Let z : M → E be the zero cross-section. For each x ∈ M the inclusion i : ξx ⊂ E
induces a linear embedding

di : T (ξx)z(x) → TEz(x).

But the tangent space T (ξx)z(x) is canonically isomorphic to the vector space ξx itself. Thus we obtain
a canonical embedding

ξx → TEz(x),

the image being the set of vectors which are “vertical” (i.e., tangent to the fiber). Combining these
embeddings for all x, we obtain the required mapping V which carries each fiber of ξ linearly into a fiber
of τE.

Let f be a foliation of ξ, and let Φy ⊂ TEy be the associated field of tangent planes. Clearly the em-
bedding ξx → TEz(x) is transverse to Φz(x), so that V represents an element of the space trans(ξ, τE; Φ).

Now suppose that ξ is the tangent bundle τM , so that E = TM . The Phillips-Gromov theorem
asserts that the vertical embedding

V ∈ trans(τM, τE; Φ)

is homotopic, within the space trans(τM, τE; Φ), to dg for some mapping
g : M → E,

which we may assume (after suitable approximation) to be smooth of class Cr. Since g is transverse to
f , it induces the required foliation of M . This proves Theorem 6.1.

Proof of Theorem 6.2. Given a smooth field Ψ of tangent planes on M , let ξ be the vector bundle τM/Ψ.
Assume that this bundle ξ has a foliation f , with associated field of tangent planes Φy ⊂ TE(ξ)y.

For each x ∈ M , we can compose the projection map
TMx → ξx

with the vertical embedding
ξx → TE(ξ)z(x)

to obtain a linear map which is evidently transverse to Φz(x). Thus we have constructed a canonical
element

V ′ ∈ trans(τM, τE(ξ); Φ).

Choose a smooth map
g : M → E(ξ),

transverse to f , so that the image dg ∈ trans(τM, τE(ξ); Φ) belongs to the same path component as V ′.
Then evidently the tangent plane field associated with the induced foliation g∗f of M will be homotopic
to Ψ. This proves that half of Theorem 6.2.

For the other half of proof, M is allowed to be compact. Given a Cr-foliation of M , let Ψ′ be the
associated field of tangent planes. Then Ψ′ is smooth only of class Cr−1. But, as in Corollary 5.8, we can
choose a complementary q-plane field ηx, which is smooth of class Cr, so that

TMx = ηx ⊕Ψ′
x.

Thinking of ηx as the fiber of a vector bundle η ⊂ τM , the exponential map restricted to η induces a
microfoliation of η, which extends to a foliation of η.

Now let Ψ′′
x be the orthogonal complement of ηx in TMx. Evidently Ψ′′ is a Cr-smooth tangent plane

field, homotopic to Ψ′, with
τM/Ψ′′ ∼= η.

Finally let Ψ be any tangent plane field of class Cr which is continuously homotopic to Ψ′, and hence
is Cr-homotopic to Ψ′′. Using the covering homotopy theorem, we see that

τM/Ψ ∼= τM/Ψ′′ ∼= η.

Since η has been foliated, this completes the proof.
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§7. Integrable Homotopy
Let f0 and f1 be two different codimension q foliations of the same manifold M , both smooth of class

Cr.

Definition 7.1. The foliation f0 and f1 are integrably homotopic (or briefly 1-homotopic) of class Cr

if there exists a Cr-smooth codimension q foliation F of the product manifold M ×R which is transverse
to every M × constant and which induces a foliation Cr-isomorphic to f0 on M × 0, and a foliation
Cr-isomorphic to f1 on M × 1.

As usual, we will often leave out the Cr’s, simply assuming that everything in sight is to be smooth
of class Cr.

Without loss of generality, we may assume that the foliation F , restricted to some neighborhood
M × (−ε, ε) of M × 0, is isomorphic to a product foliation.

f0 × identity : L0 × (−ε, ε) → M × (−ε, ε)

and similarly with a neighborhood of M × 1. To achieve this, we need only to choose a smooth map
λ : R → R which carries a neighborhood of 0 to 0 and a neighborhood of 1 to 1. Then

identity × λ : M × R → M × R

will certainly be transverse to f , and the induced foliation will have the required property.
Now, given an i-homotopy from f0 to f1, and an i-homotopy from f1 to f2, it is clear that we can piece

together to obtain an i-homotopy from f0 to f2. (Compare Figure 6). Thus integrable homotopy is
an equivalence relation.

M × 0 M × 1 M × 2

Figure 6. Piecing Together Integrable Homotopies.

Similarly, given two foliations f0 and f1 of a vector bundle ξ over M , we define f0 and f1 to be
integrably homotopic if there exists a foliation of the induced vector bundle ξ × R over M × R which
restricts to f0 over M × 0 and restricts to f1 over M × 1. Again this is an equivalence relation.

(Sometimes it is more convenient to use the unit interval [0, 1] in place of the real line R as parameter
manifold. To make sense of this, one must introduce the concept of a foliation, transverse to the boundary,
of a smooth manifold with boundary. The resulting concept of 1-homotopy is completely equivalent to
that defined above. Details will be left to the reader.)

It is now possible to sharpen some of the results of previous sections. Thus Lemma 5.7 becomes:

Lemma 7.2. Any microfoliation of ξ extends to a foliation of ξ which is unique up to i-homotopy.

Proof. Given two foliations f and f ′ of ξ which are isomorphic when restricted to a neighborhood U of
the zero-section, we must prove that f is i-homotopic to f ′. Choosing ε(x) as in the proof of Lemma 5.7,
recall that the mapping

h′ : v 7→ ε(x)h(v/ε(x)), for v ∈ p−1(x),

embeds E(ξ) into U , and is the identity for ‖v‖ ⩽ ε(x)/2. Introducing a parameter t ∈ R, we set

H(v, t) = h′(tv)/t for t 6= 0,

H(v, 0) = v.

Then evidently H is smooth as a function of both variables, mapping the total space E(ξ)× R of ξ × R
onto E(ξ). Lifting back the foliation f under H, we obtain a foliation H∗f of ξ×R which coincides with
f on ξ × 0, and with h′∗f on ξ × 1. Thus f is i-homotopic to h′∗f and similarly f ′ is i-homotopic to
h′∗f ′. Since h′∗f is clearly isomorphic to h′∗f ′, this completes the proof.
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The results of §6 can be sharpened as follows. Let M be a paracompact C∞ manifold.

Theorem 7.3. Every i-homotopy class of Cr-foliations of M gives rise to a unique i-homotopy class of
Cr-foliations of the tangent bundle τM . If M has no compact component, then the converse is true: every
i-homotopy class of Cr-foliations of τM comes from one and only one i-homotopy class of Cr-foliations of
M .

This one-to-one correspondence is constructed precisely by the methods of §6. In particular, it pre-
serves the codimension q.

The following special case is particularly striking.

Corollary 7.4. The tangent bundle of an m-dimensional manifold possesses one and only one i-homotopy
class of codimension m foliations; providing that there is no compact component.

It may be conjectured that this corollary remains true for compact manifolds, although we will see in
§8 that the theorem itself would be false for compact manifolds.

The proof of 7.3 will occupy the rest of §7. First some notation.
Let F (M) denote the set of all smooth i-homotopy classes of foliations of the manifold M (keeping

the smoothness class Cr fixed). Similarly let F (ξ) be the set of all smooth i-homotopy classes of foliations
of the vector bundle ξ. We will first construct a function

ε exp∗ : F (M) → F (τM).

Starting with any foliation f of M , and choosing a Riemannian metric, the exponential map is defined
and induces a microfoliation exp∗ f of τM . Let the symbol ε stand for the operation of extending this
microfoliation to a foliation. Then evidently ε exp∗ f is a foliation of τM , well defined up to i-homotopy.

Clearly any i-homotopy of foliations of M gives rise, by this construction, to an i-homotopy of foliations
of τM . Thus we have defined a function from the set F (M) of i-homotopy classes to the set F (τM).

This construction does not depend on the particular choice of Riemannian metric. For any two
Riemannian metrics can be joined by a linear homotopy, which induces a homotopy of exponential maps,
and hence an i-homotopy of foliations.

Now suppose that M has no compact component. Then a function

(d−1[V ])∗ : F (τM) → F (M)

in the opposite direction can be constructed as follows. Given a foliation f of τM , let Φy ⊂ TEy be the
associated field of tangent planes, where E = TM , and let [V ] denote the path component of the vertical
embedding in the space trans(τM, τE; Φ) of fiberwise linear maps transverse to Φ. Choosing a smooth
map

g : M → E

so that dg belongs to this path component [V ], the induced foliation g∗f of M is defined.
Note that the i-homotopy class of g∗f does not depend on the particular choice of g. For if dg0 and

dg1 belong to the same path component of trans(τM, τE; Φ), then by the Phillips-Gromov theorem, g0
and g1 must belong to same path component of the space Trans(M,E; f). But any path from g0 to g1 in
Trans(M,E; f) can be approximated by a path which is “smooth”, in the sense that the associated map

M × [0, 1] → E

is Cr-smooth. (Compare the section §4.5-4.6 of Munkres [24]). Given such a smooth path from g0 to g1
within Trans(M,E; f), it clearly follows that the induced foliations g∗0f and g∗1f are i-homotopic.

Note also that the i-homotopy class of the induced foliation g∗f depends only on the i-homotopy class
of the foliation f . In fact, any integrable homotopy between foliations f0 and f1 of τM is described by a
foliation F of the product manifold E×R. Denote the associated tangent plane field by Φ′

y,t ⊂ T (E×R)y,t.
Since the vertical embedding of τM in τE × 0 is evidently homotopic to the vertical embedding of τM
in τE × 1 within the space

trans(τM, τ(E × R); Φ′),

it follows easily that the associated mappings

g0 : M → E × 0,

g1 : M → E × 1
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are homotopic within the space
Trans(M,E × R;F )

Hence g∗0f0 ∼ g∗1f1. (Here the symbol ∼ stands for i-homotopy).
Thus we have constructed a well-defined function

F (τM) → F (M),

to be denoted by the symbol (d−1[V ])∗.

Lemma 7.5. The composition F (M)
ε exp∗

−−−−→ F (τM)
(d−1[V ])∗−−−−−−→ F (M) is the identity map of F (M).

Proof. Start with a foliation f of M . Let Ψx ⊂ TMx be the associated field of tangent planes. Choose a
neighborhood U of the zero-section in TM so that

exp : U → M

is defined, and let
Φy ⊂ TUy

be the field of tangent planes associated with the induced foliation exp∗ f .
Let z : M → U be the zero-section. Since the composition exp ◦z is the identity map of M , it is clear

that z is transverse to the foliation exp∗ f , inducing back on M a foliation which is isomorphic to the
original foliation f . Thus to prove Lemma 7.5, we need only show that the element

dz ∈ trans(τM, τU ; Φ)

belongs to the path component [V ] of the vertical embedding V . The tangent space TUz(x) clearly splits
canonically as a direct sum

dzx(TMx)⊕ T (TMx)z(x) ∼= TMx ⊕ TMx.

Using this direct sum decomposition, the two maps dzx and V from TMx to TUz(x) are evidently given
by w 7→ w ⊕ 0 and w 7→ 0⊕ w respectively. Each of these two maps is transverse to the subspace Φz(x).

In fact the subspace Φz(x) can be described explicitly as follows. Note that the homomorphism
d expz(x) carries each pair w1 ⊕w2 to the sum w1 +w2 ∈ TMx. Hence Φz(x) consists of all pairs w1 ⊕w2

with w1 + w2 ∈ Ψx.
For each t ∈ [0, 1], consider the homomorphism w 7→ tw⊕(1−t)w from TMx to TUz(x). Since this map

is evidently transverse to the subspace Φz(x), it can be considered as a point in the space trans(τM, τU ; Φ).
As t varies from 0 to 1, we thus obtain a path from V to dz within this space; completing the proof of
Lemma 7.5.

The proof in the other direction will be based on the following construction. Let ξ be a smooth
vector bundle with paracompact base space, let N be a paracompact C∞ manifold, and let f be a smooth
foliation of N .

Definition. A smooth map from a neighborhood U of the zero-section in E(ξ) to N is fiberwise
transverse to f if its restriction to each fiber ξx ∩ U is transverse to the foliation f .

Clearly any such fiberwise transverse mapping h : U → N induces a microfoliations h∗f of ξ, which
extends to a foliation εh∗f of ξ.

Let Φy ⊂ TNy be the tangent plane field associated with the foliation f . Then to each fiberwise
transverse map h we associate an element

dh ◦ V ∈ trans(ξ, τN ; Φ)

obtained by composing the vertical embedding of ξ in τU with the fiberwise linear map dh.
Now consider two mappings h0 and h1 from U to N , both fiberwise transverse to f .

Lemma 7.6. If dh0 ◦ V and dh1 ◦ V belong to the same path component of the space trans(ξ, τN ; Φ),
then the foliation εh∗

0f of ξ is i-homotopic to the foliation εh∗
1f .
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Proof. The proof is divided into three cases.
Case 1. First suppose that dh0◦V = dh1◦V . It follows that the two maps, as well as their first derivatives,
coincide everywhere along the zero-section of ξ. Choosing a Riemannian metric on N , for every x ∈ U
close enough to the zero-section the two points h0(x) and h1(x) are joined by a unique minimal geodesic

t 7→ ht(x)

which depends smoothly on the endpoints. (See for example page 166 of [23]). Evidently we can choose
a small neighborhood U ′ of the zero-section so that each ht is defined on U ′. Furthermore, since the first
derivative of ht coincides with the first derivative of ht everywhere along the zero-section, the mappings
ht are fiberwise transverse to f throughout some smaller neighborhood U ′′. Thus we can lift back the
foliation f to obtain a microfoliation, and hence a foliation, of the vector bundle ξ × [0, 1]. This proves
that εh∗

0f ∼ εh∗
1f .

Case 2. As an application of this argument, for any h : U → N which is fiberwise transverse to f , note
that

εh∗f ∼ ε(expN ◦dh ◦ V )∗f.

In fact, the map
dh ◦ V : E(ξ) → TN

can be composed with the exponential map for N to yield a map

expN ◦dh ◦ V : U ′ → N

defined on a suitable neighborhood U ′ of the zero-section. Clearly this map coincides with h all along
the zero-section, and the first derivatives also coincide. Thus the hypothesis of Case 1 is satisfied.
General Case. If dh0 ◦ V and dh1 ◦ V belong to the same path component of the space trans(ξ, τN ; Φ),
then we can choose a smooth path between these points, corresponding to a smooth mapping

H : E(ξ)× [0, 1] → TN.

Following H be the exponential map in N , we obtain

expN ◦H : U ′ × [0, 1] → N,

where U ′ is a suitable neighborhood of the zero-section. Thus the foliation f induces a microfoliation

(expN ◦H)∗f

of the bundle ξ × [0, 1], and this microfoliation extends to a foliation. This proves that

ε(expN ◦dh0 ◦ V )∗f ∼ ε(expN ◦dh1 ◦ V )∗f.

Together with Case 2, it completes the proof of Lemma 7.6.

Now we are ready for the final step.

Lemma 7.7. The composition F (τM)
(d−1[V ])∗−−−−−−→ F (M)

ε exp∗

−−−−→ F (M) is the identity map of F (τM).

Proof. Starting with a smooth foliation f of τM , and setting E = TM , we first choose a smooth map
g : M → E, transverse to f , so that dg is homotopic to V within the space trans(τM, τE; Φ). Then
the foliation f lifts back to a foliation g∗f of M , which lifts back to a microfoliation exp∗ g∗f of τM .
Extending to a foliation f ′ = ε exp∗ g∗f , we must prove that f ′ ∼ f .

We will apply Lemma 7.6 to the vector bundle τM and the foliated manifold E. As maps

h0, h1 : U → E

we take the inclusion map i, and the composition g ◦ exp of the maps

U
exp−−→ M

g−→ E.

Evidently the foliations of τM associated with these two mappings are just f and f ′ respectively.
Clearly di ◦ V ∈ trans(τM, τE; Φ) is equal to the vertical embedding V , and d(g ◦ exp) ◦ V ∈

trans(τM, τE; Φ) is equal to dg. Since V and dg belong to the same path component by hypothesis, it
follows from Lemma 7.6 that f ∼ f ′. This proves Lemma 7.7.

Evidently the two Lemmas 7.5 and 7.7 together prove Theorem 7.3.
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§8. An Example
This section will take a detailed look at the constant slope foliation of the torus M = R2/Z2. (Compare

Example 1.4). Let fs denote the codimension 1 foliation with constant slope dy

dx
= s. We will prove the

following two statements.

Assertion 8.1. If s 6= s′, then the foliation fs is not Cr integrably homotopic to fs for any r ⩾ 2.

(Presumably this statement is true for r = 1 also, but the present proof is not adequate for that case).

Assertion 8.2. The induced foliation exp∗ fs of the tangent bundle τM is C∞ integrably homotopic to
the induced foliation exp∗ fs′ for all s and s′.

Thus if F ( ) stands for the set of all Cr integrable homotopy classes of foliations, where r ⩾ 2, then
we have constructed uncountably many distinct elements in the set F (M) which all map to a single
element under the function

exp∗ : F (M) → F (τM)

This shows that Theorem 7.3 fails for compact manifolds, such as the torus.
The proof of Assertion 8.1 will be based on the following more general statement. Suppose that r ⩾ 2.

Theorem 8.3. If two smooth foliations of a compact manifold are Cr integrably homotopic, then there
exists a Cr−1-diffeomorphism of the manifold, Cr−1-isotopic to the identity, which transforms one foliation
to the other.

(Conversely, it is clear of course that if we are given any Cr-isotopy H : M × R → M , then any
Cr-foliation f of M pulls back to a Cr integrable homotopy H∗f between foliations of M . This converse
statement is true whether the manifold M is compact or not).

Proof of Theorem 8.3. Let F be a Cr-foliation of M × R which is transverse to every M × (constant),
and let

Φx,t ⊂ T (M × R)x,t
be the associated field of tangent planes. Clearly the field Φ is smooth class Cr−1. Using a partition of
unity, construct a Cr−1 vector field v(x, t) on M × R so that

v(x, t) ∈ Φx,t,

and so that the derivative dπ of the projection π : M × R → R maps v(x, t) to the constant vector field
d

dt
on R. Since M is compact, the vector field v generates a one parameter group of diffeomorphism

gt : M × R → M × R,

where gt(x, u) is smooth of class Cr−1 as a function of three variables. (Compare the page 12-14 of [23].
The condition r ⩾ 2 is needed here.) Note that gt maps each M × c onto M × (c+ t).

Evidently each gt transforms the foliation F into itself: that is g∗t F ∼= F . So if Fi denotes the foliation
induced by F on the submanifold M × i, then

g∗1F1
∼= F0

Now let fi denote the foliation of M which corresponds to this foliation Fi of M × i. Then clearly

h∗
1f1 = f0

where the diffeomorphism ht : M → M , defined by

(ht(x), t) = gt(x, 0),

is Cr−1-isotopic to the identity map h0. This completes the proof of Theorem 8.3.

Again let fs denote the slope s foliation of the torus.

Lemma 8.4. If s 6= s′, then no homeomorphism of the torus which is homotopic to the identity can
transform fs into fs′ .
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Proof. To any foliation f of the torus M we will assign a topological invariant Λ(f) which consists of a
set of lines through the origin in the vector space π1M ⊗ R.

The given foliation f clearly pulls back to a foliation f̃ of the universal covering manifold M̃ . Let K

be a compact subset of M̃ whose interior maps onto M , and let ΣK be the set of all elements σ 6= 1 in
the group π1M of covering transformation such that both K and σK intersect some common leaf of the
foliation f̃ . (Compare Figure 7). Then, embedding π1M in the plane π1M ⊗ R, draw a line σ ⊗ R from
the origin through each point σ of ΣK . Let ΛK(f) be the set consisting of all limit lines

lim
i→∞

σi ⊗ R ⊂ π1M ⊗ R

where {σi} can be any infinite sequence of distinct elements of ΣK for which this limit exists.

K

σK

Figure 7

We claim that this set ΛK(f) of limit lines is independent of K. For if J is another compact subset
of M̃ whose interior maps onto M , then

J ⊂ τ1K ∪ · · · ∪ τqK

for some finite collection of elements τ1, . . . , τq ∈ π1M . If σ ∈ ΣJ , then

τ−1
α στβ ∈ ΣK

for some α and β. It follows that
ΛJ(f) ⊂ ΛK(f)

For if the line λ is the limit of a sequence σi ⊗ R with σi ∈ ΣJ , then clearly λ is also the limit of a
corresponding sequence τ−1

αi
σiτβi

⊗ R.
This proves that Λ(f) is well defined. It is evident from the construction that the set Λ(f) is a

topological invariant of the foliation f . In particular, suppose that two foliations f1 and f2 correspond
under a homeomorphism h : M → M . (This means that the following diagram is commutative.)

L1 L2

M M

∼=
f1 f2

h

Then clearly the two sets Λ(f1) and Λ(f2) must correspond under the induced linear mapping

h∗ : π1M ⊗ R → π1M ⊗ R.

In particular, if h is homotopic to the identity, then Λ(f1) = Λ(f2).
Finally, let us apply this construction to the constant slope foliation fs. Evidently the invariant Λ(fs)

consists of a single line of slope s in π1M ⊗ R. This completes the proof of Lemma 8.4.

Combining Theorem 8.3 and Lemma 8.4, we clearly obtain the Assertion 8.1.

Proof of Assertion 8.2. The proof will be based on a suggestion of Haefliger, and is closely related to the
page 468 of Reinhart [25].

In addition to the original coordinates x modulo 1 and y modulo 1 on the torus, we will use rotated
coordinates a and b, where the rotation is chosen so as to carry the lines y = sx+constant to the horizontal
lines b = constant. The coordinate pair (a, b) associated with each point is well defined modulo some
appropriate lattice of points in the plane.



24

Let α, β be corresponding coordinates in the tangent bundle, so that the projection from TM to M
is given by

(a, b, α, β) 7→ (a, b),

and the exponential map by
(a, b, α, β) 7→ (a+ α, b+ β).

Thus exp∗ carries the foliation fs of M , with typical leaf b = constant, to the foliation of τM with
typical leaf b+ β = constant.

Lemma 8.5. This foliation exp∗ fs of the vector bundle τM , with typical leaf
{(a, b, α, β) | b+ β = constant},

is integrably homotopic to the foliation F s with typical leaf
{(a, b, α, β) | β = constant}.

Proof. Consider an intermediate foliation F1 of τM as follows. Each leaf of F1 can be described locally as
the graph of a function β = β(a, b, α) satisfying the differential equations ∂β

∂a
= 0, ∂β

∂b
= g(β), ∂β

∂α
= 0,

where g(β) is a C∞ function satisfying the conditions
g(β) = −1 for β ⩽ 1,

g(β) = 0 for β ⩾ 2.

Locally, this foliation F1 is induced from the foliation sketched in Figure 8 by means of the projection
(a, b, α, β) 7→ (b, β).

β

b

Figure 8

Evidently the two foliations exp∗ fs and F1 are isomorphic throughout the neighborhood β < 1 of the
zero-section in TM . Hence by Lemma 7.2, the foliation exp∗ fs is i-homotopic to F1.

Now consider the smooth isotopy ht : TM → TM defined by
ht(a, b, α, β) = (a, b, α, β + t)

Evidently the foliation h∗
3F1 is i-homotopic to F1. But h∗

3F1, coincides with F s throughout a neighborhood
of the zero-section. Thus exp∗ fs ∼ F1 ∼ h∗

3F1 ∼ F s, which completes the proof of Lemma 8.5.

Now, to prove Assertion 8.2, we need only show that F s ∼ F s′ . Switching back to the original
coordinates x, y on M , and associated coordinates ξ, η on TM , clearly F s has typical leaf η = sξ +
constant.

Keeping x and y fixed, but rotating the ξ, η plane, we obtain a smooth isotopy of TM which transforms
F s to F s′ . This isotopy TM × R → TM induces the required i-homotopy, and completes the proof of
Assertion 8.2.

We conclude with an exercise for the reader. Define two foliations f0 and f1 of M to be concordant
if there exists a foliation F of M×R which is transverse to M×0 and M×1 (but not necessarily to every
M × constant), and which induces a foliation isomorphic to f0 (respectively f1) on M × 0 (respectively
on M × 1).
Problem (Haefliger). Using Reinhart’s technique, as in Figure 8, prove that the constant slope foliation
fs is concordant to fs′ .
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