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Preface

This script is mainly based on Prof. Dieter Kotschick’s course on Differential Geometry for
Ludwig-Maximilians-Universitdt in Munich in winter semester 2023-2024.

Motivation and Scope

Differentiable manifolds provide a unified framework for studying spaces that locally resemble
Euclidean space but may exhibit complex global behavior. From the curvature of spacetime in
general relativity to the configuration spaces of mechanical systems, manifolds lie at the heart of
many physical and mathematical phenomena. This text focuses on developing the core concepts
of smooth manifolds, tangent spaces, vector bundles, and differential forms—tools essential for
advanced topics such as Lie theory, Riemannian geometry, and cohomology.

While the material is rooted in pure mathematics, the techniques presented here have profound
applications in theoretical physics, including gauge theory, symplectic mechanics, and string theory.
Our goal is not merely to enumerate definitions and theorems but to cultivate an intuitive grasp
of the subject through carefully chosen examples, historical context, and connections to adjacent
fields.

Structure and Pedagogy

The book is organized into 14 chapters, progressing from foundational material to advanced
topics. Key pedagogical features include:

¢ Gradual Complexity:
— Chapters 1-2 introduce topological and differentiable manifolds, emphasizing local co-
ordinates, atlases, and the “smooth invariance of domain.”

— Chapters 3-6 explore tangent spaces, vector bundles, and their geometric operations
(e.g., pullbacks, metrics, and subbundles).

— Chapters 7-9 delve into dynamical systems (flows), Lie theory, and the Frobenius the-
orem.

— Chapters 10-14 culminate in differential forms, integration, de Rham cohomology, and
connections.

e Examples and Theorems:

— Classical examples (e.g., spheres, tori, projective spaces) recur throughout the text.

— Major theorems—such as Whitney’s Embedding Theorem, Sard’s Theorem, and
Stokes’ Theorem—are presented with detailed proofs.

e Visual and Algebraic Balance:

— Geometric intuition is prioritized through diagrams while maintaining algebraic rigor.

— Exercises interspersed within chapters encourage active learning.
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Prerequisites and Approach

Readers should be familiar with:

« Basic topology (open/closed sets, compactness, Hausdorff spaces),

« Linear algebra (vector spaces, dual spaces, multilinear maps),

o Calculus on Euclidean spaces (partial derivatives, inverse function theorem).

Abstract definitions (e.g., vector bundles, differential forms) are motivated by their classical
analogs in R™. For instance:

o Tangent spaces generalize directional derivatives,
e Vector bundles formalize parameterized vector spaces,

o Differential forms unify integration and differentiation.

Philosophy and Innovations

Three principles guide this work:

o Accessibility: Technical machinery (e.g., partitions of unity) is introduced only when nec-
essary.

o Interconnectedness: Concepts reappear in new contexts (e.g., the tangent bundle under-
pins flows and Lie derivatives).

e« Modern Relevance: Applications are hinted at throughout (e.g., the Frobenius theorem
foreshadows foliations).
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To the Reader

“The questions are the breath of research,”

Hermann Weyl

Differential geometry is a journey—one that begins with coordinates and curves and leads to
the frontiers of modern physics. While the path is challenging, the rewards are profound. Approach
each chapter with patience, revisit examples often, and let curiosity guide you.

Xumin Liang
March 31, 2025
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Chapter 1

Topology

1.1 Topological Space

Definition 1.1. A topological space (X, Q) is a set together with open sets O C P(X), s.t.
(1) @, X € O;
(2) Ul,UQGC’):>U1ﬂU26(’);

(3) U;eO,iel = UUlEO
i€l

Example 1.1.
(1) O ={@,X} the trivial topology on X.
(2) O =P(X) the discrete topology.

(3) the metric topology on a metric space.

1.2 Metric Spaces
Definition 1.2. A metric space (X, d) is a set X together with
d: X xX - R(z,y) —d(z,y)

s.t.

(1) d(z,y) > 0 with “=" if and only if x = y;

(2) d(z,y) = d(y, v);

(3) d(z,z) < d(z,y) + d(y, z), Vz,y,z € X.

In the metric topology, a subset U C X is open if Vo € U, 3¢ > 0, s.t.
B(z,e) :={y € X | d(z,y) <e} CU.

Terminology. Let (X, O) be a topological space.

(1) Vc Xisclosed if X\ V € O.

(2) x € X, W C X is a neighborhood of z in (X, 0), if z € W and W contains an open set U,
st.xeUCW.

(3) Ui € O, i €I, the U; form an open cover of X if | J,.,; U; = X.

Definition 1.3. A topological space (X, O) is Hausdorff if Va1,29 € X, 21 # xo, U7, Uz € O,
s.t. z; e U; and Uy NU,y = @.
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Example 1.2. The metric topology of a metric space is always Hausdorff.

d
Proof. Let z,y € X and « # y. Then d(x,y) > 0. Take ¢ := (3;2’ y)’ then B(z,e) N B(y,e) = &
and z € B(x,¢), y € B(y,¢). O

1.3 Basis of Topology

Definition 1.4. A basis of the topology O is a B C P(X), s.t. every U € O is a union of subsets
in B.

Lemma 1.1. Consider R™ with the metric topology induced by Euclidean distance function
n 3
d(z,y) = (Z(ﬂii - yi)2>
i=1

There is a countable basis B C P(R™).

1
Proof. Take B <a:, k)’ where z € Q", k € N. B consists of all these balls as x ranges over Q™ and

k ranges over N.

1
U C R™ open. Take x € U. Then Je > 0, s.t. B(xz,e) CU. Take y € B (x, 35) naQ~.

2
Consider x € B (y, 35) cU.
d(z,y) < 18
'Y 3

1 2
Fix r € Q with g€ <r<g3e Then B(y,r) € B and B(y,r) C U. O

1.4 Topological Manifold

Definition 1.5. A topological manifold M of dimension n € N is a topological space (M, O),
s.t.

(1)
(2) (M,0) is Hausdorft;
3) (M, 0
Let (X,0x) and (Y, Oy) be topological spaces.
Definition 1.6. A map f: X — Y is continuous if f~1(U) € Ox for all U € Oy-.

(M, ©) is locally homeomorphic to R" (“locally Euclidean”);

) has a countable basis for O.

Definition 1.7. f is homeomorphism if f is bijective and continuous, and £~ is also continuous.

Definition 1.8. (X,0Ox) and (Y,Oy) are locally homeomorphic if every z € X has an open
neighborhood U which is homeomorphic to an open set in Y.

Example 1.3.
(1) M =R"™
(2) M is a manifold = any open U C M is also a manifold.

(3) M is a manifold of dimension m and N is a manifold of dimension n = M x N is a manifold
of dimension m + n.

(4) S™:={x € R"*! | ||z|| = 1}. This is a n-dimensional manifold.

(5) T" = S* x --- x S* by (3) and (4).
N——
n times

(6) Every surface is a 2-dimensional manifold.
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Differentiable Manifold

2.1 Charts

Locally Euclidean: Vz € X, 3U open and a homeomorphism ¢ : U — V C R".
Define (U1, ¢1) and (Us, ¢2) as above. Then

homeomorphism

2001 o1 (U NU2) w2 (U1 NUL).

The (U;, ;) are called charts and fo; = @o 0] ! is the transition map from the chart (U3, 1) to
the chart (Us, p2).

2.2 Atlas

Definition 2.1. A collection of charts (U, ¢;), i € I with |J U; = M is called an atlas. We have

=
the cocycle conditions/properties
(1) fuu=1d
@) fis=1i"  Vigkel

(3) fijfix = fir
The f;; for pairs 4,5 € I with U; NU; # @ form the structure cocycle of the given atlas
o ={(Ui, i) | i € I}.
Proposition 2.1. Let & be an atlas for M. From the collection of open subsets V; = ;(U;) C R™
together with the structure cocycle, one can reconstruct M.
Proof. M = <]_[ V}) / ~, where ~ is the equivalence relation given by V; 3 p ~ ¢ = f;i(p) € V;
Vi, jel. e
a:M— M
pl e t(p)  ifpeVi
If ¢ € Vj is equivalent to p, then ¢ = f;;(p) = <pj_1(q) = cpj_l(%‘_l(pi_l)(p) = <pi_1(p). So a is

well-defined. « is also continuous.
b: M — M
m — [i(m)] it meU;

If m is also in Uj, then ¢;(m) = (¢j0¢; )pi(m) = fi(pi(m)). So b is well-defined. b|Uv =Top;,

where 7 : [[ Vi — M is the projection onto equivalent classes. Thus b is continuous.
iel
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MY M % W
]l = o7t (p) — e (D) =1[p] = boa=Idy
M 5 M s M
m = [eim)] = oteim)=m = aob=1Idy

2.3 Differentiable Manifold

Definition 2.2. A smooth or differentiable manifold is a topological manifold together with
an atlas o for which f;; are smooth/differentiable.

2 CcR® i R™
/
ei(U; NU;) Jii @i (UiNUj)

Smooth means C" for some r > 2.

Terminology. Such an atlas is called a smooth atlas. Two smooth atlases @/ = {(U;, ;) | i € I}
oo ={(Up, ) | k€ I'}
on M are equivalent if &) U % is also a smooth atlas.

2.4 Differentiable Structure

Definition 2.3. A differentiable structure on M is a maximal smooth atlas, equivalently an
equivalence class of atlases for the above.

Fact. Every maximal C" atlas contains a unique maximal C*° atlas. Because of this, we will only

consider C* manifolds.
smooth = differentiable = C*°

Definition 2.4. Let M and N be smooth manifolds, f : M — N is smooth if Vp € M, 3 a chart
(U, ¢) with p € U and a chart (V,) for N with f(p) € V such that ¢ o f o o1 is smooth.

I 1.Af =

@ ——
%
R™ Rn

1

Example 2.1. f: M — R is smooth if and only if f o ¢p~* is smooth for all charts (U, ¢).

Definition 2.5. f: M — N is a diffeomorphism if it is bijective, differentiable, and f~! is also
differentiable.

Example 2.2. Every B(z,¢) C R" is diffeomorphic to R™.

Remark. Not every topological manifold has a differentiable structure. If it has one, it may fail
to be unique!
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For n < 3, every topological manifold has a differentiable structure, unique up to diffeomor-
phism.

For n > 4, there are manifolds with no differentiable structure, and there are manifold with
unusual non-diffeomorphic differentiable structures.

Example 2.3. The topological manifold R* has infinitely many distinct differentiable structures.

Example 2.4. S7 has several distinct differentiable structures.

2.5 “The Smooth Invariance of Domain”

Differentiable atlas means that transition functions between charts are diffeomorphisms. The
way we had defined differentiable manifolds, we assume that we always have a fixed dimension, so
we define a manifold of dimension n which is locally homeomorphic to R™. Now we want to show
that in the differentiable case, functions as dimension given are actually redundant.

Take a manifold M. Assume we have two charts Uy, Us, and 1 : Uy — Vi C R™ and

5 : Uy — Vo CR™.

W@n

Then we have a transition map fo; = @9 0 gpl 2 p1(Ur NU3) — o (U NUS).
If the transition map fi12, fo1 are diffeomorphisms, then m = n. Since

fi20 for = Idg, (,nus) differentiate Dtpz(f)fu © D<,91(9C)f21 = Idgm
ANNANANAN
for 0 fi2 = Idy, (. nus) Dy, (z)f21 0 Dyy(2) f12 = Idgn

Both derivatives on the LHS are isomorphisms.

R Doy () f1
Doy () fr2

which implies
m=n

This is called “the smooth invariance of domain”.

Given a smooth manifold M with a smooth atlas (U;, ¢;), ¢ € I, we can reconstruct M up to
diffeomorphism just from ;(U;), i € I, together with the structure cocycle given by the transition
function f;;.
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Tangent Spaces and Tangent
Bundle

Let M be a smooth manifold and & = {(U;, ¢;) | i € I} a differentiable atlas. All the ¢; take
values in R™, n = dim M. Consider triples (z,i,v) € M x I x R™ with € U;. On the set of such
triples define the relation (z,4,v) ~ (y,j,w) by z =y and Dy, () (¢j 0 ¢; *)(v) = w. Then

————

fii
(Dg; () fig)(w) = v.
Claim 3.1. This is an equivalence relation.

(z,i,v) ~ (y,J,w) ~ (z,k,t)
r=y=2=z
Dcpj(cn)fkj o le(m)f]l(v) = (DQOJ(I)ka)w =1

Do () fri

Let TM be the set of equivalence classes, and

m:TM — M

[,i,v] — x

If AC M, then 7= 1(A) = T4 M.

If A= {z}, then 7= 1(x) = T, M, the tangent space to M at z.
If A C M is open, then A is itself a manifold, and TA = T4 M.
For every chart (U;, ¢;), we have a bijective map

[x,i,v] = ((pi(l‘),’U)

TWU;NU;) —2 s 0(U;NU;) x R® € R™ x R? = R2"
TS"JJ/ _1
Tejo(Tei)™ (2,v) = (f5i(2), Dz f3:(v))
(pj(UiﬂUj) x R" C R x R" w

We give each TU; the unique topology which makes T'¢; into a homeomorphism. This is well-
defined. On TM, we define topology by requiring each TU; to be open, and itself have the
topology defined via T'y;.

We consider &' = {(TU;,Ty;) | i € I} as an atlas for TM. This has C* transition maps, and
so values T'M into a C* manifold.

With respect to this differentiable structure on T'M, the projection 7w : TM — M is a differen-
tiable map.
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Lemma 3.2. For every x € M, the tangent space T, M has a well-defined structure as a R-vector
space of dimn.

Proof. Suppose z € U;, then Tp; : ToM — {p;(x)} x R™ is bijective. Define the vector space
T, M

structure on T, M to be the unique one that makes Tp; a linear isomorphism. If x € U}, then
T, M
fii 1 iU NU;) = ¢;(U; NU;) is a diffeomorphism. The derivative is linear

Dtpi(z)fji :R" — R™.

This is an isomorphism of the vector space. This shows that the vector space structure on T, M
defined using (Uj, ;) instead of (U;, ¢;) is isomorphic to the one gotten from Uj. O

For every x € M, m—1(x) = T, M is a vector space.
Suppose f: M — N is a differentiable map between differentiable manifolds.

Define Df : TM — TN

[xvia U] = [f(l")th%(m)Wz/ © f © @;1)(11)]
Suppose (Uj, ¢;) is another chart for M with = € Uj.

[xﬁlav} = [l’, aDgoi(m)fji(vﬂ = [f(x)7il>D<pj(z)(wi' © fo @gl)Dapi(m)fji(v)]
(Yofop;ofi=(ofop;)o(pjop;!)=1ofop?
Dgaj(x)(w © f © 30]_1) © Dtpi(x)fji = Dapf(ac)(w © f © 501_1)

In the same way, one checks that D f does not depend on the chart used for N.

Df :TeM — TyyN C TN is a linear map between tangent spaces.
T, M

[CL‘,L’U] = [f(x)ﬂi/7D<pi(m)(wi’ © f O‘p;l)(v)]

Definition 3.1. D, f :=Df is the derivative of f at x € M.
T.M
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Paracompactness

4.1 Compact and Paracompact

Definition 4.1. A topological space (z, Q) is compact if every open covering has a finite subcover.
Example 4.1.

o Compact {z}, [0,1], St, S™, T™.

o Not compact (0,1), (0,1], R, R™.

Definition 4.2. A topological space (X, Q) is paracompact if every open covering has a locally
finite refinement.

Definition 4.3. Let {U; | i € I'}, be a collection of subsets in X. This collection is locally finite
if Vo € X, there exists an open neighborhood U, s.t. U; N U, # @ for only finitely many ¢ € 1.

Definition 4.4. Let U;, i € I be a covering of X, i.e. |J U; = X. A refinement of this covering
el

is a covering by subsets Vi, k € K, such that Vk € K, 3i =i(k) € I, s.t. Vi C U;.

Proposition 4.1. Let {U; | i € I} be an open covering of a manifold M. There exists an atlas

o ={(Vk,¢r) | k € K} such that

(1) ¢x(Vk) = B(xy,3) CR™;
(2) Wi = cp,;l(B(xk, 1)) form a covering of M;
(3) The Vj form a locally finite refinement of the covering by the U;.

Proof. Step 1: There exists a sequence G, i = 1,2,... of open subsets on M with G; C G;41 Vi,
G; compact Vi, and |J G; = M.

=1
The topology of M has a countable basis consisting of open sets 4;, j =1,2,..., with compact
closures G.
G1 = A;. Suppose Gy, has been defined as G, = Ay U---U A;,. Let jry1 be the smallest
natural number for which
Gy CALU---UA;

Jk+1

Define Gyq1 := A1 U---UA;j, .. This sequence of G has all the properties required by Step 1.

Step 2: Given the open covering of M by the U;, we can choose a chart (V,,p,) for every
x € M, so that z € V,, . (Vz) = B(ys,3).

Let W, = ¢ 1(B(y.,1)). We may assume the V, form a refinement of the U;, i.e. Va, 3i = i(z),
s.t. V, CU,.

Each set G\ G}_1 can be covered by finitely many such W, i € {1,...,1}, such that, moreover,

Vi, C Grt1 \ij_g =:(;k4_1r1(ﬂ4'\2jk_2).
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Gi—2 C Gp—1 C Gy, C G4

Now let # € M = m € G;. Take G; \ G;_1. This will intersect only finitely many V’s. So V,,, are
a locally finite refinement. O

Example 4.2. Let M be compact. Yo € M, 3 a chart of this form around z, {W, |z € M} is an

1
open covering of M. Because M is compact, 3z1,...,2; € M, s.t. |J Wy, = M.
i=1

(2

4.2 Partition of Unity

Definition 4.5. Let M be a smooth manifold. Let {U; | i € I} be an open covering of M. A
smooth partition of unity on M subordinate to the covering {U; | i € I'} is a collection of
smooth functions p; : M — R such that p; > 0, V¥j € J for which the supports of the p; form a

locally finite refinement of the U; and ) p; = 1.
JeJ

Definition 4.6. If f : M — R is any continuous function, define supp(f) = {z € M | f(x) # 0}.
In the definition of partition of unity, we want supp(p;) C Ujj)-

Theorem 4.2. If M is any smooth manifold and {U; | i € I} is any open covering, then there is
a subordinate smooth partition of unity.

Proof. First consider the following smooth function f: R — R.

1072
f@)

o

1
) = eXp<x(x—l)> for0<z <1 1

0 otherwise

is a C* function, a bump function.

—0.5 0.5 1 15

| s
g(w) = —F——— '
/R £(t) dt

0.2
is also C*°.

—0.5 0.5 1 1.5

Given the U;, construct an atlas in the proof of the Proposition 4.1 {(Vi, ¢x) | k € K}.
Define p, : M — R so that it is C*>° and

1

Pk
Wi

pr =0
supp(pk) C Vi
The supports are thus a locally finite refinement of U; and s = 3 py is defined everywhere> 0.
kEK

Define p,, := p—:, kz P =1. O
€K
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Submanifold

5.1 Submanifold

Recall M is a smooth manifold and U C M open = U is a smooth manifold.
We want a broader definition of submanifold, e.g. incorporating things like S™ C R"*! or

R2

Definition 5.1. A subset N C M, where M is a smooth manifold called a submanifold if for
every point p € N, there exists a chart for M, centered at p, say (U, ), such that

Oo(NNU)={z1 ==z, =0}NelU) CR™
where dim M = m and k is some fixed non-negative integer.

Remark. Clearly, dimN =m — k < m =dim M.

5.2 Immersion, Submersion and Embedding

Definition 5.2. Let f: M — N be a map of smooth manifolds and p € M.
(1) fis called an immersion at p, if Dy f : T,M — Ty, N is injective.
(2) f is called a submersion at p, if D, f is surjective.

(3) f is called an immersion/submersion, if it is an immersion/submersion at all points in

M.

(4) f is called an embedding, if it is an immersion and a homeomorphism onto its image.

Example 5.1.
(1) i:R™ — R" with n > m is an immersion (and an embedding).
(1, Tm) — (T1,...,Tm,0,...,0)
(2) 7w : R™ — R" with m > n is a submersion.
(T1, oy Ty Tty - -, Tn) > (T, o, Tp)

(3) (a,b) = R? is an immersion but not an embedding.

10
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Similarly, is an immersion but not an embedding.

Remark. If f : M — N is an immersion, dimM < dimN. If f : M — N is a submersion,
dim M > dim N.

Theorem 5.1. Let f : M — N be an immersion at p € M. Then, there exist charts (U, p)
around p and (V,%) around ¢ = f(p), s.t. o fop !t =i

yie. Yo fop oy, 1) =
o)
(1,...,Tm,0,...,0).

Proof. Take charts (Up, pg) around p and (Vp, 1) around g. The Jacobi matrix of ¢g o f o <p0_1 at
0 has rank m = dim M by assumption. After reordering the coordinates of vy, we obtain a new

chart (Vp, 1), s.t. for F =40 fopl, <8Fi
a.]fj

Now define G : (p(UO) « R™X™ _y R™

(T, oy Ty Tt 1y -« -5 @) = F(z1, .o 2m) + (0,000, 0, Tt 1y - -+, Tn)
OF\™
DoG = Oz, i1 is invertible. By the inverse function theorem, we find
0 Id

0€pU) € ¢l 0ey(V) C ¥(W)

open open

and a smooth function H
H: (V)= oU) x U

s.t. Go H =1d and H o G = Id where defined.

F T~

el

Nowsetz/;:Hoz/J,thendOfoapal:HOF:HOGOi:i. O
Remark. We only needed to modify the chart for the target.

We also have

Theorem 5.2. If f: M — N is a submersion (m > n) at p € M, there are charts (U, ¢) around
p and (V, 1) around ¢ = f(p), s.t. Yo foo a1, ..., xm) = (T1,...,Tp).
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Proof. Take arbitrary charts (V,4) and (Up, ¢o) around ¢, respectively p. After reordering coordi-

OF;

nates of ¢g, we may assume for F =1 o fo cpo_l, we have () is invertible. Define
Y3/ =1
G(x1,. . Tn, Tpg1y ey Tm) = (F1(z1, .oy Zm)y oo Fo(@1, ooy )y Tige 1y e -+, Tom)
Then "
(6F¢>
*
DoG = al‘j ij=1
0 1d

is invertible, so we have a local inverse H (possibly shrinking the domain of definition). Then set
p = G o @y where defined. This gives

wofO(p_1:¢OfO(paloG_l:FOH:WOGOHZW

Theorem 5.3. Let f: M — N be an embedding. Then f(M) C N is a submanifold.

Proof. Let g € f(M). Because f is a homeomorphism onto its image, there is a unique preimage p,
s.t. f(p) = g and a chart centered at ¢, say (V, ), s.t. f~1(V)=U C M admits a chart . Arguing
as in the previous theorem, we can assume (o fo o= 1)(z1,...,2,) = (T1,...,%m,0,...,0), thus
Y(fM)NV) ={zmp1 ==z, =0} Np(V). O

Remark. Conversely, for any submanifold Z C N, the inclusion Z C N is an embedding.

5.3 Regular Value

Definition 5.3. Let f : M — N be a map of manifolds, ¢ € N is called regular value if all
points p € f~1(q) satisfy that D, f are surjective.

Remark. By a theorem of Sard, the set of regular values of a map is dense (in N).
Fact (Sard’s Theorem). The set of regular values of a smooth map is dense in the target manifold.
Example 5.2. If dim M < dim N,

 every point not in the image of f is a regular value (this always holds);

e every point in the image of f is not a regular value.

Example 5.3. Let f:R? 5 R~ D f - R 5 R
(,y) = -y I
(b,a) has full rank iff (a,bd) # (0,0)

Theorem 5.4. If f: M — N is smooth and p € N is regular value, then f~*(p) is a submanifold
of M.

Proof. Let g € f~1(p). Then by the local form for submersions, we find charts (U, ), (V, ) around
q, p,s.t. Yo fop twy,...,xm) = (x1,...,7,) is the projection. But then o(f~1(p)NU) = {z; =
ce=x, =0} Ne(U). O

5.4 Whitney’s Embedding Theorem

Theorem 5.5 (Whitney’s Embedding Theorem). Every smooth manifold of dimension n can be
embedded into R?",
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Remark.

e In general, this dimension is optimal, e.g. non-orientable surfaces (R]P’2, Klein bottle) cannot
be embedded into R? (but immersed). For particular manifold, better bonds on the dimension

are possible, e.g. S! x S1 < R3 or R? <I_d> R2.

« Any m-dimensional manifold can be immersed into R*”~¢(™) where a(2m) is the number
at 1’s in the binary expansion of m.

We will only prove the following weaker version.

Theorem 5.6 (Weak Whitney’s Theorem). Every compact m-dimensional smooth manifold can
be embedded into R2™+1,

Proof. Let X be a compact smooth m-dimensional manifold.

Claim 5.7. X can be embedded into some R* for k > 0.

Proof. Let {(U;, p;)}?, be a finite atlas for X. Choose a partition of unity {p;} subordinate to

{Uibiey
Next, define ¢ : X — R* with k = n(m + 1)

p= (p1(p) - 1(), -5 Pn(p) - ©n(D), P1(D), - - -, Pn(D))
Then ¢ is an embedding. O

In fact, ¢ is injective: Let ¢(p1) = ¢(p2). Choose i, s.t.

pi(p1) = pi(p2) #0

Then
pi(p1) - wi(p1) = pi(p2) - pi(p2) = wi(p1) = wi(p2)
@, different
_ > P1 = P2

D, ¢ is injective at all p € M:

Dy : Ty X — TypRF = RF
Dypé = (Dpp1 - ¢1(p) + p1(p) - Dp1, - Dppn(p) + pn(p) - Dp@n, Dpp1, - .., Dppr)

Thus if (Dp¢)(X) =0 where X € T,X = (Dpp;)(X) =0, Vi
= pi(p)Dpypi(X) =0, Vi

; different

So D, f; is injective.
Lemma 5.8. If f: A — B is an injective immersion of smooth manifold and A is compact, then

f is an embedding.

Proof. We need to show f is a closed map.
A compact

If Z C Ais closed =————= Z is compact

f continuous

f(Z) compact

B Hausdorff f(Z) closed

O

Claim 5.9. If an m-manifold admits an injective immersion into RF with & > 2m + 1, then it
admits an injective immersion into RF~1.
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Proof. The idea is to project onto a generic hyperplane.

Hyperplanes are described via their normal vectors: For [v] € RP*~! denote by Py ={u €
R* | {(u,v) = 0} the hyperplane orthogonal to [v] and by T[] RF — Py, the orthogonal projection.

Write @) :=mpjo¢: X — RE-L,

Claim: For a generic choice of [v], ¢[,] Will be an injective immersion.

Assume ¢, is not injective, i.e. there are p1 # py € X, s.t. @(p1) = ép(p2) and so
#(p1) — ¢(p2) lies in the line [v], i.e. the points where @[, is not injective live in the image of

(X x X)\ A, — RPF!
(p1,p2) = [0(P1) — ¢(p2)]

where A, = {(z,2)}.
By Sard’s theorem, for a set containing an open dense set of [v]’s, ¢y, will be injective.
Similarly, consider a [V], s.t. there exists p € X with D,¢[,| not injective, i.e. there exists
0#AcT,X,st. Dydp (A)=0<% (m0Dpo)(A) < (Dpo)(A) is contained in the line [V].
——

Dp(mpw1o9)
Remark. X C TX submanifold via z — (z,0).

i.e. the [v]’s, s.t. @) is not an immersion live in the image of

TX\ X — RP"!
(p, A) = (Dpo)(A)

where p € X, A € T, X. Again by Sard’s theorem, the set s.t. ¢, is an immersion, is open
dense. O

Now take a [V] in the intersection of these dense sets. O



Chapter 6

Smooth Vector Bundles

6.1 Vector Bundles

Definition 6.1. A smooth vector bundle of rank k is a pair of smooth manifolds E, B together
with a submersion 7 : E — B, s.t. the following hold:

(1) for every x € B, the fibre 7~!(z) has the structure of a k-dimensional R-vector space.

(2) B has an open cover {U; | i € I} and diffeomorphisms v; : 7~ *(U;) — U; x R¥ which restrict
to linear isomorphisms on every 7~ !(z), z € U; and satisfy m; o ¢; = 7.

E total space

7 (bundle) projection

B base space

~
~—
1 J

U;

where m~1(x) = E, is the fibre over z € B.

dimFE =dimB +dimFE, =dim B + k

U) —Y 5 U, xR

\/

Ui n Uj = .
(U NU;) x RF <Y 7= 1 (U; N U;) —2— (U; NU;) x RF
pjop;
(z,v) + (z, vji(z) (2)(v))
~———

€GLy(R)

15
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UinU; NU, # QD = 74507 = . Setting j = [ gives vj; = fyi;l. v = Id, Vi € I. From the
open covering of B by the U; and the transition maps ;;, one can reconstruct the vector bundle
m:FE — B.

Definition 6.2. Let 7 : £ — B, n’ : E/ — B be smooth vector bundles over the same base B. An
isomorphism of vector bundles is a diffeomorphism f : E — E’ which is a linear isomorphism on
every fibre and satisfy 7’ o f = 7, i.e.

o R

V%

(1) Product bundles E = B x R*, 7 = 7.

Example 6.1.

Definition 6.3. A vector bundle is trivial if it is isomorphic to a product bundle.
(2) Let B = M be any smooth manifold, E = TM is a vector bundle of rank= dim M.
(3) Let B = S! and take U; x R, Uy x R. Then Uy N Uy = Vi LI Va.

Uy

Vi Vs

vij :U; NU; = GLy(R) C R¥ smooth
Y2 :UiNUs =V1 U Vo — GLy (R) = R* (R without origin)

1 forx € V;
€T +—
—1 forz eV,

Construct F from this structure cocycle. Then E is the M&bius strip.

Rank 1 vector bundles over S': S! x R, TS', E = M. Then S' x R is isomorphic to TS,
but T'S* is not isomorphic to £ = M.
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Definition 6.4. Let w : E — B be a vector bundle. A section of E is a smooth map s: B — FE,
s.t. mros=1dp.

S D

B s(x B
™

E—— B l
P B

Lemma 6.1. A vector bundle E = B of rank k is trivial if and only if it admits k sections
S1y...,8k € T'(E) which are pointwise linearly independent, where I'(E) = {s: B - E | ros =
Idp} is a R-vector space and a C*°(B)-module.

Proof. First, assume E is trivial, and f : E — B x R¥ is an isomorphism. Define s;(z) :=

fY(x,e;) € T(E), where ey,...,e; is any basis of R¥. Then si,...,s are pointwise linearly
independent.
Second, suppose 1, ..., S are linearly independent sections. Define

g:BxRF 5 E,
k

(l‘, ()\1, Ceey )\k)) — Z /\1‘81'(.1‘)
=1

This is a smooth map and satisfies 7 o g — Idg.
Moreover, g is a linear isomorphism z x RF — E,, Vo € B. f := ¢~ is a global trivialization
of E. O

1

Corollary 6.2. A rank 1 vector bundle is trivial if and only if it has a nowhere zero section, i.e.
ds e I'(E), s.t. s(z) #0, Vo € B.

Remark. The zero 0 € I'(E) is the section 0: B — E . This is called the zero-section.
r—0e b,

Let St C R? be the unit circle as the following figure shown.

(z,y)=p

Then TS' € TR? = R? x R? and we have
T,8' =R (~y,z)
TS' = {(z,y,s,t) e R* | 22 + y®> = 1,5 = —\y,t = Az, for some \ € R}

with the map

S

78! ——— St

(z,y,5,t) —— (2,y)

where s(z,y) = (z,y, —y, z).
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Lemma 6.3. The Mobius strip M is not a trivial vector bundle.
Proof. Suppose M were trivial. Then let s : S* — M be a nowhere zero-section.
T _\

U2 U1 x R U1 Cat U2 x R U2
s is smooth hence it is continuous. The intermediate value theorem says it has a zero. This leads
to a contradiction. O

6.2 Metric

Definition 6.5. A metric on a vector bundle 7 : E — B is a fibrewise positive definite scalar
product on E, which depends smoothly on x € B.

Smoothness can be checked/defined in one of two ways:

(1) With local trivialization:
Let ¢ : 7 (U) = U x R be alocal trivialization with = € U. A metric (, ) on F induces
U
E, 2 {y} x R*
a scalar product { , ), on E,, which we think of as a scalar product g, on RF, via the
isomorphism FE, = R*. gy, as y varies in U, gives a family of positive definite scalar products
P

on R*, dependency on y.

g : U — V = symmetric bilinear forms on R¥.

Y= gy
Smoothness of ( , ) means that in every local trivialization, ¢ is a smooth map.

(2) Smoothness of {, ) means that for any two s1,s2 € I'(E), (s1,s2) € C*(B).

(s1,82) : B—= R

x> (s1(x), s2(2)) s

Proposition 6.4. Every vector bundle admits a metric.

Proof. Let {U; | i € I} be a covering of B by trivializing open sets for E, 1; : 7~1(U;) — U; x R¥.
For y € U;, let (, )i, be the scalar product on E, obtained from the standard scalar product
on R¥ via the isomorphism ¢ : E, — {y} x R¥.
Let p; be a partition of unity subordinate to the covering of B by the U;. Define ( , ) :=
> pi-(, )i- This is a metric! It satisfies > p; = 1. O

Remark. This proof uses positive-definiteness.

6.3 Constructions with Vector Bundles

(1) Subbundles

If #: E — B is a vector bundle of rank k, then a subbundle of rank [ < k is a submanifold
F C FE such that 7r|F : ' — B is a vector bundle of rank [. For every x € B, FNE, = F, is
a [-dimensional subspace of E, = R”.

Let 7 : E — B, ' : E' — B be vector bundles and f : E — E’ a smooth map with /o f =7
and f{E is linear for all x € B.
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If rank(f{Ev) is a constant function of € B, then im(f) C E’ is a subbundle of rank =
rank(f) and ker(f) C E is a subbundle of rank = rank £ — rank f.
(2) Quotient bundles

If E is a vector bundle, F' C F a subbundle, the |J (E,/F.) is a vector bundle over B, called
zeB
the quotient bundle.

(3) If E has a metric (, ), F+ ={v e E, |z € B,{(v,w), = 0,Yw € F,} is a subbundle, and
F+=FE/F.

(4) Whitney sums
ES B, E ™y B are vector bundles.

E @& E' — B is the vector bundle with (E ¢ E'), = E, ® E., for all x € B.

Let {U; | i € I} be an open cover of B which is simultaneously trivialization for E and for
E'. Let vij : UinU; — GLg(R), vf; : UiNU; — GLk(R) be the corresponding cocycles of
transition maps. Then E & E’ is the vector bundle of rank k + &’ defined by

U; N U]‘ — GLk+k/ (R)

vij(x) 0 )
T~
( 0 7£j(x)
(5) Dual bundles

If 7 : E — B is a vector bundle of rank k, the dual bundle E* = B is the rank k vector
bundle given by 7;;(z) € GL;(R) = Hom(R* R¥).
AR — RF
A1 (RF)* 5 (RF)* defined by M (p)(z) = p(A(2))
Hom((R*)*, (R")") 3 GLi(R) 3 7;;(x)

)

If FF C F is a subbundle, then
Fort=E
IR
Fa(E/F)

Let G C GLE(R) be a subgroup.

Definition 6.6. A G-structure on a rank k vector bundle E =5 B is a system of local trivializa-
tions whose transition maps take values in G.

Remark. A G-structure is sometimes called a G-reduction.

(1) G ={e}.

In this case, a G-structure is a global trivialization.

(2) G = GL] (R) orientation-preserving isomorphism R¥ = R¥. In this case, a G-structure on
FE is an orientation for E, i.e. a consistent choice of orientation for all E, varying smoothly
z € B.

The Mobius strip as a vector bundle over S' does not admit an orientation.

Lemma 6.5. A rank 1 vector bundle is trivial if and only if it is orientable.
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Proof. If E is trivial, then it is orientable. Conversely, suppose F is orientable and of rank 1. Then
E has a G-structure for GL] (R) = R>°.

il

Yij UiﬁUj —>R>O

Without loss of generality, all U;NU; are either & RF
or diffeomorphic to bundles. Then we can define

the 7;; smoothly to be = 1. Then E is trivial

since it has a G-structure for the trivial group.

Rk

’ym(l’) € A S R>O

3) G =O0(k).

In this case, a G-structure is a choice of metric {, ) on E. Every F admits such a G-structure.

(4) G = SO(k) = GLF (R) N O(k).

6.4 Pullback Bundles

Suppose f: M — N is a smooth map, and 7 : E — N is a smooth vector bundle over N.
Definition 6.7. f*FE := {(z,v) € M x E | f(z) = n(v)} is the pullback bundle of E under f.

That is the following diagram commute:

f*E "% E
MTN

And we have

71 (U)=2U x Rk

If E is a vector bundle of rank k£ over N, then f*FE is a vector bundle of rank k over M.

6.5 Bundles Homomorphisms

Definition 6.8. If 71 : E — M, np : F — N are smooth vector bundles, then a homomorphism
of vector bundles is a smooth map h : E — F, which restricts to every E, C E as a linear map
into a fibre of F.

E-"sF
f($> = Tp O h(U) for any v € E,. This is well- B lﬂ.F commute
defined and smooth.

M T> N

Example 6.2. 7y : f*E — E is a homomorphism of vector bundle.
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Example 6.3. If f : M — N is any smooth map, then Df : TM — TN is a homomorphism of
vector bundle.

sz s T, M — Tf(x)N

f
T™M
|

M*f>N

Let h : E — F be a homomorphism of vector bundles covering f : M — N.

h

/\F

E— ['F —;
\ lﬂ.l lﬂ'F
TE

M —— N

Define h: E — f*F by h(v) = (7g(v),h(v)) € M x F. Then

m1(h(v)) = m(7E(v), h(v)) = 75(v)

Df

™ —— f*TN —— TN

T

M —— N
Let N =R, then

M xR

V IR

TM —— f*TR —— TR

SO

M ——- R

where Df : TM — M xR and TR = R x R, the first R represents manifold and the second R
v (7‘—(0)7 (Dﬂ'(v)f)(v))
—_———

linear form in
tangent space

represents vector space.
If f: M — R is smooth, then its derivative Df is a section in Hom(TM,M x R) = T*M =

(TM)*. Three different interpretation of derivative of smooth function:

Df:TM — TR Df:TM — M xR df € T(T*M)



Chapter 7

Flows

7.1 Velocity Vector

Let M be a smooth manifold, ¢: R — M a smooth map. (c is called smooth curve.)

Definition 7.1. ¢(t) € To)M is defined by

bt e (2)

where TR = R x R. This is the velocity vector of ¢ at ¢ (at c(t)).

0
(3 5)

Example 7.1. M =R", then c(t) = (z1(t),...,zn(t)).

. . . or oz, n "
ét) = (&1,..., %) = (atl,..., ot > ETC(t)R =R

7.2 Global Flows

Definition 7.2. A (global) flow on a smooth manifold M is a smooth map

p:MxR—-M

satisfying the following properties:

o(z,0) ==z

Vee M, t,seR
o(p(z,t),s) —cp(x,HS)}

Write p(z,t) = @¢(x), then

wo = Idys _
o } =9 = (p)"

Every ¢; is a smooth map M — M with a smooth inverse, so y; € Diff (M).
A flow ¢ defines a group homomorphism: R — Diff (M).

Definition 7.3. X(M) :=T'(T'M) is the vector space of vector fields on M.

T (Do) (;)

22

Given a flow ¢, we can define X € X(M) by

Xp = (gts@t(l?))
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where

If p = s(q), then

Lemma 7.1. The vector field X € X(M) obtained by differentiating a flow ¢ is invariant under
De.

7.3 Local Flows

Let M be a smooth manifold.

Definition 7.4. A local flow on M is a covering of M by open sets U; and a family of smooth
maps 4

QDZ :U; X (_Eia5i> — M
s.t. ¢y = Idy, and ¢} o p! = @i, whenever all 3 terms are defined.

Proposition 7.2. For every vector field X € X(M), there exists a local flow {U; | i € I}, y; such

that 5
TN - X
ot @t(p) o P

whenever p € Uj;.

Proof. The statement is local in M, so we can work in a chart, so locally in R™. Using coordinates
in R™, we need to solve locally a linear system of ODEs with C* coefficients. This can be done! O

If U; NU; # @, then we require ¢! (z) = ¢ () for all z € U; N U, and |t| < min{e;, e;}.
Given X € X(M), we can locally integrate X to get a local flow in this sense.

Definition 7.5. Two local flows are equivalent if their union is also a local flow.
This is an equivalent relation!

Proposition 7.3. There is a one-to-one corresponding between equivalence classes of local flows
on M and vector fields X € X(M).
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(Ui, '), i €1~ X ~ (Vi,07), j € J equivalent to (U;,¢"), i € 1.
X o (Vi) j €~ X.

Definition 7.6. A vector field X is complete if there is a local flow ¢’ : U; x R — M in the
corresponding equivalence class.

Under the one-to-one correspondence in the Proposition 7.3, complete vector fields give global
flows ¢ : M x R — M, where p(x,t) := ¢'(z,t) if x € Uj.

Proposition 7.4. If X € X(M) has compact support

supp(X) = [z € M| X(2) Z0}
then it is complete.
Proof. Step 1: Consider a local flow (U;, ¢°) for X, i € I. Since the U; cover M, they cover supp(X).
k
Since supp(X) is compact, there exist finitely many U;, say Uy, . .., U, such that supp(X) € |J U;.
i=1
Let Up := M \ supp(X) C M.
open
Define ¢° : Uy x R — M, Yz € Uy, t € R.
(z,t) —» x
Uo, Ui, ..., U, form a covering of M, and the pair (U;, ¢*), i € {0,...,k} are a local flow for X.
Set € := min{ey,...,ex} > 0.
oi(x) = pi(z) is defined for all z € M and all |t| < .

Step 2: Let X be any vector field which admits a local flow (Us,¢") defined for all times |¢| < e.
Then we can define ¢4, (z) == ;o0 p(x)
—_——

N times for all N€N, |t|<e

—2& - 2e
( (
C C

A~
~—
~— (0

o+
~—

Ys+t = @s © g whenever both are defined. O
Corollary 7.5. If M is compact, then all X € X(M) are complete.

Example 7.2. Compact support is sufficient for completeness, but not necessary.

N 9

—— #£ 0 everywhere
_— 0x1
M=R"

Example 7.3. M =R"\ {0}, X = ai # 0 everywhere
€Tl

/

YL .
K YU } / If p = (-s,0,...,0), s > 0, then ¢(p,t) is not
\ defined for ¢ > s.

M=S"1 xR
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Lie Theory

8.1 Lie Derivative

Let M be a smooth manifold, f € C*(M) = C>®(M,R) and X € X(M).

, where ¢ is the flow of X.

Definition 8.1. (Lx f)(p) = %‘P;(f)(m

t=0
_ %f(%(p)) - lim f(pe(p)) ; f(po(p))
= tim TV IO pyp(x(0)) = dy (X 0)
X,/ ¢ip)
Dyf:T, — TypR =R
. D
dpf - Ty M

The Lie derivative Lx sends smooth functions to smooth functions

Lx :C®(M)— C>®(M)
Lemma 8.1. Lx(f-g)=(Lxf)-g+ f-(Lxg) for all f,g € C*>, where

frg:M—R
Like Leibniz rule in derivative (fg)' = f'g + fg’, we have
Dy(f-9) = (Dyf) -9+ f - (Dyo)

We can see that

L:X(M) — Der(C™(M))

X = Lx
Definition 8.2. If A is a R-algebra, then
Der(A) :={d: A — A|d is R-linear and d(a -b) =d(a)-b+ a-d(b)}

If A € R, then Lyxf = ALx f, Vf € C>°(M). In fact, for all g € C*(M), Lyxf = gLx f,
Vf e C>®(M). Moreover, Lx1y(f) =Lxf+ Ly f.

25
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Proof. ¥p € M, we have

X -9)p) = o7 9)(eup))

= 5 U soae)|

= (Lxf)(p)-g(p) + f(p) - (Lxg)(p)

t=0

Proposition 8.2. The map X(M) — Der(C*°(M)) is an isomorphism of vector spaces.
X — LX

Proof. (1) The map is linear.
(2) The map is injective: If X # 0, then 3p € M, s.t. X(p) # 0. Consider ¢ : U, X (—¢,6) = M
be part of a local flow of . 3f € C*(U,), s.t. f(pi(p)) =t. After multiplication with a suitable

bump function and extension by 0, we may arrange f € C*(M). (Lx f)(p) = (gt ) =1, s0
=0
Lx #0.
(3) The map is surjective: Let A € Der(C*(M)).
Step 1: If U € M is open, and f € C>°(M) is such that f| =0, then A(f)| =0. For x € U,
U U
take ¢ € C*°(M) with ¢(z) =0 and ¢ =1.
M\U
= ¢ f=F=A)=Ap) - f+A(f) ¢
= (Af)(z) = (Ap)(z) - f(z) +(Af)(x) - p(x) =0
~~ &z
I Il
0 0
Step 2: If there is an open neighborhood U of a point * € M, such that f| = g| , then
U U

(Af)(z) = (Ag)(z). (Apply Step 1 to f —g.)
Step 3: Let G, be the R-vector space of germs of C*° functions at x € M. We can define
Az): Gy, = R
([l (Af)(z)
Step 2 says that this is well-defined. A(z) is a derlvatlon on the algebra G,. Using a chart, we
may assume M = R" x € R", A(x) = zn: 18

i=1 0%
depends smoothly on z. Define X € X(M) by setting X (z) = A(z).
Thus A= LX O

. So A(x) is a tangent vector in T, M, and it

Lemma 8.3. For X, Y € X(M), there is a unique [X,Y] € X(M), s.t. LxLy — LyLx = Lix y].
Proof.
(LxLy = LyLx)(f-9) = Lx((Ly f)-g+ [ (Lvg)) — Ly (Lx f) - g+ f - (Lxg))

=(LxLyf) g+ (LyH—~Exg) + (LxH—Evg) + f - (LxLyg)
—(LyLxf) -9 — (LxfH—~AEvg) — (v f}~Ex9) — [ - (LyLxg)
=(LxLy —LyLx)(f)- g+ f - (LxLy — LyLx)(9)

Vf,g € C®(M),so Lx Ly — Ly Lx is a derivation on C*°(M). By the surjectivity in the Proposition

8.2, 3[X,Y] € X(M), s.t
Lixy)=LxLy — LyLx

By the injectivity in the Proposition 8.2, this vector field is unique. O
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Definition 8.3. [X,Y] is the Lie bracket of X and Y.
[,]:X(M)xX(M)— X(M) is bilinear and skew-symmetric.

Lemma 8.4 (Jacobi Identity). [[X,Y],Z] +[[Z,X], Y]+ [[Y,Z],X]|=0,VX,Y,Z € X(M).

8.2 Lie Algebra and Lie Group

Definition 8.4. A Lie algebra g is a R-vector space, with a map [, | : g X g — g, which is
bilinear, skew-symmetric, and satisfies the Jacobi identity.

X(M) is a Lie algebra with the Lie bracket.

Definition 8.5. A Lie group G is a smooth manifold with a group structure

m:GxG—G
(91,92) = 9192 = g1~ g2
st. mand i: G — G are smooth maps.
grr gt
Example 8.1.
(1) G = GLK(R) C Mat(k x k,R) = R¥".
(2) Subgroups of GL;(R) which are also submanifolds, e.g. GL; (R), O(k), GLi(C) C GLay(R).
If G is a Lie group and g € G, then
left multiplication i, : G — G
h—g-h
right multiplication r4 : G — G
h—h-g

are diffeomorphisms.
G— GxG —"— G

h —— (g,h) ——— g-h =14(h)

lg

lg-1 is also a smooth map ljo0l,-1 = 1,1 01, = Idg.
For every g € G,
Dcl, :T.G — T,G

is an isomorphism.
dimG =n, T.G=R"
GxT.G5 TG

(9:v) = (Delg)(v)
Lemma 8.5. This is an isomorphism of vector bundle, so T'G is trivial.

Proof.
GxT.G —1» TG

m| lﬂ

G=—G
t is smooth. D.l, is an isomorphism 7.G — T,G for any g € G. O
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Definition 8.6. X € X(G) is left-invariant if X (g) = (D.ly)X (e).

Lemma 8.6. If X is left-invariant, then (Dyln(X(g9)) = X(h - g).

Proof. ((Dgln)(Delg)(X(€))) = (Deln.g)(X(e)) = X(h - g). O
Definition 8.7. g C X(G) is linear subspace of left-invariant vector field.

[, ] sends pairs of left-invariant vector fields to a left-invariant vector field. = g C X(G) is a
sub-Lie algebra.

Definition 8.8. g = L(G) is the Lie algebra of the Lie group G. dimg = dimG.
Definition 8.9. X,Y € X(M). ¢; is the flow of z.

7Y (@i(p) € TyumyM

t=0

LxY = ¥ (p.(0)

= %Dw(p)‘p*t(y(@t(p))) i

i e (Y (t(p) — Y (p)
t—0 t

1
Define g(t,z) = / f'(ts,z) ds, where f'(u,x) = g—f and f(u,z) = f(ou(z)), for any f €
0 u
C>(M). ) )
= ! ‘t-ds = ! du, wh =
g(t, x) /0 fl(ts,x)-t-ds /0 f'(u,z) du, where u = ts
= f(t,2) = f(0,2) = f(t,z) — f(x)
= f(t,x) = f(z) +tg(t,x), fop_r = f(—t,x).
Claim 8.7. ¢(0,z2) = (Lx f)(x).

Proof. 9(0,2) = lim g(t,) = lim +(7(t,) ~ f(x) = (L /)(2). =

Theorem 8.8. LxY =[X,Y], VX,Y € X(M).
Proof. Using the isomorphism of X(M) and Der(C*°(M)), we need to prove
Liyvf=Lixy/f, fec™(M)

Let ¢; be the flow of X and f(t,z) = f(p¢(x)) with g(0,2) = Lx f.

= f(z) +tg(t,z)
LyLxf=Lyg(0,—) = lim LYQ( -).
)

1

Zy = g(Dipt(p)sO—t(Y(%)(p)) —Y(p)), so that

1
LLny = hm Lth = hm (LDWS" +( y)f Lyf)

= tlgl% t(LY(ap (—n(fop_t)—Lyf)

o1
= lim ;(Ly(%(p))(f —tg—t) = Ly(p)f)

t—0
= hm (Ly(¢,(p))(f —tg—t) = Lyp)f)
1 .
= lim > (Ly (oo f = Ly () f) = Hm Ly g, ()9
= LXLyf —LyLxf=Lixyf
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Theorem 8.9. Let X,Y € X(M), ¢4, @5 flows for = respectively Y. Then [X,Y] =0 < props =
ps 0y, Vs, t.

Proof.
LL¢”
Y, ps commuting means that ¢; maps flowlines #s(p)
o’ to owlines of Pspe(p) = prpa(p)
1
= = lim — — = ©i(p)
[X,Y]=LxY = lim (D (Y) = Y) =0

“=" For p € M, consider

v(t) = Dy, (pyp—tY (pe(p)) € T,M

o) = oo)| = (Ex¥)p) = X VI) =0
Take p = 15(q), then % =Y.

S = (D20 () = Do) =¥

since v(t) is independent of ¢. So ¢:(1s(q)) is a flowline of Y starting at p = ¢:(q) at time
5=0.

By the uniqueness of the flowline of Y through p, we have

eets(q) = s(p) = ¥s(pe(q))
¢ 0 s = 15 0 p whenever both sides are defined.

O
Theorem 8.10. Let Xi,..., X € X(M), s.t. [X;,X;] =0 for all ¢, j, and X1(p), ..., Xx(p) are
linearly independent in T,M for all p € M. Then around every point p € M, there is a chart

(U, ¢), such that Dyp(X;(q)) = for all i and all ¢ € U.

0X;

Proof. The problem is local, so we may assume M is R™.

0
After a linear change of basis for R"”, we may assume X;(0) = 3 for i € {1,...,k}. So
T
0 0
X1(0),...,X,(0), =——,..., = is a basis for R" = TyR". 3 open neighborhood U of 0 in R"
8xk+1 axn

and an € > 0, s.t. the local flows ¢* of X; are defined for all (p,t) € U x (—¢,¢). Define f : U — R"®
by

flz, ... zn) = <p§(1 O<p§(2 o--~ow’;(k(o,...,o,xkﬂ,...733”)
Without loss of generality, this is defined for all (z1,...,2,) € U. By the assumption [X;, X;] =0,

the ¢* and ¢’ commute.
f is smooth and

of of

P (0) = X;(0) fori e {1,...,k}, We also have (2) = X;i(z)
T T

of .y _ 9 :

oz, 0) = oz, for all ¢

f(0) =
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f(0) :% )
=) = > .
DOf(@J@) oz, fori>k+1
For any z € U, we have D, f (g) = X;(f(x)) for i < k.
If U is small enough, then f : U — f(U) is a diffeomorphism. Define ¢ := f~!, Dyp(X;) = 88
z;

for all p € f(U). O



Chapter 9

The Frobenius Theorem

9.1 Integral Submanifold

If M™ is decomposed into k-dimensional manifolds L* C M which are the image of injective
immersions, the i : L < M and (D,i)(T,L) is a k-dimensional subspace of Tj,) M.
Suppose that £ C T'M is a rank k& subbundle.

Definition 9.1. A submanifold S ¢ M is called an integral submanifold for F if Vp € S,
(D)(T,S) C B,

Definition 9.2. F is called integrable if through every point p € M, there is a k-dimensional
integral submanifold for F.

9.2 The Frobenius Theorem

Theorem 9.1 (Frobenius Theorem). For a rank &k subbundle E C TM, the following are equiva-
lent:
(1) E is integrable.
(2) T(E) is closed under [, ].
(3) there is an atlas (U;, ¢;) for M, i € I, such that Vp € U;,
(Dpwi)(Ep) 3 % for j e {1,...,k}

J
Proof. (3)=(1): Let (U, ¢) be a chart as in (3). In ¢(U), the slices given by

Th+1 = Ck+1y---,Tn = Cp

L we obtain k-dimensional integral

are k-dimensional integral submanifold of Dy (FE). Applying ¢~
submanifold for E‘

U
(1)=(2): Let L C M be a k-dimensional integral submanifold for £ through p € M. If XY €
I'(E), then there exist unique X,Y € X(L), s.t.

i(L)
[X,Y](p) = [Di(X), Di(Y)](p) = (Di[X,Y])(p) € E,
The second equlity is by the following claim:

31
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Claim 9.2. f: M — N is a smooth map, X,Y € X(M).

Dy f([X,Y](p) = [DF(X), Df(Y)](f(p))

Proof. Let h € C*°(N).
(Lpyxyh)(a) = Dgh(Dy f(X(p)))
= Dyp(ho f)(X(p))
= (Lx(ho f))(p)
Note that ¢ = f(p). So
(LDf(X)h) of=Lx(hof)

Then
Lipsx),prornh = Logex)Losonyh = Loy Lpgx)h
= Lx((Lpsyyh) o f) — Ly ((Lpgx)h) o f)
= LyxLy(hof)— LyLx(ho f)
= Lixy)(ho f)
= Lpysix,yih
Thus,
[Df(X),Df(Y)] = DfIX,Y]
O
(2)=-(3): Proving (3) is a local problem, so we may work on an open neighborhood U of 0 in R".
Step 1: Consider the projection m:U—RF
(1, xn) = (T1,...,2k)

Suppose that Do is an isomorphism. Then we may assume D,m is an isomorphism for all

Ey

EP
peU.

is an isomor-
Ey

Step 2: After a linear change of coordinates on R", we may assume that Dy

phism. By Step 1, the same is then true for all p € U.
Step 3: Let U and 7 be as above. Fix z; € F(E|U), so that

Dr(z;) = forie{l1,...,k}

9z,
Then z1(p), ..., zx(p) are a basis of E,, for every p € U. By (2), we have [z;, 2;] € I'(E). Then

Drlzi, 2] = [Dr(z), Dr(z;)] = { ' B ]

By injectivity of Dm| , we conclude [z, z;] = 0.
E

Step 4: Since z; pairwise commute, there are local coordinates, s.t. z; = Er O
Z;

9.3 Foliation

Definition 9.3. Let M be a smooth n-dimensional manifold, 0 < k < n.

A k-dimensional foliation F of M is a decomposition of M into k-dimensional injectively im-
mersed manifolds, called leaves which is locally trivial in the following sense: Vp € M, 3 open
neighborhood U and a diffeomorphism ¢ : U — R", s.t. the intersections of injective immersed
manifolds making up F with U are mapped by ¢ to the slices

Tr+1 = Ck+1y---,Tn = Cn
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A subbundle E C T'M is integrable if and only if E consists of vectors tangent to the leaves of

a foliation, this is true if and only if I'(E) is closed under [, ].

Example 9.1. Every rank 1 subbundle F C T'M is integrable to a 1-dimensional foliation.

Example 9.2. k =2, locally E' = span{z,y}. Then
Integrate = to get 1-dimensional integral submanifold for E.
Integrate y to get 1-dimensional integral submanifold for E.

Example 9.3. M =T7% =S5 x S = = ([0,1] x [0,1])/ ~

E C TT? spanned by ag + bg =X
oz oy

If a/b € Q, then all flowlines of X are periodic, so = S*.
If a/b ¢ Q, then all flowlines of X are = R, and are dense in T2.
Let T; = S' x D?, then S® = R?*U {c0} =T} U Tx.

Reeb Foliation of S°
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Differential Forms and Multilinear
Algebra

10.1 Differential Forms

M is a smooth manifold, dim M = n.
Definition 10.1. A differential form of degree k, or a k-form, is a C°° (M )-multilinear map
wi:X(M)x - xX(M)—=C®(M)
(Xl,...,Xk) — w(Xl,...,Xk)

with the property
W(Xo(1),- - Xo(r)) = sign(o) - w(X1, ..., X)

sign(o) = £1 according to whether the number of transpositions in ¢ is even or odd.

Lemma 10.1. w(Xq,...,X;)(p) depends on X; only through X;(p) = w(p) : T,M x T,M — R
is k-multilinear.

W) (Xo)(D), -, Xo(r(p)) = sign(o)w(p)(X1(p), ..., Xi(p)),  weT(A)
Proof. We only have to prove the Lemma for i = 1.
Step 1: Suppose there is an open set U C M, s.t. X;| = 0. Let p: M — R be a smooth
bump function with p(p) =1 for a fixed p € U and supp(p) lé U. Then p- X; =0.

Ozw(le,X27...,Xk) :p~w(X1,...,Xk) = W(Xl,...,Xk)(p) =0

Step 2: Suppose p € M is such that X;(p) = 0. Using a chart (U, ) around p, we can write

X1

n 8 -
U—;fja—xj, f; €C*(U)

Let p: U — R be a C* bump function with p| =1 for V C U a smalleer neighborhood of p

v
0
and supp(p) C U. Then p- f; € C°(M) and p- f;| = f;. Similarly, ¥V; = p - e € X(M)
1% J
a n
and Y;| = ——. ThenY := > (p- f;) - Y; € X(M) has the property that Y| = X;| =
1% Ox; j=1 v v
(X1 —=Y)| =0, so by Step 1:
1%

W(Xl — Y, X27 PN ,Xk)(p) =0

34
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0=w(X; Y, Xo,..., Xp)(p) =w(X1,...,Xp)(p) —w(¥, Xs,..., Xx)(p)

w(Y,Xs,..., X Z p-£)(p) w(¥j, X, ..., X1)(p) =0
— H_/
- =0, because f;(p)=0 since X1(p)=0
= w(Xl,...,Xk)( ) = 0 wherever X;(p) =0

Step 3: Suppose X7, X € X(M) with X;(p) = X{(p). Then applying Step 2 to X; — X/, we
see
w(X1,..., Xi)(p) = w(Xi, Xa2,..., Xi)(p)

10.2 Excursion into Multilinear Algebra

Let V,W be (finite-dimensional) R-vector spaces.

Definition 10.2. A tensor product for V and W is a bilinear map

p: VW —T

|
3!f linear
Z

(Universal property of tensor product), where T is a R-vector space, such that every bilinear map
f:V xW — Z factorizes uniquely through ¢

Theorem 10.2. A tensor product exists, and is unique up to unique isomorphism.

Proof. Uniqueness: Suppose ; : V. x W — T;, ¢ = 1,2 are two tensor products satisfying the
universal property.

VxW 2T VxW 25T
wl / wll /
@, linear @, linear
T2 T2
P2 = P01 p1 =P 002

e and similarly S
= P01 0P2 =P19P20¥1

VxW 25 T
WJ, /ﬁ Similarly @, 0 @y = Idp,
Pa0p =ldT,
T

= the p; are isomorphisms inverse to each others.

These are the only choices of isomorphisms between the T;, which make the triangle commute.
Existence: Let X be the R-vector space with basis V x W. Let Y C X be the subspace

generated by elements in X of the form:

(avy + bug, w) — a(v1, w) — b(ve, w) and (v, awy + bws) — a(v, wy) — b(v, we)

where T':= X/Y is the quotient vector space. The coset of (v, w) will be denoted v ® w. Define
p: VW =T by

(v,w) —» VR W

Claim 10.3. (T, ) is a tensor porduct of V and W.
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Proof. 1. ¢ is bilinear
w(avy + bug, w) = (avy + bug) @ w

=av] W + ave Q w

So ¢ is linear in the first argument. Similar argument for the second argument.
2. Given a bilinear f : V x W — Z, define f(v ® w) := f(v,w), and extended linearly to T.
Then f T — Z is a well-defined linear map. Moreover, f o p(v,w) = f(v ® w) = f(v,w), so

f=Fo _
3. leen f, the f in 2 is unique. Suppose g : T — Z is any linear map with f = g o ¢. Then

flv@w) = flv,w) = gvew)
Since the v ® w span T', we conclude f = g O

O

From now on, we write T'=V @ W and ¢(v,w) = v ® w for the unique tensor product of V
and W.

Suppose v1,...,v, € V and wy,...,w,, € W are basis of V' respectively W. Then v; ® wy,
ie{l,....,n},je{l,...,m} isabasisof V@ W.

dim(Ve@W)=dmV  -dimW
VxW 25 VeWw

|5

The space of bilinear maps from V' x W to Ris (V @ W)*.
IfVq,..., V) are finite-dimensional R-vector spaces, there is a unique tensor product V1 ®- - -®@Vj
which has the universal property for k-linear maps:

XVk*>V1 Vk

fl
3! linear

For a single R-vector space V' denoted

T"V)=V® -V

k factors

Let T°(V) =R and T*(V) = V, then the tensor algebra of V is

T(V)=T"(V)=EPr*(Vv
k=0
The multiplication in this algebra is induced by

V1R QUi W QW2 Q- QW =11 Q- QU QW Q-+ Qw, vi,wj €V

Then - is written ® and T*(V) x TY(V) 2, THL(V).

10.3 Exterior Algebra

XV —— TFV)

fl / , where k is multilinear.

Con81der only skew-symmetric f, so that

F(o(1y, -, Vo(ky) = sign(o) - f(v,...,vg)
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XV —£5 AR(V)
fl‘/

=P rtv)

k>0
V]

A the ideal generated by v1 ® vg + v2 ® v1,v; € V the “alternating ideal”
[

@ AF where AF = AN Tk(V)
k>0

A =0
Al =0
A2 =span{v; Qv + v @ vy | v; € V}
N
TQ(V) = span{vl & v2 | v; € V}

A*F = span U TIV)® A2 TP(V)
p+q+2=k

Definition 10.3. T*(V)/A := A*(V) is the exterior algebra of V.

Suppose f is skew-symmetric. Then

f(v1,v2) = —f(v2, 1)

= fo1 ®v2) = —fva @ v1)
<~ 7(’[]1@’024—’[12@?)1):0
Lemma 10.4. A k-multilinear map f : V x---xV — Z is skew-symmetric if and only if f| = 0.

Ak

f is k-multilinear and skew-symmetric

Vx-xV =25 THV) —Z— THV)/AF = AF(V)

fl 7

7 7

=DAr )
k>0
Let dimV =n, and v1,...,v, is a basis of V. Then v;; ® --- ®@w;,, i; € {1,...,n} form a basis
for T*(V). And dim T*(V) = nk.

[Vo(1) ® - @ Vo] = sign(o)[vy ® --- @ vy] in AR (V)

If we have two repeating indices, we are going to have zero, because v; ® v, + v, &7 € A2. So if
you have two indices which are the same, then the corresponding elements in the exterior algebra
is zero. For those the indices are different, then you can use this equation to just put them in a
sending order, whatever their order have here, up to sign, it is just this. Then we are done.

[vi, BV, @+ B g, ] 1 < <iy < --- < n form a basis for A¥(V)
I

Uiy NVig N+ A0y,
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So we think of the exterior algebra as the quotient of the tensor algebra, we don’t usually write
elements in this quotient as cosets this bracket, we just write like this. It says

dim A*(C) = (Z)
That specify all the spaces. So in particular,

A*(V)=0ifk>n

So this graded algebra actually stops after the degree n. That was not the case for the tensor. The
tensor algebra has arbitrary many elements and tesor algebra has a vector space over R is infinite
dimension. But since the spaces vanish in the degree larger than n for the exterior algebra and
these space are finite dimensional, the whole exterior algebra is finite dimension. So

dimA* (V) =Y (Z) — (141" =2"

k=0

Let us consider something about the induced map of tensor products or exterior products. This
is kind of functoriality properties of this instructions. First of all, suppose f; : V; — W, are linear
maps.

Vi® Vs i) W1 ® Ws is a linear map
v1 @ v2 = fi(wi) ® fa(v2)
where v1 ® vy are called decomposable elements of V; ® V. What we do is we’ve constructed
the tensor product. It is obviously spaned by these decomposable elements. Then the general
element is not decomposable, but it is a linear combination of decomposable elements. Because
the decomposable once are spanning set, you can make of this definition. Same thing works for the
exterior algebra, if V7 is the same as V5. Using these constructions, every linear map f: V — W
induces an algebra homomorphism
T(f): T*(V) = T*(W)
Ul®...®vk Hf(vl)®.f(vk>
Similarly,
A(f) : A*(V) — A*(W) is an algebra homomorphism
v A Avg = for) Ao A f(og)
What has this happened to do with determinant? Let dimV =n and f: V — V is linear, then

A*(f) : A™(V) = A*(V)
where A"(V) is 1-dimensional.

Claim 10.5. A"(f) is multiplication by det(f).

XV —— AF(V)
fl‘/

where f is k-linear nad skew-symmetric. The space of k-linear skew-symmetric maps f : Vx---V —
R is naturally (A*(V))* = AF(V*). Then A\; A -+ A A\ € A¥(V*) acts as a linear map A¥(V) — R
by (At A== AXp)(vr Ao+ Awg) = D sign(o) A (ve(1)) - - - Ae(vs(k)) € R. For instance,

k=2 ()\1 A\ )\2)(1}1 A\ ’U2) = )\1(1}1))\2(1}2) -\ (1)2))\2(’1}1)
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10.4 Multilinear Vector Bundle Theory
Ifw:X(M)x- - x X(M)— C>®(M) is a differential form of degree k on M, then
w(p) : T,M x---xT,M =R
is well-defined, k-linear and skew-symmetric.
= w(p) € AkT;M

Instead of saying for A*T* M, more generally, that in fact the multilinear construction we have
done are extended from vector spaces to vector spaces. Vector space is a vector bundle over the
points. To replace the points by arbitrary manifold, essentially, everything was the same. As an
example, we will define tensor for vector bundles. Let E =2 M, F =5 M be two smooth vector
bundles of rank &k and [, respectively. We can find an open covering {U; | i € I} of M, so that on
each U;, both E and F are trivial.

i WEI(UZ') — U; x RF
Vi TRt (Up) = Uy x R

where these are local trivialization. Now the question is do this local definitions fit together
properly, you have something is well-defined independently to your local trivialization? U; x (R¥ @
R!) represents E ® F over U;. If U; N U; # @, then

ot (UiNU;) x RF — (U; nU;) x RF
(pa ’U) g (pa ng(p) ' ’U)
where g;; : U; NU; = GLi(R). Similarly,

¥; 0y (p,v) = (p, fii(p) - v)
for smooth f;; : U; NU; = GLi(R). Consider gj; ® f;; : U; NU; = GLi. (R) by
P g5i(p) @ fii(p)

(95i(p) @ fji(p))(v @ w) = g;i(p)(v) @ fji(p)(w)

where g.. ® f.x is a cocycle, and E ® F' is the corresponding vector bundle of rank k - [, trivial
over each U;. This is how using cocycles to define make precise that the vector bundle F ® F' is
the fibrewise tensor product of the fibres ' and F'. Fibres of E and F' form the vector spaces and
over every point is just take the tensor product of the fibre.

Now we want to extend this and we are not doing with for the tensor algebra, because tensor
algebra is infinite dimension and we don’t want to speak of infinite rank vector bundles.

Given a single vector bundle E — M, we can use this construction to define T™(E) — M
for every m > 0. This descends to a definition of A™(E) — M by taking the quotient bundle
T™(E)/A™.

For example, let E, F be vector bundles over M, and f : E — F a homomorphism of vector
bundles. Then

T(f): T™(E) — T (F)
A™(f) : A™(E) — A™(F)

are also homomorphism of vector bundles. I said the differential forms has a value a the point
which is an element of A*T* M. Now we have constructed this vector bundle and apply this to the
cotangent bundle.

F'E——> E
| | FAT(E) = A™(fB)

MTN

We have now defined A*T*M, and T'(A*T* M) are differential forms of degree k on M.
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Now we want to apply the above discussion to differential forms. Suppose f : M — N is a
smooth map. Then f*(A*T*N) is a vector bundle over M. If w € T(A*T*N) = QF(N) is a k-form

on N, then we define f*w as follows
(ffw) (X1, .o, Xi)(p) = w(f () (Dpf(X1), ., Dpf (Xk))

This is a k-form on M.
™ 2Ly prM —— TN

~ 1 |

MﬁN

(DY : (ff*TN)* - T*N
:f*T*N
A((DF)*) - AR F*T*N — AFT*M
———
=f*AFT*N
Now we can say the following:

(f*@))(p) = A" (Dpf) w(f(p)

where the derivative of p at f is a linear map

Dpf : TyM — Ty N

Here we doing this not from the cotangent space, but on the exterior products.
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Integration of Forms

11.1 Orientation

To discuss the application of the smooth linear algebra of vector bundles, we have the following
proposition.

Proposition 11.1. Suppose E = M is a smooth vector bundle of rank k. Then the following are
equivalent:

(1) E is orientable.
(2) AFE is orientable.
(3) AFE is trivial.

k

(2)<(3): we proved before for arbitrary rank 1 bundle.
(1)<(2): By definition, E is orientable if and only if 3 system of local trivializations (U;, ¢;),

Proof. A*E has rank <k> =1.

[VoF A 7T71(U1;) — Uz X Rk
for which all ¢; o ;! are orientation-preserving on {p} x R¥ for all p € U; N Uj;.
pjop;t (UinU;) x R - (U; nU;) x RF
(p7 U) = (pa gjl(p) : U)

where gj; : U; NUj; — GLk(R). So all gj; takes value in GL{ (R) C GLi(R) < det g;i(p) > 0 for
allp e U;nU;. (U, AF ;) form a system of local trivializations for A¥E, whose transition maps
are det g;;(p). So if (1) holds, then (2) follows.

For the converse, choose an open covering of M by U, such that both E and A*E are trivial
over all U;.

Proof. Over each U;, we have trivializations
i Y U;) = Uy x RF T E—M
i (1) TN U) = Ui xRE 7/ AFE— M

If (2) holds, we may choose the ;, so that all ¢; o ¢! are orientable-preserving on R.

E, = {p} x R”
k.
ARE, 285 L xR
AR E, 25 (p) xR

41
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By composing ¢; with a reflection in a hyperplane in R¥, we may assume that A¥p; and v; define
the same orientation on AkEp.

Since the v; have orientation-preserving transition map by assumption, the same is now true
for the ¢;, so (2)=(1). O

O

Remark. E* is (non-canonically) isomorphic to E.
If (, ) is a metric on E, then
f:E—E”
v <”U, 7>
is a bundle homomorphism which is an isomorphism.

Definition 11.1. A smooth manifold M is orientable if TM — M is an orientable vector bundle.

Definition 11.2. A volume form on M is a differential form w € I'(A"T* M) where n = dim M,
s.t. w(p) #0,Vp e M.

Corollary 11.2. For a smooth n-dimensional manifold, the following are equivalent:
(1

2

M is orientable.
AT M is orientable.

)
(2)
(3) A™TM is trivial.

(4) M admits a volume form.

Let QF(M) = T(A*T*M). When k =0, Q°(M) = T'(M x R) = C>®(M). We define

d:C®(M) — QF(M)
[ df
where
(df)(p) : T,M — R
x+— D, f(x)

Lemma 11.3. Let ¢ : M — N be a differetiable map, f € C>°(N). Then ¢*(f) = f o ¢ and
¢ (df) = d(¢™(f)). So p*od=do "

Proof. Let X € T, M.
(p*df)(X) = df (Dpyp(X))

( o)) (Dpp(X))
Dy(fop)(X)
Dy (™ (f))(X)

)
( ")

Let U C R™ be open, f € C*.
df (X) = Df(X)
0
" Oy

,...,i form a basis of T,U

At every point p € U
oxy,

L,
X:Z)\ia—xi

i=1

Let dxq,...,dx, be the dual basis of TyM
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Claim 11.4. df = Z

6

Proof. For all X, we must have df (X) = Df(X). Take X = 3i Then df (;) =

of
8,’Ei'
— Of _of
(_ 8xjd )( ) Z@.’L‘j (&r)@mi
Jj=1
w = Z Firoip Ay A--- Aday, € QF(U)
1< < <ipg<n
Define

dw = Z (dfiy.. ix) Ndziy N ANday, € Qk+1(U)

1<y < <ig<n
Claim 11.5. d? =0, so d(dw) = 0.
Proof.

d(dw) = dz (Z & dxa> ANdxi, A Ady,

ofi
—Z Z 9 ( f’)dxg/\da:a/\dxil/\---/\dxik
Bxﬁ

ij a,f=1

0 fi
= . dze, i : iy —
EZ-, aiﬁ o 8:6;3 dxg N dxe A dz;, Ndz;, =0

o (

0
aSCZ‘

)

43

O

Lemma 11.6. Let » : M — N be a differentiable map, w € Q¥(N). Let M, N C R™ be open

subsets. Then dy*w = p*dw.

Proof. w= Z fivroin@yiy N+ A dyi, -

dcpw*dZso (firoin) @™ (dyiy) A=+ A 0" (dysy)
—dZ(P fn7 ,Zk (pyh)/\"'/\d((p*yik)

*sto (fir, i) AN yi) A= Ad(0™yi,)

= (Z dfiy .. N dyig N A dym) =¢"dw

Claim 11.7. If w € Q*(U) and n € QY(U), then d(w An) = dw An+ (—1)*w A (dn).
If k=0, then w = f € C>°(U). This formula becomes

d(fn) = df An+ fdn
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11.2 Exterior Derivative

Definition 11.3. An exterior derivative on a smooth manifold M is a R-linear map d :
QF (M) — QFF1(M) for all k with the following properties:

1) If k = 0, then df(X) = Df(X).

)
2) d(wAn) =dwAn+ (=1)%“w Adn.
) d*=0.
)

(
(
(3
(

4) d commutes with pullback by differentiable maps.

(5) If U C M open, then (dw)| depends only on w

U U

Theorem 11.8. There exists a unique exterior derivative d on smooth manifolds satisfying (1)-(5).

Proof. First uniqueness, then existence. (“0-form wedge a k-form is just O-form (=functions) times
that k-form.”)
Uniqueness: On 0-forms (=functions), d is determined by (1). Let w € Q% k > 0. Then by

for charts (U, ). Then
U

(5), we need only consider w

w =9 Z Jirsoin ATy Ao ANdxy,
U i< <ig
(dw) ) d (w > =d (SO* Z Fivoin g, Ao A dxik>
v U i <<l

108 0d ( Z firooi dxiy Noe o A da:ik>

i1 <<t

Y @ Afirsin dai A Ada,))

i< <ip
2 *
Ll ST (i Ay Ao Ady) F fiad(d, A A da,)
1< <ip
2+6) Z O (dfiy .. i Ndxiy Ao ANdy,)
i1 <o <ip

uniquely determined by (1)

Existence: Let {U; | ¢ € I} be an open covering of M by domains of charts. Let p; be a
subordinate partition of unity.

Wzl'w:Z&fi:ZWi

i€l 25, el

where supp(w;) C U;. Define dw = Y dw;, with dw; defined as follows: if
i€l

wi = @; < Z Jiryooi, iy Nvve /\d%k)

i< <ip

where it extended by 0 outside of U;, then

dwi:go;-k( Z dfiy,..., ik/\dxil/\"‘/\dxik>

where df;, ... 4, is defined by (1).
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Well-definess: Suppose a € QF(M), s.t. supp(a) C U; NUj. Then ¢} = a = ©jv. We want
to define da as p;df3, so we need to check p;dB = pjdy.

v=(p;)a=(o;")eiB=(piop;")B
dy =d(piop; ') B =(piop; ') ds

Therefore,
pidB = pidy
O
Lemma 11.9. If a € Q' (M), then
do(X,Y) = Lx(a(Y)) — Ly (a(X)) — o([X, Y])
Proof. Tt is enough to check the formula for a = f - dg, where f,g € C>°(M).
da =df Ndg
da(X,Y) = df A dg(X,Y) = df (X)dg(¥) — df (¥)dg(X)
=LxfLyg— Ly fLxg
Lx(a(Y)) — Ly (a(X)) — o([X,Y])
= Lx(fdg(X)) — Ly (fdg(X)) — fdg([X,Y])
= Lx(fLy(9)) — Ly(fLxg) — fdg([X,Y])
= (Lxf)(Lyg) + fLxLyg— (Lyf)(Lxg) — fLyLxg — fdg([X,Y])
= (L f)(Er0) — (L f)(Exo) + (g = Lk = Lixyi0)
O

Definition 11.4. For X € X(M), let ¢; be the flow. Then for w € QF(M), define the Lie
derivative of w as

d
Lxw = —p*
xw dt@twtzo

Take o € QY (M).

We have proved (Lxa)(Y) = Lx(a(Y)) — a([X,Y])
= LytetY]) + do(X,Y)=LtetY ] + Ly (a(X))

= da(X,Y) = (Lxa)(Y) — Ly (a(X))
Definition 11.5. For X € X(M), define the contraction with X

ix : QF(M) — QF (M)
wrw(X, .., Xk)

by
in(X17...,Xk,1) = UJ(X,Xh...?Xk)
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We have ix = 0 by skew-symmetry.
Moreover, ix(w A1) = (ixw) An+ (=1)48“w Aixn. e.g. if degw = degn = 1, then

(ix(@Am)(Y) = (wAn)(X,Y)
= w(X)n(Y) - w(Y)n(X)
= ((ixw) An)(Y) + (=1)%E(w Aixn)(Y)
wAm.
Theorem 11.10 (Cartan Formula). On Q¥ (M), we have Lx = doix +ix od.
Proof. For k = 0, the formula reduces to Lx =ix od. Apply Lx to f € C®(M): Lxf =ixdf =
df (X) true! For k =1, let a € Q'(M), then
(Lxa)(Y) =da(X,Y) + Ly (a(X))
=da(X,Y) +d(a(X))(Y)
= ((ix 0 d)a)(Y) + ((d 0 ix))(Y)

In general, n A w = (—1)desndegw

= Lx =ixd+ dix on 1-forms

In general, Cartan formula is local and R-linear, so it is enough to check it on w = a3 A -+ A g,
where o; € QY(M).

k
wa:Zal/\~-~/\LXaj/\-~-/\ak
j=1

k
= (A Nixdag A Nk + a1 A Adag(X) A=+ A ay)
j=1

!
= i)(chu + d(i}{&d

k
ixw=Y (-D)"ag A Aai(X) A Aay
j=1
k
d(ixw) =Y (1 ' d(a(X) Nar A AaG A Aoy

Tl (X)d(ag A AaG A A ag)

“lag Ao ANdag A A ag.

k

+) (—1)
j=1
k

dw = Z(-l)ﬂ

k
ixdw=1ix» oy A Adaj A Aay
j=1
where the hat (@;) means that the jth factor is omitted. O

11.3 Manifolds with Boundary

We look at the half space
H" ={z = (z1,...,2,) € R" | 2, 2 0} CR"

The boundary is
OH" = {x = (z1,...,2,) €ER" | 2, =0} = R*"' Cc H"

Then the interior is
intH" = {x = (x1,...,2,) € R" | 2, > 0} CR"

open
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Definition 11.6. A differentiable manifold with boundary is a topological space M which is
Hausdorff and has a countable basis for its topology and has an atlas (U;, ¢;), ¢ € I, where U; C M
are open, M = |J U;,
i€l
p; : U; — H"™ are homeomorphisms onto their images
and, whenever U; NU; # @,
wjop;t0i(U;NU;) — ¢j(U; NU;) is a diffeomorphism

If U C H" is open, a map f : U — N is differentiable if it admits a differentiable extension to
open set in R™.

Y

M manifold with boundary

OM :={p e M [3I(U;, i), st. pi(p) € OH"}
int M :={peM|3IU;,e;), s.t. ;(p) € int H"}

Lemma 11.11. OM, int M are well-defined, M = M Uint M.

Proof. Suppose p € U;, and ¢;(p) C intH”. If p € U;, then ¢; o 90;1 maps ¢;(U; NU;) diffeomor-
phically to ¢;(U; N Uj). If this touches OH™, shrink Uj;, to get an open neighborhood of p in M.
which maps to int M. O

Considering U; Nint M and restricting ;, we obtain a smooth atlas for int M, showing that
int M is an n-dimensional manifold in the usual sense.

If OM # @, then considering U; N OM and restricting ¢;, we obtain a smooth atlas for OM,
showing that 0M is a (n — 1)-dimensional smooth manifold in the usual sense.

{manifolds} C {manifolds with 9}

777777777777777777
2727777777777

70007
. 50000005000, 80%77

(p,l,’l}), JRS M 0000000 05555540000
iel, st pel, G 7 pn — R

vER® =T, R" L]

The usual definition of TM — W works for manifolds with boundary.

Example 11.1.
(0) M =H", OM = OH".
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(1) Be(p) = {z € R" | d(z,p) <e}, 0B:(p) = S" .

M x N is a manifold with boundary
O(M x N)=0M x N

@) M manifold with boundary M }

Nmanifold (without boundary)

(O M is orientable if TM — M is an orientable vector bundle.
M is orientable if there is an atlas (U;, ;), i € I, s.t. all v, 0. ! are orientable-preserving.
©) i), ; ©j o ¥ p g
(O« (@: Both definitions also apply to manifolds with boundary, and are still equivalent.

Lemma 11.12. If M is an orientable manifold with boundary, then M is an orientable manifold
(in the usual sense).

Proof. M is orientable = 3 atlas, s.t. all ¢; o gp{l are orientable-preserving. Suppose p € OM,
and p € U; N U;.

T

Y- dn Tt Tk = or(Y1, -, Yn)
8¢k>
D, .»n(p) = (
Pi (p)< ) oy,
*
0
Dok pl<n—1
_ | ou :
*
0
0 e .- 0 IPn
Oyn
where [;Pn > 0. Since D, ) is orientation-preserving, the restriction ¢ is also orientation-
Yn OH
preserving. O
. . 0 . . .
Let z1,...,xz, be the linear coordinates on R, —, ..., —— is an oriented basis for R™ = TyR".
o0x1 Oz,
0
We want to choose a basis vy, ...,v,_1 for R*~! C R", so that 9 V1,...,VUp_1 iS positively
T,
oriented in R", i.e. it defines the same orientation as —, ..., —.
8:101 a.’En
0
v = (=1)"—
! ( ) 3:101
0
Vg = —
2 (91'2
0
V) =
ot amn—l
s . . 0 0 . . L
Definition 11.7. If M is oriented, so that D2 B give the orientation in a chart, then
X1 xr
V1,...,U,_1 define an orientation for OM, called the indunced orientation on the boundary.

Example 11.2. M :=([0,1] x [0,1])/ ~ is a manifold with boundary M = S*.
(0,t) ~ (1,1 —¢)
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Remark. If M is orientable, so is int M.

11.4 Stokes’ Theorem

weEMRY) = w=f -dry A Adxy, f € Q°(R"). w has compact support < f has compact

support.
Assume this is the case. Define
/wz/fdxl---dxn
Let ¢ be an orientation-preserving diffeomorphism.
Iy
/@*w: /(foga)det el dry---dx;
3x]—

Ow;
We get [ pow = [ wif det ( 8%) > 0. So [ is well-defined under orientation-preserving changes
R Rn Ly

of coordinates. Let M be an orientable manifold with fixed orientation. Let (U;, ;) be a smooth
orientated atlas.

Theorem 11.13. There is a well-defined R-linear map (works for M with boundary by R"™ — H")

/:QS(M)%R

M

s.t. if supp(w) C Uj;, then /w = /(90;1)*00-

M R™

Proof. Let w € QF (M), and let p; be a smooth partition of unity subordinate to Us.

wzl-w:Z(piw)

icl

If / exists and is R-linear, then
M

w=>" [ (ow) =" [ (67) " (piw) (11.1)
[o=3 Jo=3
M M

ZRTL

This shows that / is unique. Use (11.1) to define / . This is well-defined, because all transition

M M
maps are orientation preserving, so

Jeery ) = [e )
R R
if supp(w;) C U; N U;. O

Let M be a smooth n-dimensional manifold with boundary.
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Theorem 11.14 (Stoke’s Theorem). If ¢ : 9M — M is the inclusion and M is orientable, then

/dw—/zw Yw € Qo H(M)

oM
where OM carries the orientation induced from M.
Proof. Case 1: M = H".
W= fidzy Ao Adag A Ada,

where the hat (d/as\l) means that the ith factor is omitted. Since i*, d, / are R-linear, we prove

stokes theorem for each summand. Without loss of generality, w = fdxy A--- A (21\77 A Ndxy,.

Subcase la: i1 <n = fw=0=> /i*w:().

6Hn
/dw—/za dx; Ndxy A -- /\da:Z < Adxy,
Hr J= 1
8fda:l/\dx1/\ /\dxi/\~-~/\dxn
ox;
H’n
=(-1)"" / gf dzy A--- Ndzy,

_ z 1
= / /ax]dl‘l
:(_1)2—1///_00 @dmldmldwldwﬂ:o

“+o0o 8f
/ dx; = 0, since f has compact support.
—00 axl

Subcase 1b: i =n, w = fdzi A Ndxp_1. Fw=f

[ [T [

ol

dl’l VARERIVAN dl‘n_l.
OHn

dxl dl‘n 1

where the equality comes from induced orientation, since (—1)"dx; - - - dx,—1 is positive oriented.
Then

/d dxn ANdxi A+ Ndxy_q
H’Vl
= (-1t / aa—fdxl Ao ANdxy
0
= (1"~ axJ; dxy - dzy,

+oo “+o0 “+o0
= " 1/ / / 7d$ndl‘1 ~dT, 1
+oo +oo
[T
of

o ——dz, = f(z1,...,2p-1,00) = f(21,...,2p-1,0) = —f

n

1 drp_y

OH™

where [; oo

H»
=0
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Case 2: M arbitrary, w € Q0 (M), w =Y piw.

-3 s
M M

=Y [ diow)

T fin
=Y [t o))
i gn
L 5 i) (o)
" 9Hn
=2 /(% it (piw) = /i*w
v 9Hn oM

Corollary 11.15. If OM = @, then /dw =0.

M
Corollary 11.16. If OM = @, then M does not have a volume form w, which is da, with
o€ Qg_l(M ).
Proof.
< / w = / da =
M M
This leads to a contradiction. O

Example 11.3. M = B;(0) C R?, OM = S', w = dx A dy = d(zdy). Then

Area(B1(0)) = / (xdy) = /mdy = /cos wd(sin @) /0082 wdp

1
(singpcos )’ = cos? p —sin® p = 2cos? o — 1 = cos®p = 3 +

Since

| —

5 (sinpcosg)

1
Area(B1(0 / / sin ¢ cos @) dp = / fdgo =T

Thus,
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de Rham Cohomology

Hap(M) = @HgR(M)
k=0

 ker(d: QF(M) — Q5tH(M))
~im(d: QF M) — Qk (M)
compact support, where ker(d : QF(M) — QFT1(M)) is the closed form and im(d : QF (M) —
QF(M)) is the exact form.

Definition 12.1. H*(M) : the de Rham cohomology of M with

Example 12.1. H?(M) =locally constant functions with compact support. If M is connected,
then

o R M compact
H; (M) =
0 M non-compact
M=R k=1
QLR
H(R) = -(®)

~im(d : Q9(R) — QL(R))
QLR) > w = fdt, f € C*(R). Before

F(z) = /j fl)ydt, w=dF

“+o0
But F' does not have compact support, if / ft)dt =c#0.
—o0
If c = 0, then F € Q§(R) and dF = w, then [w] =0 € H(R). If ¢ # 0, then still dF = w, but
F ¢ O8(R).
Suppose G € C°(R) and dG = w. Then d(F — G) = 0. = F — G = d is constant, for z < 0:
G(z) =d and for x > 0: G(z) = —d+c.
Since G has compact support = d = 0 and d = ¢. This leads to a contradiction since ¢ # 0.
= w ¢ im(d: QY(R) — Q}(R)).
= H!(R) # 0.

Theorem 12.1. If M is a smooth n-dimensional oriented manifold without boundary, then
/ HINM) - R
M

is well-defined and surjective.

52
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Proof. If [w'] = [w] € H*(M), then ' = w + da, with o € Q0™ (M).

[ [ Juass [ [as [

oM

Let p > 0 be a bump function, with support in a chart: w = pdxy A --- A dz,,.

—+oo +oo
/w:/pdxl/\~~Ad;L’n:/ / pdxy---dzx, >0
M U — 00 — 00

By linearity, surjective follows. O

Example 12.2. M =R

Claim 12.2. This is an isomorphism.

Proof. fdt = a € Q}(R), where f € Q(R).

foof

R
& c=0
& a = dF with F € Q)(R)
= [a] =0

The instance of Poincaré duality.

M =R [ H,[®) | B (®)
k=0 R 0
k=1 0 R

H}(M)= @ HF(M) is an algebra with A induced by wedge product on forms.

Hip(M) x H{(M) — HET' (M)

because a wedge product has compact support if one of the factors does.

Suppose f : M — N is a smooth map between smooth manifolds. The pullback f* : QF(N) —
OF(M) commutes with d. In particular, if dw = 0, then df*w = f*dw = 0 and if w = da,
ffw=df*a.

= f*: H3(N) — H55(M) is well-defined, linear. This f* induces an algebra homomorphism.

[w] = [f*w]
" Hir(N) = Har(M)

Example 12.3. M = B;(0) C R".

=1Id
oM

Claim 12.3. There is no smooth map n: M — M, r

oM
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Proof. Assume there is such an r, then

OM =81 1 Bi(0)=M —— M = 5"~}

\/

Tdgn_1
R 0 R
H H

Hjp ' (5"71) — Hip (Bi(0) — Hyp'(s"")

\/

=(roi)*=Id},,_, =Id

This leads to a contradiction. O
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Connections and Curvature

13.1 Connection

Let E — M be a smooth vector bundle of rank k. Then

IN(T*M ® E) = QY(E)

which is adjunction T*M ® E +» Hom(T M, E). If a € Q(E), then o(X) € I'(E), VX € X(M).

Definition 13.1. A connection V on F is a R-linear map

V:T(E) = QYE)

satisfying the Leibniz rule

V(f-s)=df @s+ fV(s), VfeC®(M),seTl(E)

Properties:
(1) V does not increase the support of a section, i.e. if U C M open and s € I'(E), s| =0,
U
then Vs| =0.
U

3)

Proof. Take p € U. Then there exists a smooth function f € C*(M), with f(p) = 1 and
supp f C U. Then f-s =0, so by R-linearity:

0=V(f-s)=df @ s+ fV(s)

Evaluated at p
0= (df ®s)(p) +f(P)V(s)(p) = V(s)(p)
N——

=0, because s(p)=0

This implies V(s) = 0 on U, because p € U was arbitrary. O

The value of V(s) at any point p € M depends only on the restriction of s to an arbitrarily

/

small neighborhood of p. If s,s’ € ['(E), s.t. s| =s'| for some U > p, then

V(s)(p) depends only on the germ of s at p. This is called differential operator.

If V! and V? are connections, so is tV! + (1 — ¢)V? := V!, Vt € R.

55
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Proof. V! is R-linear.
Vi(fs) =tV (fs) + (1= t)V°(fs)
=t(df @ s+ fV(s)) + (1 — t)(df @ s+ fV°(s))
=df @ s+ fV'(s)
O
(4) If V1, V9 are connections, then V! — V? € QY (End(E)), End(E) = Hom(E, E) = E* ® E.

Proof. V' — V° is R-linear.

The Leibniz rule gives (V! — VO)(fs) = f(V! — V) (s).

= (V! = V% (s)(p) depends only on s(p).

(V! =V, : E, » T;M @ E,.

V! - V0 e D(E* @ T*M @ E) = Q1 (E* @ E) = Q! (End(E)). O

Proposition 13.1. Every vector bundle E admits connections. The space of connections is nat-
urally an affine space whose vector space of translation is Q! (End(FE)).

Proof. Suppose E has connections. Then the difference of two connections is an element in
QY(End(E)) by (4). Conversely, let A € Q*(End(E)) and V a connection on E. O

Claim 13.2. V+ A: I'(E) — Q(FE) is a connection.
s = V(s) + A(s)

Proof. V + A R-linear is clear.
(V+A)(fs)=V(fs)+A(fs) =df @ s+ fV(s) + fA(s) =df @ s+ f(V + A)(s). O
13.2 Existence of Connections

Pick a system of local trivializations for E.

1/}i : 7T71(U1;) — Ul X Rk

On E| , we define V' as follows: Let s; € F(E‘U_) be defined by s;(p) = v; *(p,e;j), where
U; ‘

e1,...,ex is the standard basis of R¥. Every section s € I'(E

k
p.) has the form s = >~ f;s; for
k2 j:l

uniquely determined functions f; € C*(U;).

k
Vi(s) =Y df;j®s;
j=1
This is clearly R-linear.

k
Vifs) =V Y S s
j=1

|
M=

d(ffj) ®s;

<
Il
—_

I
W

(fdf; + fidf) @ s,

=1

® s+ f-Vis)

I
o
& 5
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so V' is a connection on F

U;
Let p; be a smooth partition of unity subordinate to the covering of M by the U;. Define
V=3 p;V- Asin (3), we can show that V is a connection. V'(s;) = 0 by definition.
i

Terminology. si,...,s; form a frame for E
Ui

If s is a section, s.t. V(s) = 0 for some connection V, then s is called parallel or covariantly
constant.
QY E) =T(A'T*M®) I-forms on M, with values in E.

Lemma 13.3. For every connection V on E, there is a unique R-linear map V : Q!(E) — Q*1(E)
satisfying: -
Vw®s)=dw®s+ (—1)'wA Vs, Vw € Q(M),s € T(E) (13.1)

Moreover, this V satisfies
V(iflwes)=([df \w)@s+ fV(w®s),  fel?(M)

Proof. Every element in Q!(E) is locally a sum of terms of the form w ® s. Define V using a
partition of unity and linearity, so V is uniquely determined by (13.1).

V(fw®s)) =V((fw) ®s)
=d(fw)@ s+ (-1)' f(wAVs)
= (df ANw) @5+ fdw@ s+ f(=1)'w A Vs
=(df N\w)® s+ fV(w® s)

O
13.3 Curvature
Let V be a connection on E.
Lemma 13.4. The composition Vo V : I'(E) — Q?(E) is function-linear.
Proof. o o
(Vo V)(fs)=V(df ®@s+ fV(s))
= V(df @ 5) + V(fV(s))
:\d£,f®s—df/\Vs+df/\Vs+fV(Vs)
d?=0
— (Vo V)(s)
O

The lemma shows that VV(s) = FV(s), where FV € Q?(End(E)).
Definition 13.2. FV is called the curvature of V.

Let E — M be smooth vector bundle with connection V. Let s1,..., s be frame. Then
k
V(Sl> = Zwij &® Sj
j=1

k

where w;; € Q' (M). We have s = > fis;, V(s) = Y. (dfi ® s; + f;V(s;)) completely determined
i=1 i=1

by (wij). FY € Q?(End(E)).

k
F¥(s) =3 0@,
j=1
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where ;; € Q(M).
Question: How is ;; determined by w;;?

FY(s;)=VoV(s)

:ﬁ Zwij@)sj
J

[
E

(dwij ® s — wij N V(SJ))
1

<.
Il

k
dwij ® S5 — Wiy A\ E wij ® 81
=1

k
dwij — E wi N\ wyj
1 =1

<
I
—

|

DETR

I
KM?-“

J
So

k
Qij = dwij - E wi N\ wyj
=1

This can be denoted as

’Q:dw—w/\w‘

Then

inj = — Z dwi; N wij + Zwil A dwy;
l l

:_Z /\wlj+z wz'l/\<Qlj+Zwlm/\wmj>‘|
1 m

7
= Z(Wil A Qi — Qi Awyj) + Z(Wil A Wi, A\ Winj — Wi, A Wit A wi;5)
7

lm

Qil + Z Wim N Wl
m

=0

13.4 Bianchi Identity

inj = Z [wil A Qlj —Qu A wlj}
l

which can be denoted as

[d=wAQ-QAw]

/ _— .. .
S = E GijSj

Let i, ..., s} be another frame.

where g = (g;;) invertible. Then
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where (w;;)’ is the connection matrix of V with respect to s/, ..., s}.

> giss
J

= Z(dgij ® s;j +9i;V(s;))
J

k
(dgij ® S; + Gij ij'k ® Sl)

=1

]~ =]

(dglj +Zguwjl ® 81

1

[
B

1

k
(dgu + Z gijwit | @ Z Iim 51
7 m=1

[
ok

( ngil+zgijwjl gl_n} ®S;n
l J

1

3
Il

Then
Wiy = Z dga + Zgijwjl Iim
l J

This can be denoted as

\w’ =dgg™" + gwg ™! \

The following terms are the same:

a choice of local trivialization < a choice of a frame

< a choice of gauge
A change of frame is called a gauge transformation g.
O =du — A

=d(dgg™" + gwg™") — (dgg~" + gwg™ ") A (dgg™" + gwg™")
1 —1

=d?g9 ' —dgANdg Tt +dg Awgt + gdwgT! — gw Adyg
—dgg~' AdggT" — gwgT NdggT" —dggt A gwgTt — gwg T A gwg !
=gQg~!

Compare the following two equation:

w' =dgg~" + gwg™?

QO =gQg !

The first one shows that connection is not a “tensor”, while the second one shows that curvature

is a “tensor”.
Let V:T'(E) = Q(E).

Definition 13.3. Vxs = (Vs,X) € I'(E) for every X € X(M) is the covariant derivative of s (in
the direction of X).

Let (U, ¢) be a chart for M.
T1,...,2,:U—=R

P i(p)
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where dz1,...,dx, are the dual frame to Oy,...,0,,.

Let s1,...,s; be a frame for E| . V is represented by w = (w;;) with respect to s1,..., s.
U

Then w;; = Zw “dz, for unique w;;* € C>(U), where w;;* = (wij, 0a)-

Vo, si = (Vsi,0n) <Zwm ® 55,0 > = Z(wij, ) ®s; = Zw
J
5= Zfisi
- k k
Vos,s = <VS, On) = <Z df; ® s; + f1Vs“(9a> = Z@afjsj + Zfiwij(’sj
Jj=1 2%

i=1
k k
=> (aafj + fiwija> 55
j=1 i=1

A% = (w;;*) is k x k matrix of C*°-functions on U.
Vo.s = 0qs + A%(s)

We define
Vo i= 04 + A®

13.5 Parallel Transport

Let M C R"™ open. Let E = M smooth vector bundle of rank %, with a connection V. Let
Y1, - .., Yn be linear coordinates on R™. Let ¢ : [0,1] — M be smooth curve, then write it is in
terms of coordinates

C(t) = (yl( ) ce 7yn(t))

(t) = %— Zyw

a=1

Assume E is trivial. F = M x R¥. Let sq,..., s be the frame with s;(p) = (p,e;). s € I'(E) is
k
written uniquely as s = Y x;s;.
i=1

k n
= <Z d%z X 8; + $ivSi, Z yaaa>
_Z<Za ®Sz+$zzwzg®5’pya a>
- Zya sl + Zw” UaS;

j=1

*Zya 53+Z$1 Wij yasj

i,7,0

(b))
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Proposition 13.5. Let £ — M be any smooth vector bundle, with a connection V. Let ¢ :
[0,1] = M be a smooth curve and v € E,q). Then there exists a unique lift ¢ : [0,1] — E with

moé=c, with ¢(0) =v and Vs =0 if s is a section of E given by ¢.
imec

Proof. By compactness of [0, 1], we can choose a finite subdivision tg =0 < t; < --- <, =1, s.t.

c has image in an open set in M, which is the domain of a chart and over which F is trivial.

[tistita]
Without loss of generality, we only need to prove the proposition for ¢ with image in a chart

where F is trivial.
We write ¢(t) = (y1(t),...,yn(t)) and use the frame s1, ..., s given by the trivialization.
k
o(t) = Zle x;(t)s;(c(t)) with v = ¢(0) = > 2;(0)s;(c(0)).
i=1
The equation Vs = 0 is equivalent to

n k
Z<(%j+zxiwija>yazo7 VjE{l,,k}

a=1 8ya i=1
T + Z Tiw;; " =
1,
This is a linear system of ODE for the function x4, ..., zg.
For every initial condition x1(0), ...,z (0), there is a unique smooth solution, which, moreover,
depends linearly on the initial condition. O

Corollary 13.6. Let £ = M and V be as in the proposition. Then every smooth curve ¢ :
[0,1] = M defines a unique linear map

Ec0) = Ecy
&(0) = v s &(1)

This linear map is an isomorphism

Let E 5 M be any smooth vector bundle over M. p,q € M, E,, E, are k-dimensional vector
spaces.

(1) If p,g € U € M and ¢ : E| — U x RF trivialization, then ¢ identifies E, with {p} x R*
U
and E, with {g} x R¥, so those are identified using .

(2) If a connection V on F is given and there exists a smooth path ¢(0) = p, ¢(1) = ¢, then
P, =parallel transport along c defines an isomorphism between E, and E,. P. depends not
just on V but also on c.

In a trivialization, every V is given by V, = 9, + A%.

— « o «
wij = E w;; " dYa, AY = wy;
(0%

Proposition 13.7. Let E =5 M be a smooth vector bundle of rank k and s1, ..., s, be frame. Let
V be a connection on E, w;; its connection matrix with respect to sq,..., s, and §);; its curvature
matrix. If we pick a chart with coordinate functions y1,...,yy, then

k
va,v5 ZQU a()m@ﬁ
Jj=1

Corollary 13.8. FV =0 < () for every local frame < [V, Vg] =0
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Proof.
2](8(178[3 (dwlj Zwll AWZ]) aowaﬁ)
= Lo, ( Wi ) LB/‘J szl wlj wilﬁwlja
k
= aawijﬁ - aﬂwija - Z(Wu awzjﬁ - wilﬂwlja)
=1
VaVssi = Va((Vs;,95)) <Zw” ® sj,aﬁ>
k k
Zwijﬁsj = <V Zwijsj ,5'a>
j=1 j=1
k
= (dw;;” @ sj +w,;;"Vs;,00)
j=1
k
=> (@ (Dawi;")s; + wa Zwyl 5t
j=1
k k
= Z <8awijﬁ + Zwil Bwl]‘?“> s
=1 =1
= (VQV5 — VBVQ)SZ'

I
<M?

k k
B B B
(%wij + Zwil wy; =0 pwi* — Zwil awlj ) Sj
=1

1 =1

J
k

B B B
(804‘*’1]‘ — Opw;;~ — Z (Wizawzj —wy wljo‘)) s

=1

Il
_Mw

j=1

Qi (0, 0p)s;

|
-M?

1

J

Over a curve, every V admits local trivializations by parallel sections, i.e. a parallel frame.

Theorem 13.9. E admits a system of local trivializations by V-parallel frames if and only if
FY ==0.

Definition 13.4. s € ['(E) is V-parallel if Vs = 0. A frame sy, ..., si is V-parallel if Vs; = 0, Vi.
Proof. Suppose s1,...,sy is a V-parallel local frame. Then 0 = Vs; = > w;; ®s; = w;; =0, Vi, j.
J
= Qij = dwij —Ewil /\wlj =0, so FY =o.
1

Conversely, if FV = 0, we want to find local V-parallel frames. Since the statement is local,
we work on M = R"™.

For n =1, we find a V-parallel frame over R by parallel transport.

For n > 1, we prove the statement by induction.
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Let p > 1 and assume we have a V-parallel frame over RP x {0} C RPT!. By construction, F
is trivial on R™, so we may pick an arbitrary frame for £. We need to find a gauge transformation
g, so that s, = )" g;;s; gives a V-parallel frame s7,...,s),. We want to solve

J

0 =wj; = (dg- g +gwg i

& wi; ¥ =0, Va

& (dg + gw);;* =0, Vo

= 8,192-]- —+ Zgilwlja =0, Vo (*)
!

For the inductive step, we assume, we have a g s.t. (*) holds for o < p.

In the inductive step, we assume the statement has been proved for RP. This means w;;* = 0
for a < p.

To obtain the statement over RPT!, we need to solve

0agi; =0 for o < p and Jp119:5 + Zguwljpﬂ =0Vi,j (**)
1

Fix all yg except yp4+1. We treat the second equation in (**) as an ODE in y,41. With initial
condition g(0) = 1, this ODE has a unique solution.

Varying the starting point (the y-coordinates other than y,1), the solutions of the ODE vary
smoothly.

The assumption that FV = 0, means [V,, V] =0, Vo, 8. Take a < p, 8 =p+ 1. Then

aﬂéwil P+1M+ Z p+1/ﬂ,av /wjlp+1

= 3awzl P+l =0
+1 1
= wi; = (dg - g7t + gwgT T =0
because g solves the second equation in (**). O

Corollary 13.10. A vector bundle E = M admits a flat connection V if and only if it admits a
system of trivializations with constant transition maps.

Proof. If E admits V with FV = 0, then we can find local trivialization given by V-parallel frames.

Yy N U )—>U><]Rk Yy N (V )—>V><]Rk
’U—ZASl ()‘137>\k)) U*ZH’ZS ’_> (/u‘la'-'auk))

Yy oyt (UNV)xRY - (UNV) x R
(p,w) = (P, g(p)w)
where g : UNV — GLk(R) is smooth.
/: dgg™' 4+ gwg™! < dg =0, so g is constant.

Conversely suppose we have (U;,;) a system of local trivialization for E, s.t. each v, o ¢, ! has
the form (p,w) — (p, g(p)w) with g constant.
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On E| , we define a connection V by making the constant sections in the trivial bundle parallel,
U;
ie. si(p) = v (p, ei).

ijSj :dej@)Sj
J J

[
Claim 13.11. If U;NU; # &, then V! = VJ on n=1(U; N U;).
Proof. s, =>"g:j8;, with dg;; = 0.
J
= s/ which are V7 parallel are also V¢ parallel.
= Vi=VJ
= The V'’ fit together to a global connection V. Since V' is flat, so is V. O

Remark. To prove existence of connections on arbitrary E, we also took local trivializations
(U, ;) and the corresponding flat connection V*. If the transition functions are not constant, the
Vi do not agree on the overlaps of their domains.
V =" piVi, p; a smooth partition of unity, is not flat.
3

13.6 Compatible
E 5 M admits a positive definite metric { , ) : T(E) x ['(E) — C>®(M).

Definition 13.5. A connection V on E is compatible with ( , ), if

d(s1,s2) = (Vs1,s2) + (s1, Vsa), Vs1,$2 € T'(E) (13.2)
Lemma 13.12. V is compatible with ( , ) if and only if for every orthonormal local frame
S1,...,8k, the connection matrix w representing V is skew-symmetric, i.e. w;; = —wj;, V1, j.
Proof. Let s1,..., sk be orthonormal frame with respect to (, ). Then
(si, sj) = const., Vi, j

If V is compatible with (, ), then

0= d<8i, Sj)
= (Vsi, 85) + (s:, Vs;)

< W1l®5lvsj>+<5j,zwjl®5l>
1

Z Wil 3175J +w]l<5u$l>)
l

= wij + Wji

<~ Wij = —Wj4
Conversely, assume w is skew-symmetric
<VSZ‘, Sj> + <SZ', VSJ> = Wwij +wj; = 0
(si,s;) = const. = d(s;,s;) =0

= (13.2) holds for the basis sections.



CHAPTER 13. CONNECTIONS AND CURVATURE 65

Let s=) fis; and s’ = g;5;. Then
i J

Z.fzgz = d(s, 3 Zfzdgz+zgzdfz

(Vs, S/> + <S7 VS/> = Z(dfz ® s; + fiVsi,g;s. > <fi8i, dg; ® s; + ngSj>

= Zgzdfl + Z fidgi + Z figi ((Vsi,s;) + (51, Vs;))

=0 by above

= d(s,s") = (Vs,s') + (s,Vs')
O

Lemma 13.13. If V is compatible with ( , ), then Q is skew-symmetric for every orthonormal
frame.

Proof.
Q,’j = dw,’j — Zwil AN wij
l

= —dwji - Zwli A wiji

—(dw;; — E wijr A wig)

- QO

7t

Definition 13.6. A € T'(End E) is skew-symmetric with respect to ( , ) if
(As,s'y = —(s, As'), Vs,s' € T'(E)
End E = Skew — End F @ Sym — End(F).

Proposition 13.14. For every metric ( , ), there exist compatible connections V. All such
connections is naturally an affine space for Q*(Skew — End(E)).

Proof. Let {U; | i € I'} be an open cover of M, s.t. E| is trivial. Then on every U;, we have an

U;
orthonormal local frame for E with respect to ( , ). Let s1,..., s be such an orthonormal frame
over U;. Define V' on E| by Vi(s;) =0.
U;
Claim 13.15. V' is compatible with (, ).
Proof. With respect to orthonormal frame si,..., sk, wi; = 0. So w;; is skew-symmetric. Let p;
be a smooth partition of unity subordinate to U;. O

Define V := 3" p;Vi. This is a connection on E compatible with ({ , ), because each V' is.
Suppose V, V' are both compatible with { , ). Set V-V’ = A € Q}(End E). Then
(As,s"y = ((V—=V')s,s)
= (Vs,s') = (V's, s)
=d((s,s")) — (5, Vs') —d((s,s")) + (s, V's)
—(5,(V =V")s")
—(s, As')

So A € Q' (Skew — End(E)).
If V is compatible with the metric and A € Q! (Skew—End E), then V+ A4 is also compatible. [
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Example 13.1. k= 1: Let s be a (local) section of E, s nowhere zero.
Vs=a®s=w;1 ®s

Q1 = dwiy — g wi Awn = dwii — wir-Awil
I

= d211 =0
Suppose we have a metric {, ) and (s,s) = 1. If V is compatible with ( , ), then Vs = 0.
(s,s) =const. = 0=2(s,Vs) = Vs=0,by l-dimension

Conclusion: Every compatible connection V on a rank 1 bundle is flat. = Every rank 1 bundle
admits a flat connection.

13.7 Affine Connection

Definition 13.7. A connection on £ = T'M is called an affine connection on M.

IE) — QY(E) 2 I(E)
s Vs — Vxs

where X € X(M). If E =TM, then s € X(M).
Example 13.2. There is no affine connection V satisfying VxY = Vy X VXY € X(M).

13.8 Torsion
Definition 13.8. If V is an affine connection on M, then
TV(X,Y):=VxY - VyX - [X,Y], for X,Y € X(M)
TV is the torsion of V.
Definition 13.9. V is symmetric if it is torsion-free, i.e. TV = 0.
Proposition 13.16 (Properties of TV).
(1) TV is skew-symmetric in X, Y.

(2) TV is C>°(M)-linear in X and Y.

Proof.
TV(fX,Y)=VixY - VyfX - [fX,Y]
=fVxY —{df @ X + fVX,)Y)— fIX, Y]+ Ly f X
—~—
=df(Y)
=f-TY(X,Y)
O
Let z1,...,x, be local coordinates on M given by some charts (U, ¢). Then o4, ...,0, form a

local frame for T'M

=TU. If V is any affine connection on M, we can write
U

Vo, = En:wij ® 0; wij = iwijldxl

j=1 =1

Vo0 =Y (wij, 000, = wy;'0; =Y I},
=1 =1

J=1
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The Fl]Z are called the Christoffel symbols of V with respect to the local coordinates z1,...,x,
TV (8, 05) = V,05 = Vo, 00 — [0arO5] = Z 3,00

Lemma 13.17. TV =0 & Fi ﬂa, Va, 8,7 € {1,...,n} and all local coordinate systems on
M.

Definition 13.10. V* on E* by
dA(s) = A(Vs) + (V*A)(s)
d(\, s) = (N, Vs) + (V*A, s)
where VA € T'(E*),s € T'(E).
Claim 13.18. V* is a connection on E*.

Proof.
(V*A)(s

(V(fN))(s)

) = dA(s) = A(V(s))
(fA)(s) = (FA(Vs)
(
(

f-Ms)) = (f-A)(Vs)
s)df + fdA(s) = f- A(V(s))
(s)df + F(VA)(s)

df - A+ fV*A)(s)

Let s1,..., s, be a local frame for F, and A1, ..., A\; the dual frame for E*, i.e

d
d
A
A
=

Ai(s7) = 04
0= Xi(Vs;) + (Vi) (s5)

k k
=\ (Z Wim & 5m> + <Z w;[ ® >\l> (5])
m=1 m=1

_— .. *
= Wji T Wy

* » * __ _ .\t
= Wi = —Wii, W= -—w
If V is an affine connection of M, then V* is a connection on T*M. O

Proposition 13.19. V is torsion-free if and only if

QUM) =T(T*M) — QUT*M) = T(T*M @ T*M) —— Q*(M)

\/

=d

Proof. Let x1,...,x, be local coordinates, given by a chart (U, ¢). Then 04, ...,3d, is a local frame
for TM and dzq,...,dz, is the dual frame for T*M.
Every 1-form « on U is of the form

B=Y_ fdz;
i=1

= dﬂzidfi/\dxl Zzafldxj/\dxi—z<afi— Js )d A d;
P <\ Oz; Ox;

1<
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V=) V(fidu)
= df; @ dw; + fiV*da;

i J

= Z (dfz X dl’,‘ - fz ij'i & dZE])
@ J

= Z ( Of; dl‘j@)dxi—fizwjiadma@dxj)

7,
Z 0f: dxj ® dr; — Z fiwji“dxa ® dzx;
17,0
6’f
- Za Ldze ® du; — 12]2 M dx, ® da;

Z (WJ > fi‘*’f) dzo ® dz;

NAEDY (gf N O >dma/\dxj

j<a i

ANV*B) =dB, VB & wh —wl, =0Yja & T, =T, Va,j TV =0

V'3 =V* <j gi d$i>
_Zd<8xz) gg‘iv*(dxi)
- ,zj: 8@-8% du; @ dr; = %Wﬁ ® dz;
N Z (ang de; © do; - A gi wji® dTa ® dl‘j)

_ 3f
Z (8@8:@ - ox; ) da @ d,

TV =0 & V*df is symmetric Vf € C®(M).
——

er(T* MQT* M)

TVIAX,Y) = (V+A)xY — (V+A)yX — [X,Y]
=VxY —-VyX — [X,Y] +Ax(Y) — Ay(X)

=TV

68

where A € Qy(End(TM)), Ax € T'(End(TM)), AxY is evaluation of the endomorphism Ax on

Y.

O
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13.9 Riemannian Geometry

Theorem 13.20. Let (, ) be a metric on TM (a Riemannian metric on M). For every C*(M)-
bilinear skew-symmetric

T:X(M)xX(M) — X(M)
There exists a unique affine connection V compatible with { , ) and TV = T.
Proof. Uniqueness: Suppose V is compatible, with { , ) and TV = T.
d(X,Y)=(VX,Y)+ (X,VY), VX, Y e TM

LX) Y)=(VzX,Y)+(X,V,Y), VX,Y,ZeTM
T(Z,Y)=V,Y —VyZ—[2,Y]

(VzX,Y) =Lz(X,Y) — (X, VzY)
=Lz(X,)Y) - (X, T(2,Y)) — (X, VyZ) - (X,[Z,Y])
=Lz(X,Y) —(X,T(Z2,Y)) — Ly(X,Z) + (Vv X, Z) — (X,[Z,Y])
=Lz(X,Y) (X, T(Z)Y)) - Ly(X, Z) + (T'(Y,X), Z) + (VxY, Z)

+(V,X],2) = (X, [Z,Y])

= Lz(X,Y) = (X,T(Z,Y)) = Ly(X, Z) + (T(Y, X), Z) + Lx (Y, Z)
- (Y, Vx2) +([Y, X], Z2) = (X,[Z,Y])

=Lz(X,Y)— (X, T(Z,Y)) — Ly(X,Z) + (T(Y, X), Z) + Lx (Y, Z)
- (Y, T(X,2)) = (¥, VzX) =V, [X, Z]) + ([\, X], 2) = (X, [2,Y])

Therefore, we have the so called Koszul formula.

(V2X,Y) = L(La(X,Y) ~ Ly (X, 2) + Lx (¥, 2) — (X, T(Z,¥)) + (Z,T(Y, X))
— (V,T(X, 2)) — ¥, [X, Z)) + (IV, X), 2) — (X,[2,Y])

This shows VzX is uniquely determined VZ, X € X(M).
Existence: Define VzX by the Koszul formula. Fix M and (, ) on TM. Let V be the

Levi-Civita connection of { , ). Let z1,...,z, be local coordinates given by a chart 01, ...,9, the
coordinate vector fields.
Yij = (05, 0;)
1 1
(Vo,05,0k) = §(Laﬂjk + Lo, Yri — Lo, Vi) = i(ai')/jk + 05Yki — Okij)
Vad; =3 wpl0 =) T
(Vo,0;,00) Z B = 5 (9ivik + Oy — Owyig)
Formula of Fi’} in terms of ;;. O

Setting T' = 0, we get

Corollary 13.21 (Fundamental Lemma of Riemannian Geometry). For every metric on TM,
there exists a unique, compatible, torsion-free connection.

Definition 13.11. This connection V as in the corollary is called the Levi-Civita connection
of (M (,)).

Definition 13.12. If V is the Levi-Civita connection, then
R(X,Y)Z := (FV(X,Y))Z

is called the Riemann curvature tensor of the metric ( , ).
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This is trilinear over C*>(M).

R:X(M)xX(M)xX(M)— X%X(M)
(X,Y,Z) — R(X,Y)Z

Equivalently, we can consider R as follows:
R:X(M)xX(M)xX(M)xX(M) — C*(M)
(X,Y,Z, W) — (R(X,Y)Z,W)
Proposition 13.22 (Symmetries of R).
(1) R(X,Y)Z = —R(Y,X)Z, because FV is a 2-form.

(2) RX,Y)Z+R(Y,Z2)X + R(Z,X)Y =0, VX,Y,Z. Sometimes it is called the first Bianchi
Identity.

3) (R(X,Y)Z,W) =—(R(X,Y)W,Z),VX,Y,Z,W.
(4) (RX,Y)Z,W)=(R(ZW)X,Y), VXY, Z W
Proof. (2) It is enough to prove (2) for X,Y, Z with pairwise vanishing brackets.
FY(X,Y)s =VxVys—VyVxs— Vixy]s
In this case, left hand side of (2)

VxVyZ —-VyVxZ+VyVzX —-VzVy X +VVxY - VxVzY
=Vx (VyZ -VzY)+Vy (VzX = VxZ)4+Vz (VxY —VyX)
N~—_—— —

=0 =0 =0 since TV =0

=0

(3): We need to prove (R(X,Y)Z,Z) = 0, VX,Y,Z. We may assume that X,Y,Z have
vanishing brackets.
(R(X,Y)Z,Z) =(VxVyZ,Z)— (NyNxZ,7Z)

Consider
Lx(Z,Z)=(VxZ,Z)+ (Z,NxZ)=Z(NxZ,Z)

LyLx(Z,2)=2Ly(NxZ,2) =2(NyVxZ,Z) + (VxZ,VyZ))

Ly Lx(Z,Z) is symmetric in XY, since (X,Y) = 0 and (VxZ,VyZ) is symmetric in X,Y.
Therefore, (VyVxZ,Z) is symmetric in X,Y. Thus

= (R(X,Y)Z,Z) =0

(4):
(R(X,Y)Z, W)

(R(Y,W)Z, X (R(Y,Z)X, W)

(R(X, W)Y, Z) R(Z, X)Y, W)

(R(Z,W)X,Y)
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Sum for upper left-hand face is (R(Y, X)W, Z) + (R(W,Y) X, Z) + (R(X, W)Y, Z). Sum of labels
is = 0 by (1)4(2)+(3) for top left and right and bottom front and back faces.
Sum the top left and right and subtract the bottom front and back faces: =

The middle nodes cancel

4o

Let M with metric and R its Riemann tensor.
Definition 13.13. Take p € M, X,Y € T, M linearly independent

(R(X,Y)Y, X)

KXY) = awy) - Xy

This is called the sectional curvature of (M, (, )) with respect to the plane o spanned by X,Y
in T, M.

Claim 13.23. K(X,Y) depends only on ¢ = span{X,Y}.

N(R(X, Y)Y, X
Proof. K(AX.Y) = 15~ (<X,<X>(<Y7 Y)> . <)>(’ 77 = K(X,Y)#0.

Since K(X,Y) = K(Y, X), we also get K(X,\Y) = K(X,Y).

(R(X,Y)(Y +2X), X) + (R(X, AX)(Y + XX), X)

KXY +)X)=
(YA = R XV vy § (X, X) 4 MK, 7)) — (K.Y § AX)?
— K(X,Y)
This shows K(X,Y) is the same VX,Y € o. O

Proposition 13.24. The collection of all sectional curvatures determines R.

Proof. Let V be a vector space with positive definite ( , ).
Let R,R' : V xV xV — V be two trilinear maps satisfying the symmetry of the curvature
. (R(X, Y)Y, X)
tensor. Then if K(X,Y) = XX (V.Y = (X, V)
for all linear independent X, Y, R = R'.
R(X,Y)Z=0=R/(X,Y)Z,if X, Y are linear independent.
Assume X, Y linearly independent, then K(X,Y) = K'(X,Y) implies

equals K’ computed in the same way from R’

(R(X,Y)Y,X)=(R(X,Y)Y, X), VX,Y linearly independent

N (RX +Z Y)W, X +2) = (R(X + Z,Y)Y,X + 2)

& (ROXIYXT + (R(X, Y)Y, Z) + (RUZ, Y)Y, 2) +{RIZ Y7 = (R )
ROYZ)X Y)Y )Y.2)

o 2R(X,Y)Y,Z) = 2(R/(X,Y)Y,Z), VZ

After one more polarization Y — Y + W, we conclude

(R(X,Y)Z,W) =(R(X,Y)Z,W), VXY, Z,W

= R=FR
O

0

Example 13.3. Let M = R", and (, ) constant, standard. Va— = 0 gives Levi-Civita = R = 0,
L

so K =0.
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Example 13.4. Let M C R"*! be smooth hypersurface. {, ) on R"*! as in 13.3. V the Levi-
Civita connection of R"*!. We restrict the constant scalars product on R"*! to the tangent space
of M to get a metric (, ) on TM.

=TR"M| =TMeTM*

M

Rn+l % RnJrl

M

where TM~ is the normal bundle of M.
If M is orientable, then there is a uniquely defined unit normal vector field to M, so that the
orientation of M together with the positive or of R defines the standard orientation of R**1.

Definition 13.14. G : M — S™ C R"! is the Gauss map of M.
p > n(p)

Definition 13.15. L :T,M — T,M is the Weingarten map of M at p.

v (Von)(p)
Lemma 13.25. L is self adjoint with respect to (, ).

Proof. Let X, Y € X(M). )

(L(X),Y) = (Vxn,Y)
= Lx(ns¥y — (n,VxY)
= —(n,Vy X +[X¥D
= —(n,VyX)
= —Ly(nX7+ (Vyn, X)
= (L(Y), X)
= (X, L(Y))

Lemma 13.26. D,G = L.

Proof. DpG : TyM — T, S™ = T, M, since both are orthogonal complement of n.
Let ¢ : (—¢,e) = M be a smooth curve, with ¢(0) = p and ¢(0) = v. Then

DypG(v) = (De(0)G)(€(0))

oo (2)

d
= Sn(e(t))

t=0
= Vé(o)n
= L(v)

Let X, Y € X(M).
VxY = (VxY): + (VxY), with respect to R"*1 =T, M © Rn(p)
Definition 13.16. Define VyY = n(VxY), 7 : R**! — T, M is the projection with kernel Rn(p).

Lemma 13.27. V is the Levi Civita connection of M.

Proof. Step 1: V is a connection on TM. VxY is R-linear in X, Y and it is C°°(M)-linear in X.

Vx(fY)=7(Vx(fY)) =nm(Lxf Y+ fVxY)=Lxf Y+ f-VxY
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Leibniz rule for V.
Step 2: V on TM is compatible with ( , ).

(VXY Z) +(Y,VxZ) = (VxY,Z) + (Y,VxZ) = Lx(Y, Z),  X,Y,Z € X(M)
Step 3: )
0=TY(X,Y)=VxY -VyX - [X,Y], X,Y cX(M) (13.3)

projecting to T M gives
0=VxY -VyX - [X,Y]=TY(X,Y)

In (13.3), take (—,n)

0= (Vx¥,n) — (VyX,n) 200 _(1(X),Y) + (X, L(Y))

& L is self adjoint with respect to (, ).

X,Y € (M), VxY = VxY + (VxY,n)n = VxY — (L(X),Y)n.
Take X,Y,Z € X(M).
VxVyZ =Vx(VyZ - (L(Y), Z)n)
=VxVyZ — Lx{L(Y),Z) -n— (L(Y), Z)Vxn
=VxVyZ —(L(X),VyZ) -n— (VxL(Y),Z)-n— (L(Y),VxZ)-n
—(L(VxY),Z) -n—(L(Y), Z)L(X)

Similarly for VyVxZ

Vixy)1Z = Vixy)Z = (L(X, Y], Z))n
0=R(X.Y)Z=VxVyZ-VyVxZ-Vxy)Z
= VxVyZ —(L(Y), Z)L(X) = (L(X),Vy Z) + (Vx L(Y), Z) + (L(Y),Vx Z))n
—VyVxZ+(L(X),Z)L(Y)+ ((L(Y),VxZ) + (Vy L(X), Z) + (L(X),Vy Z))n
= Vixy1Z + (L([X,Y]), Z)n
Projecting to T M, we get the Gauss equation

= R(X,Y)Z = (L(Y),Z)L(X) — {(L(X),Z)L(Y)

Projecting to n

= 0=— Vv Z) = (VxL(Y),t) (L) VX Z) + (LYK Z)
+(VyL(X), Z) + (LOO-VvZ) + (L([X,Y]), Z)

= (L([X,Y)]),Z) =(VxL(Y),Z) — (VyL(X), Z) VXY, Z € X(M)

= L([X,Y]) =VxL(Y) - VyL(X) VX,Y € X(M)

This is called the Codazzi-Mainardi equation. We can apply the Gauss equation to any smooth
hypersurface M C R, If M is an affine hyperplane, G is constant, so L = DG = 0 =
R(X,Y)Z =0.

If M Cc R™! is the unit sphere S, then G = Id = L = DG = Id. By the Gauss equation

RX,Y)Z=(Y,Z2)X — (X,2)Y
X,Y € T,8™, linear independent:

<R(X3Y)Y,X> <Y7Y><X7X>*<X7Y><YaX>
KXY = xyy) - xye - ®XOmy) - (®ye

If M = S™(r) is the sphere of Radius r in R"!, then

1 1 1 1
G:;éL:;ﬁR(X,Y)Z: T—Q((Y,Z>X7<X,Z>Y)ﬁK(X,Y):r—2
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Remark. (M, (, )) is any Riemannian manifold. Consider (M, A(, )) for A > 0. Then K(X,Y), , =
——
(s

1
XK(X’Y)<’>'
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The Euler Class

If E S M is a vector bundle of rank 1, (, ) a metric on E, then every metric compatible
connection V is flat.

Now take E of rank k = 2. V is connection on F compatible with a metric {, ). Let s1, so be
a local orthogonal frame with respect to (, ).

2
. . 0 —w
Vs; = 2;%']» ® s; with w;; skew-symmetric (_w21 012)
J:

Then

2
Qi]‘ = dwi]‘ - E Wjl /\wlj
=1

;; is also skew-symmetric.

2
Qo = dwio — Zwu ANwpp =dwiz = dd12 =0
I=1

We assume now that F is oriented and si, so are positive with respect to this orientation. Let s},
sh be another local orthogonal frame, which is also positive oriented.

2
S; = gZ]S]
Jj=1

, gij €C®(U). g € SO(2) = S! at every point.
U

si, 8; are defined on E

_ [cos(f(z)) —sin(f(x))\ o
- (sin(f(x)) cos(f(x)) ) ¢

=gQg~"!

“() i) (o W) 000 @)

= = Q
(o

The last equality is because SO(2) is abelian. This shows that Q and therefore 215 is independent
of the choice of oriented orthogonal frames si, ss.
Q15 is a globally well-defined closed 2-form.

1
Definition 14.1. ¢(E) := —%[912] € Hjp(M).

Proposition 14.1.

(0]
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(1) e(E) = —e(E), E is the vector bundle with opposite orientation.

(2) If E admits a section s, which is nowhere zero, then e¢(E) = 0 [without loss of generality
(s,s) = 1. Then 0 = 2(s,Vs), so (s, Vs) = 0. Take s; = s. There is a unique s, s.t. s1, $a
are orthogonal and oriented. Globally Q12 = dwja, so [Q] =0 € H3p(M).]

(3) The Euler class is independent of the choice of V (compatible with a fixed (, }). [Let V°, V!

rank=1

——
be two different connections compatible with { , ). Then V! — VY = A € Q! (Skew-End(E)),
with respect to a local orthogonal frame si, ss:

0 wi, B 0 wh (0 a
—wl, 0 -l 0 ) \-a 0
a € Q(M) is a globally well-defined 1-form, where a has trivial gauge transformation.

wip =wihy +a = =09 +da = [Q,] = [Q0,] € Hiz(M)]

FE of rank k is trivial if and only if dsq, ..., si sections, which are everywhere linear indepen-
dent. E oriented of rank k is trivial if and only if dsq,...,sx_1 which are everywhere linear
independent.

(4) e(F) is independent of the choice of metric.

[Sketch of proof: E x [0,1] LASENG V% [0,1] as a E vector bundle on M x [0,1]. On E(, 4,

we consider the metric (1 —¢)(—, =) +¢(—, =)L = ((—, —))s+. This is a metric on E, which

restricts to E =Fas (, ) and to E as (, )!. Let ¥ be a connection on E
M x{0} Mx{1}

compatible with ((, )). From its curvature, we determine e(E) € H3,(M x [0,1]). Let i,y :

M < M x [0,1], where ig(z) = (x,0) and i1 (z) = (x,1). Then e(E, {, )°) =ie(E, ((, ))).

Similarly, e(E, (, )!) = ife(E, ((, ). = e(E,{, )%) =e(E,(, )!), because i = Id = i}.

By Poincaré lemma, 7§ and ; are homotopic maps induce the same Hyp. |

Example 14.1. M = S2%. Take two copies of R x R?2. With the standard (, ) on the second factor.
And standard flat connection compatible with ( , ). Take 1 : (R?\ {0}) x R? — (R?\ {0}) x R?

(@v)H><—|;P,mxw>

where g : R?\ {0} — SO(2). X; =R? x R?, X5 = R? x R? are identified via 1 to get an oriented
rank 2 vector bundle £ — S2, with a metric.

Let V° be the given flat connection on F , coming from X;.

S2{N}

Let V! be the given flat connection on F , coming from Xo.
S2\{S}
Choose a smooth partition of unity p, 1 — p subordinate to the covering of S? by S?\ {N} and
$2\ {S}. Write 52\ {N, S} = S? x R.

p:S'XxR =R
(¢, t) = p(t)

p extends to a smooth function on S?. Define V = pV! + (1 — p)V°. This is a metric connection
on E — S2. Over S?\ {N, S}, consider the frame which is parallel for V° given by the standard
basis for R?2. With respect to this frame the connection matrix for V is that for V! scaled by p.

Let s, sb be the parallel frame for V! coming from X5. In this frame, V! has zero connection
matrix.

0=w'=dgg~' + guwg™!

= gwg~ = —dgg~

= w=—g 'dg

1
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2
w12 = — Zglidgm

i=1
Take g : S' x R — SO(2) , we could also take g = e"?.
cosp —singp
(90715) — <sin<p cos @ >
= wig = —g g2 — g'?dgas = dop
In the frame s1, so, V is represented by 0 pdp
1, 92, —pdgﬁ 0

d
iy = d(pdy) = dp A dp = Lt Ady
LT w

Not really exact on S*

[ou- [ 912——(/:>odt(j£> (S/dso — —(p(00) — p(—00)) - 27 = —27 £ 0
S2 1

ST xR
with g = el"? : /ng = —2mn, g is called clutching map. We can do this for general S™.
S2

If E, F are oriented preserving isomorphism, then e(E) = e(F).
If M is oriented, n-dimensional, then

/:HC"(M)—HR

is well defined and surjective.
M is an oriented 2-dimensional manifold, compact without boundary, then

/:HgR(M) —R
M

If M is connected, this is an isomorphism.

Definition 14.2. x(E) := /e(E) is the Euler number of E.
M

Let M be oriented 2-dimensional manifold, and ( , ) a Riemannian metric.
How do we determine e(T'M)?
Let X7, X5 be a local orthogonal frame for (T'M, (, )), s.t. (X1, X2) is positive oriented.

K(T,M) = (R(X1, X2) X2, X1) = (Vx,Vx, X2 — Vx,Vx, Xo — Vx, x, X2, X1)
where Vx,, ¢ = 1,2 is the Levi-Civita connection.

Vx, X2 = —wi2(X2) X1
= Vx, X1 = —wi2(X1) Xy
Vix,, x5 X2 = —wi2([X1, Xo]) X1

VX =wia ® Xs
VXQ = —W12 ® X1

Therefore,
K(T,M) = (Vx, (—w12(X2)X1) — Vi, (—wi2(X1) X1) + wia(([X1, X2]) X1, X7)
= (—Lx,w12(X2) - X1 — wio(Xa}¥5, X1 + Lx,wi2(X1) - Xi
+ w1 (X)¥x, X1 + wiz([ X1, Xa]) X1, X1)
= —Lx,wi2(X2) + Lx,wi2(X1) + wi2([X1, X2])
= —(dw12) (X1, X2)
= —012(X1, X2)
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[M n-dimensional oriented, { , ) on TM = 3! dvol € Q"(M) with dvol(X1,...,X,) = 1 for any
oriented orthonormal basis X1,..., X, of T,M. dvol = X{ A--- N X} ]

Theorem 14.2 (Gauss Bonnet Theorem). On an oriented 2-dimensional manifold with a metric,
the equation K(T,M) = —Q12(X1,X2) is equivalent to Q12 = —K - dvol. The Euler number of

TM = M is
1 1
X(TM):f%/QH:%/Kwivol
M M

where x(T'M) is the Euler character of M.

Example 14.2. M = S?(R) is the 2-sphere of radius R in R3.

-vol(S?*(R)) = dnf 2

2
x(T'S5*) / K - dvol = 9 12

SQ(R)

R

Example 14.3. Suppose the 2-manifold M admits a vector field without zeroes. Then

1
X(TM):O:%/Kwivol

Corollary 14.3 (Hedgehog/Hairy Ball Theorem). S? does not admit a vector field without zeroes.

Example 14.4. M = T2,

flow without stationary points

K>0

K <0

M an oriented 2-dimensional manifold, X € X(M) a vector field with isolated zeroes.

®

M connected, compact = X has finitely many zeroes p1, ..., pk.

Choose disjoint open neighborhoods Uy, ...,Uy of p1,...,pg, with each U; diffeomorphic to a
disc of radius 2 in R? and V; = D(1) in

We equip M with a Riemannian metric, which restricts to each U; as the flat metric of U; C R2.

On M\ {p1,...,pr}, define X; = with respect to our metric.

X
X1l
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Complete X; to an oriented orthonormal basis { X1, Xo} on M\ {p1,...,px}

1
x(TM) = %/K~dvol
M

at aroun oles 1
Hat around poles - / K - dvol
2

MA\(U Vi)

1
=—— Q
or / 12

MA\(U Vi)

Stokes 1 w
_— T o 12
2w

A(M\(LVi))

1 n
Z%Z/wu

i:lavi

Claim 14.4. X{df = wis.
Proof. Notice that

X1151—>51 dG(Xl):l
p— Xi(p)

(X7d0)(Y) = dO((DX,)Y) 2B 1(7y X ) = df(w12(Y) X2) = wizY

av,-)

=Index(X1,p;)

1 & . 1 &
= x(TM) = %E /deaz o E deg (Xl
i=1

i:lavi

M) /d9 = ideg <X1

4 i=1

This is called the Poincaré—Hopf Theorem.
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